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[Ipenucaosue

[Tepen Bamu uerBepThblii cOOpPHUK JIOKNaN0B Ha ceMmuHape «[mobyc» —
obllemaTematueckom cemuHape HesaBucumoro MocKoBCKOro yHuBepcHTeTa.
ABTOpbI, KaK 06bIUHO, PACCKA3bIBAIOT MaTeMaTHKaM JIPYrHX ClellhaJbHOCTEH,
KaK OHM BUJST CBOIO 00J1aCTh U UTO B HEH HOBOTO.

Joknan C.I. Baspyua nocesitiieH Teopun GeCKOHEUHbIX T106a/bHbIX M0-
Jiel: KakoBa apuMeTHKa OeCKOHEUHbIX paclIMpPeHHH MoJis palloHa bHbIX UH-
cesl U ajreGpanyecKux KpPHUBbIX «OECKOHEUHOrO POJa» Haj KOHEUHBIM TMOJIEM.
P. A. MuHsioc pacckasbiBaeT, Kak NpHAaTh MaTeMaTHUeCKHI CMBICJ CTOJIb M0-
nyJiIsipHOMY B (PU3HKE METOJly KBAHTOBAHHMSI MPH MOMOLIM HHTErPUPOBAHHUS 110
KOHTHHYaJIbHOMY MHOKecTBY myTell. KBaHTOBaHMe ecTb ycCJoxKHEHHE KJac-
CHUYECKHX KOHCTPYKLMH; Tenepb MPerooKUM, YTO KJacCHUeCKHe KOHCTPYK-
LMK — 3TO YK€ KBAHTOBAaHHME Yero-To, M 3aJaJMMCsl BOTPOCOM, UTO CBEpX-
MPOCTOE JIOJPKHO MOJYUHThCS B «KJAACCUUYECKOM TMpefiesie»; 3T0 0ObSICHSIET
[ J1. Jlureunos. Jloknan M. B. @unkenn6epra — 06 MHCTAHTOHAX M KOMMAKTH-
¢ukaumu npoctpancTsa MojayJeit G-paccnoenuit. M. A. I1ly6un nepeckasbipa-
et paboty Haia o paBHoBecuu, 3a KoTopyto ToT nosyuna HobeneBckyio npe-
muto 1o skoHomuke. B. B. CepranoBa rosopur o cynepasreopax Jlu u merose
op6ut. B. B. [llexTman paccka3biBaeT 0 BepTeKCHBIX ajrebpax, MOHSITHH, BO3-
HUKLIEM B (DU3HKe U3 TEOPHUH CTPYH H TECHO CBSI3aHHOM ¢ MHOroo6pasusimu Ka-
nabu—Sslo. Jloknan A. H. Pbi6Ko nocBsitiieH c/ydailHbIM rpoiieccam B 60JbIINX
KOMMyHHKalMOHHbIX ceTsix. C. H. ApreMoB roBoput 06 HHTYHIIMOHHCTCKOH
JIOTHKE, TOHUMAEMOH He C Y3KO-JIOTHUECKOH, a ¢ 00llleMaTeMaTHUeCKOH TOUKH
3penusi. B. 1. [lanuoB 06bsCHSIET, UTO MOXKHO CKa3aTh O CIIEKTPE CyMMe JBYX
MaTpHLL, €CJIM Mbl 3HAaeM CIEKTpP KaxXKJIOH M3 HHUX, U O CBSI3H 3TOH 3ajauu
C JIMCKPETHO-BOTHYTbIMH (yHKuMsIMH. Jloknan A. M. BopojuHa noBecTByeT
0 JIMHEHHBIX PAa3HOCTHBIX YPABHEHHSIX M O CJYUaHHBIX MEepecTaHOBKaX; Kak M
BCe OCTaslbHOe Ha CBeTe (CM. yMoMsIHYThIi jokaajn Buasayua) sto cessaHo ¢
pacripenenenueM HyJael nzera-gynxkuud. O. B. IlIBapuman roBoput o Kpu-
cTasorpaduueckux rpynnax u dakrop-npoctpancrBax no Hum. . B. ®yke
pacckasblBaeT O JIeKaHAPOBBIX KPUBBIX W y3jax. 3aBepluaercss cOOPHUK 10-
KJAJOM KJIaCCHMKa MOCKOBCKOH MaTemaTHuecKod wikosibl E. B. JIbiHKUHA; OH
00bsICHSIET, KAK KOMOMHHPOBATh TEOPUIO BEPOSITHOCTEH M aHAJIM3 NPU U3yUeHHH
OPOYHOBCKOTO JIBUXKEHHS.

Kak Buaute, cniekTp CloxKeToB BecbMa LMpoK. Yutatite, pasbupaiitech, —
Bor B nomotiip.

Orpomhoe cnacu6o B. B. ITpacosioBy, M. Muknatiesckomy, A. C. [1po-
TOMOMOBY M cOTpyaHHKaM uznaresbeta MIIHMO.

M. A. Lgacnan



C.I. Basnyu

OT OCHOBHO¥ TEOPEMblI APUPMETUKH
J10 BECKOHEUYHbIX IVIOBAJIbHBIX MOJIEH

$1 Hauny ¢ ocHOBHOH Teopembl apudMeTHkdH. OHa rOBOPUT, UTO KaxKjioe
uMC/I0 M € Z pacK/iajIbiBaeTcst B IPOM3BEJICHHE NPOCTHIX unces: m= p|"'...p&.
ITO pas/iolKeHHe eMHCTBEHHO B Pa3yMHOM CMbICJIE: [1POCTble MHOXKHTEJH
MO2KHO TepPeCcTaB/IsiThb; HYKHO coOpaThb OJIMHAKOBbIE MHOXKHTEJH B CTEIEHH,
4toObl p; # Ppj.

ITO He eIMHCTBEHHBbIH cJydail KoJbla ajreOpandeckux uucel, Aj1s KOTo-

poro UMeeT MecTo Takoe CBOHCTBO. Hampumep, M0OKHO paccMOTpeTb KOJIbllO

rayccoBbIX LesbixX Z[i], rae i2 = —1. MoxXHO ONpeiesnTh, 4To Takoe NpocToe
rayccoBo ueJsioe udcso. 1is jo6oro rayccoBa Lesoro uiueaa a + bi = m ume-
eTcsl OJHO3HAUHOE PA3JIOKEHHe Ha MpocThle MHOKHTeNMH: m= pi'...p2. C

TOUHOCTBIO JIO MeJiouel. 31ech Mesnoub Takas. Jlyis oObIUHBIX 1I€JIBIX UHCel
€CThb 3HaK, M Pas3J/ioyKeHHe eIMHCTBEHHO C TOUHOCTbIO 10 yMHOXKeHHst Ha £1. A
3/leCh pasJ/ioxKeHHe eJMHCTBEHHO C TOUHOCTHIO 10 YMHOXKeHHsl Ha +1 u Ha =i.
Ecsin sty onepauuio no3BoJiuTb, TO pas/oxKeHHe, M0 CyTH, eHHCTBEHHO.

Takux KoJsel Hemaso, 6oJiee TOTO, THIIOTETHUECKH MX OECKOHEUHO MHOTO.
Ho 310 He nokazano. Bupumo, 310 JoBOJIbHO TpyaHas npobsema. MoxKHO,
HATIPUMED, B3ATh KOJIBLO Z[v/2], 9JeMeHTaMU KOTOPOTo SIBJISIOTCS BbIPAKEHUS!
a+bv2, e a, b €Z. B 5T0M KoJiblie MOKHO ONPEIEJNHTb TPOCTbie UHCIIA,
1 OyJIeT BEPHO TO 2Ke caMoe: pPas3JjiozKeHHe Ha MPOCTble MHOXKHUTENH €JIMHCTBEH-
Ho. Takux KoJiell oueHb MHOro. Ho ecTb M KoJiblla, B KOTOPBIX Pa3JjioKeHHe
He equHCTBeHHO. Hanpumep, B Kosble Z[v/—5] unc/io 6 pasnaraercst asyms
cnocobamu: 6=2-3=(1++/=5)(1 —+/=5). Jlerko npoBepuTh, 4TO BCe 3TH
yeThblpe 3J1eMeHTa MPOCThIe: AaJbllie OHM HH HA YTO HE pasJaratorcs.

st Toro uToGbl H3yuaTh apUPMETHKY ITHX KOJIell, PUILYMaHO MHOKECTBO
pasHbIx MHBapuaHToB. OIMH U3 THX HHBAPUAHTOB, MOXKET ObITh CaMblH BaXK-
HbIH, KaK pa3 U3MepsieT HACKOJIbKO OTKJIOHSIETCS KOJIbIIO OT OCHOBHOM T€OpeMbl
apudmerrkn. Kosbllo Z He oTkionsiercsi, Z[i] He orkmousietcs, Z[v/2] we
OTKJIOHSIeTCS, @ KoabLo Z[v/—5] y:Ke oTKJIOHsIeTCS.

MOKHO 02KH/IaTh, UTO UeM CJIO’KHEE KOJIbll0, TeEM CHJIbHEE OHO OTKJIOHSIETCS
OT OCHOBHOH TeopeMbl apu(pMeTHKH. B KaKoM-TO CMbICjie 3TO BEPHO, HO He
coBceM GYKBaJILHO.
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Tenepn 51 pacckaxky GoJiee hopMasibHO, KaKHe UMEIOTCsl TOUHbIE OTpesese-
HUSL B 3TOH 06JIaCTH M MoJied ajrebpandecKux uuces M rJoOaJbHbIX MoJeH
KOHEUHOH XapaKTepPUCTHKH (s cefiuac ckaxky, uTo 310 Takoe). [Totom s pac-
CKaxKy, KaK MOXKHO MOTbITaTbCsl 3TO TIEPEHECTH Ha caydall rnoseil 6eCKOHEUHOH
CTelEeHH.

[MoGajbHbIe NOJS KOHEYHOH CTENEeHHU

[oGasbHble MOJIS KOHEUHOH cTereHu ObIBAIOT ABYX THMOB. Mx moxHO
ornpeesiuTh abCTPAKTHO, HEKOTOPBLIM TpeOOBaHHEM JIOKAJIbHOH KOMIAKTHOCTH.
Ho s ne 6yny naBatb 310 onpenesnenue. BaxkHo To, UTo 3TO OUeHb eCTECTBEH-
HBIH KJacc MoJie, Jijist KOTOPbIX, COOCTBEHHO, U cTpouTces apudmetnka. Ceituac
51 OMUILY, Kakue ObIBAIOT M0Js1 U KAKHe JJIsi HUX CYLLECTBYIOT [IEHHOCTH.

Yucaosbie noJsi. Hucsaosoe nosie K — 3T0 NPOCTO KOHEUHOE paclInupeHne
nosisg Q: [K : Q] =n < oo. Korna roBopsr noae areebpauneckux uucean, Bce-
IJla UMEIOT B B, UTO 3TO — MoJie aareOpanyeckux Yuces KOHeUHOH CTerneHH.
I10 He nobapjsierTcs, MoToMy uto 10 Hauied paGothl ¢ M. A. Lldacmanowm,
MOKHO CKa3aTh, HUKAKOH TEOpUHU ToJiel ajarebpanyeckKux uuces O€CKOHEUHOH
cTerneHH, B 00111eM-TO, He cylllecTBOBaMo. Mbl MpeTeHIyeM Ha To, UTO KaKylo-TO
TEOPHIO Mbl HAUHHAEM BCe-TAKH Pa3BUBATh. XOTs, KOHEUHO, STO TOJbKO camoe
Havaso teopu. Ho ectb Gosiee uiM MeHee cojepxKaTesbHble ONpeseseHus U
pesyJibTaThl, KOTOPbIE TI0KA3bIBAIOT, UTO 3TO BO3MOKHO.

PynkuvoHaabHble nogas. Ha dyHkuMoHanbHbIe TOJS €cTh JBa K-
BUBAJIEHTHbIX B3M/siia. CoraiacHO OJIHOMY B3TJIsily (PYHKLHOHAJbHOE T0Je
K — 370 noJie, KoTopoe sBJsieTCsl KOHeUHbIM pacluupenvem mnoqs F.(T):
[K:F.(T)]=n. 3necb F, — KoHeuHoe mnosie u3 r= p™ sjementoB, T —
nepemenHasi. BazkHoe oT/iMuMe OT YHCJIOBBIX MOJIEH COCTOUT B TOM, UTO 3J/leCh
UUCJIO 1 HeMHBapuaHTHO. Jlyisl UHMCJI0BOTO MOJIsi Mbl BCETJIa MOXKEM CKasaThb,
Kakasi y Hero cterneHb: paccmatpuBaeM K KakK BeKTOpHOe MpocTpaHcTBo Haa Q
¥ CMOTPHM, KaKasl y Hero paaMmepHoCTb. A 3/1eCh HET HUKAKOTO BbIJIeJIEHHOTO 11,
TOTOMY UTO MBI MO3KeM, Harpumep, npocto Basith F,(T2) Bmecto F,(T'). [Tose
F,(T?) conepxurcs B F,(T), conepakurcs B K, Ho Terepnb [K :F(T?)] =2n.
MozkHo paccMaTpuBaTh MUHUMAJLHOE 71, HO 3TO Heya0OHO, TIOTOMY UTO TaKoe
KpaiiHe TPy[HO CuMTaeMo. 3a MCKJIOUYEeHHeM cJjyuasi, Korja MHHUMaJbHOE 7
paBHO 2, 3Ta 3ajaua MOUTH UTO Oe3HajeKHasl.

Irto — anrebpanyeckasi Touka 3peHust Ha (yHKIMOHAJMbHBIE T0Js1. OueHb
yacTo 6oJiee y106Ha (M NPU 9TOM KBUBAJIEHTHA) TOUYKA 3PEHHUS, IPH KOTOPOH
noJie K — 310 noJie PyHKIMIA Ha KpUBOH X HaJ KoHeuHbIM noJieM F,: K =T, (X).
Kpusast X/F, — 370 peliieHne cHCTeMbl ajreGpanuecKux ypaBHEHHH, KOTO-
poe umeer pasmepHocTb |. Ipybo roBopsi, ypaBHeHui Ha | MeHblle, uem
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HensBecTHbIX. Hy»KHO, KOHEUHO, MOTPeBOBATh, UTOOBI MHOYKECTBO PallMOHAJb-
HbIX PYHKIHMH (OTHOLIEHHE OJIHOTO MOJMHOMA K JIpyromy) Obuio noJem. [Ipexe
BCEro HY»KHO MoTpeboBaTh, uTOObLI KpuBas X Oblia HernpuBojMMa (NPUBO-
JuMmast KpuBast 3anaercst ypasHenuem G =0). JloKHO a)Ke BBIMOJIHSATHCS
60oJiee CUJIbHOE YCJIOBHE: KPUBAsT JIOJKHA ObITh aOCOJIIOTHO HEMPUBOJUMOI (T. €.
HENpUBOJMMON HaJl 3aMblKaHHeM OCHOBHOro moJisi). Kpome Toro, uto6bl 310
npejicTaBjieHde ObLIO €IHHCTBEHHBIM, HYXKHO MOTPeGOBaTh, UTOObI KpUBas X
Obla r1aKol ¥ MpOeKTHBHOM. [ajikast 03HauaeT, uTo COOTBETCTBYIOLIASI MAT-
pUlI@ YACTHBIX MPOM3BOJHBIX UMEET MAKCHMaJlbHbI PaHr HA 3TOH KPHUBOM.
[IpoeKTHBHOCTbL O3HAUaeT, UTO ypaBHEHHSI KPUBOH HA camMoM JeJie 3ajaHbl
B MPOEKTUBHOM TMpocTpaHcTBe. Eciu noTpe6oBath, uToObl KpuBasi X Oblia
a0COJIIOTHO HENPUBOJAMMAs, TJIajKasi U NMPOEKTHBHAS, TO TOTJIA TaKasi KpUBasi
X st kaxkporo K cylecTByeT poBHO ojiHa. Tak uTo 3TO BCe paBHO: FTOBOPHUTh
o noJsie K unu o Kpusoi X.

CgolicTBa rao0ajbHbIX MoJen

Atu 1Ba oObekTa, noje K u KpuBasi X, MMEIOT napaJiiesibHble CBOKCTBA.
$1 y>ke roBopuJI, UTO y HUX ecTh oblilee aGCTpakTHOe onpenenenne. Kpome toro,
Yy HUX MHOTO 001X cBOHCTB. HO MpH 3TOM nepeBoji 0IHUX CBOKCTB B Jpyrue —
3TO He COBCEM OUEBHJIHOE JIes10. TeM He MeHee, OHO oueHb roJieaHo. Hanpumep,
oueHb MHorue pa6oTbl AHape Beilnisg cocrosarT Kak pas B TOM, UTO OH Opad
KaKylo-TO Belllb, KOTopasi jlokazaHa B (hyHKIMOHAJIbHOM cJiyyae (a 3To 1o pas-
HBIM MTPUUHHAM YaCTO OKA3bIBAETCSI MPOLILE), U HCKAJl, UeMY OHA COOTBETCTBYET
B cJlydae UMCJIOBBIX ToJiei. Kak npaBu/io, 3To J1eJ10 TPYJIHOE, HO 3aTO M0JIE3HOE.

Kakue y ryio6abHbIX MoJjieil ObIBAIOT MHBApUAHTBI? J1JIsi UMCJIOBBIX MOJIeH
NepBblil MHBAPHAHT — 3TO CTelNeHb /. DTOT HHBAPUAHT KOPPEKTHO OTpeJesieH.

Kak s y»Ke roBopuJI, cTerneHb (QyHKIHMOHAJIBLHOTO M0Jisi He HHBAapHaHTA.
MOXKHO OnpeJesisiTh MUHUMAaJIbHYIO CTeleHb, HO TOrJla 3TO OYeHb CJIOXKHO
cunraercst. Ho ecTh He coBceM O4eBMHASI 3aMeHa CTENEHH /1 B 3TOM CJydae.
A wumenno, N = |X(F,)| — uucjio Touek KpHUBOH C KOOpIMHATAMH B KOHEU-
HOM TioJie [F,. DTO MHOXKECTBO KOHEUHO, TMOTOMY UTO OHO JIEXKHT B IP’b(IF,),

b+1
r’m—1
a [P (F,)| = ———
Yucsno N =|X(F,)| siBasiercst oueHb xopolleil 3aMeHOH uuca ng = min 7,

rie MHHUMYM OepeTcsi 1O TeM 71, sl KOTOPbIX CYLIECTBYeT Takas mnepe-
menHasi T, uto [K:F.(T)] =n. Bonee toro, uncio N HekoTopbiM 006paszom

CBSI3aHO C YHCJIOM 1. A HMEHHO, €CTb OJIHOCTOPOHHSISI OLleHKa fg > T
DTa olleHKa CYLIECTBEHHO OJIHOCTOPOHHSIST; HUUEro ¢ JIPYrok CTOPOHbI CKA3aTh

Hesb3sl. 1 celluac B JBYX CJIOBaX CKaxKy, KaK 3Ta OLUEHKa J10Ka3bIBaeTCsl.
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ITO COBepLIEHHO OueBHAHAsI Belllb. Ec/n ecThb paciuupeHue, st KOTOPOro
[K:F.(T)]=n, To reomerpuueckd 3TO O3HAYaeT, UTO ecTb OTOOpaKeHHe
X — P! crenenu n. JleficTBUTE/LHO, OJle PalMOHAIBHBIX GyHKLMI Ha P! — 970
kak pa3 F,(T). Mbl MoyKkeM oAHATL GyHKLMH Ha P! Ha X 310 naeT BaoxeHue
noass F.(T) B none K, npuuem [K:F.(T)]=n. Pacumpenne [K:F,(T)]
CTerNeHH 1 — 3TO TO XKe caMoe, 4To oToOparkeHue X — P! crenenn n. CreneHb
otobpaxkenusi X — P! paBna 7. D10 03Hauaer, uTo HaJ Kax10il Toukoi x € P!
JIeKUT He GoJiee 1 Touek KpuBoil X. B HekoTOpoM cMbic/e, HX, KaK TMpaBuJIo,
poBHO n. Ho, Bo-mepBbIX, ObIBAIOT TOUKH BETBJIEHHSI, KOTJA TOYEK MEHbLIIE.
A rnaBHOE, HUKTO He rapaHTHpOBaJ, uTo ecji Touka x € P! panmonanbha, 7. e.
ee KoopjMHaThl jiexkaT B [F,, To siexanie Hajl Hell TOUKH TOXKe paldOHaJbHBbI.
Boo6iite roBops, 310 He Tak. Hanpumep, ecsin oroGpaxkeHue 3aaano GopmyJion
y?=T, 10 K(y) = K(v/T). Mbl n3BiiekaeM KopeHb U3 KaKoro-to uncaa B F,;
OH He 006s13aH JexkaTh B IF,. [ToaToMy HEeKOTOpbIe TOUKH, JiexKalllie Hajl TOUKOH
X, MOTYT OBITh He palMoHaJbHBIMH. Beero Ha P! paumonanbHbix Touex r + 1,
MOTOMY UTO TOUKH Ha P! — 970 o6biuHbIe 3eMenthl I, 1 elie co. [Tostomy Ha X
palMOoHAIbHBIX TOUEK He MOXKET ObITh GoJiblie yeM (7 + 1)n. DT1o uncso obs13a-
TesIbHO 60JIblIe UK paBHO N. DT0 BepHO sl 1I060r0 0TOOPaKeHHUsT; B UaCTHO-

CTH, ]ISl MUHUMaJIbHOTO TOKe. TeM caMblM HepaBeHCTBO () = r/i—l JIOKa3aHo.
OTO OJIMH MHBApHUAHT, HO OH B JIByX HIIOCTACSIX: CTENEeHb JYIs YHCJOBBIX
noJieil U UuCJI0 TOUEK Jis (PYHKIHOHAJbHBIX MoJiel. EcTh ellle oMH BaXKHbIN
uHBapuaHT. OH Ha3bIBAETCSI MO-PA3HOMY JUIsl TUX JIBYX CJIydaes.
JI1s1 UMCJIOBBIX MOJIel 9TOT WHBAPMAHT HA3bIBAETCS OUCKPUMUHAHI, Mbl

OyleM paccMaTpuBaTh AOCOAIOMHYIO BEAUHUHY OUCKPUMUHAHMA:
Dk =|Dkgl-
B noJsie K MOXKHO paccMOTPeTb KOJIbLO LEJbIX
Ok ={£€K: fEZ}

To, uto £ €7 (sneMent & uen Haj Z) o3nauaeT caeiyioiiee. Kaxublii sJe-
MeHT K yJOBJIeTBOpPsSieT KaKOMYy-TO yPaBHeHHIO @&+ a,_ 1" '+ ... +ag=
=0 ¢ uenbimu Kosdduumentamu. Ecov a, =1, To 31ement £ uenniii. He
COBCEM OUEBHMJIHO, HO MOXKHO J1I0Ka3aTb, uTo Ok — MoJiKoJbLo. BoJjee Toro, U3
o61IMX co0OpayKeHUH BUJHO, UTO ITO KOJbIO CBOOOJHO Kak abeseBa rpyna,
NpUueM OHO sBJISIeTCsl CBOOOJHOKM abesieBOH Tpynmnod paHra 71, T. €. HUMeeT
BUJL Zw| B Zwo @ ... D Zw,. Dta abesneBa rpynna cBobojHa NOTOMY, UTO Tam
HeT KpyueHHsi, a €CJIM y HAC eCThb KOHEUHO MOPOXKJEHHbIH MOJyJib Hal Z 6e3
Kpyuenusi, To oH cBoGoanbii. [To onpenenennio Dy /g = det(w; - w;) (0T BrIGOpa
Gasuca 970 uncdio He 3aBucut). Hueno D g 1enoe; oHo umeet 3Hak (—1)"2, e
ro 3TO BOT uT0. UMCJI0 71 pacilenyisieTcst Ha JiBa CJaraeMblX: 1= r| + 2ro, e
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7| — UUCJIO BEIILeCTBEHHbBIX BJIOKEHUH N0JIs K, @ ro — YHCJI0 ap KOMIJIEKCHbIX
BJIOZKEHHI. DTO Mpolle Bcero ornpenents tak. Pacemorpum K @ R. 910 —
noJynpocrasi abenena anrebpa. Ona umeer Bua R @ C2. 3nak (—1)2 mbl
Oy/leM HTHOPUPOBATh, T. €. OyleM 6paTb aOCOJIOTHYIO BEJIHUHHY.

JIMCKPUMHHAHT — MHBAPUAHT MO0JIs1, XOTSl OH W OTpeJe/sieTcsl uepe3 KoJlb-
uo. EcrectBenno, Dg = 1. 31ech Heuero J0KasblBaThb, MOTOMY UTO OA3HCHbIN
3JEMEHT TOJIbKO OfiMH: w) = 1. BoJsiee Toro, Teopema DpmuTa yTBEPHKJIAET,
yro (Q xapakrepusyercsl 3THMM CBOHCTBOM: €CJH Yy HacC €CThb UHCJIOBOE MoJjie
C JMCKpUMHMHAHTOM |, To Torma 3To noJie paBHo Q. M BooOlle, AHCKPUMH-
HaHT JIOBOJILHO CHJIBHO XapakTepuayet roJie. Hanpumep, kBajpaTtiuuHble noJs
(1. €. moJist cTenenu 2), ecau OpaTh JUCKPUMHUHAHT CO 3HAKOM, MOJHOCTBIO
OMpeeNisioTesl TUCKPUMUHAHTOM. JIMCKPUMHUHAHTBI ObIBAIOT TOJIOKUTE/bHbIE
(Torna KBajapaTHUYHOE MOJle BelLeCTBEHHOE) M OTpHllaTe/]bHble (TOraa mnoJe
MHHMMOe KBajpaTHuHoe). KBaapaTnuHble moJisi MOJHOCTbIO OMpPeNesioTCs AUC-
KpuMuHaHTOM. Camblil MaJieHbKHE MTPUMep, KOrjla CYLIECTBYIOT pasHble MoJisl
C OJIHUM M TeM K€ JMCKPUMHMHAHTOM, AOBOJBHO OOJBLIOH: JTUCKPUMHHAHT
COJIEPKUT J€CATOK LMGP (TaM MOSBASIOTCS cpasy TPH PasHbIX KyOHUeCKHX
noJsist). Koneuno, Koraa JAMCKPUMMHAHT PacTeT, TAKUX MOJEH CTaHOBUTCS BCe
6osibllie ¥ GoJiblile. A BOoOOlIle, 9TO UHBAPHAHT, KOTOPBIH JOBOJBHO XOPOLIO
XapaKTepu3yeT ToJle.

3ameHa JMCKPUMHMHAHTA B (DYHKIIMOHAJBHOM CJlyuae — COBEPLIEHHO ecTe-
CTBEHHA$ Belllb. DTO — poji KpUBOH (poj mnoJisi). Pox kpuBoit X — 310 1iesoe
HeoTpulaTesbHOE Yncso g(X), KOTopoe ornpeiesisieTcsi MHOTUMH Pa3HbIMU CIO-
cobamu. Hanpumep, M0o:KHO B35ITh peryJsipHble popmbl Ha X, KOTOpble BCIOLY
peryJisipHbl. DT0 — KOHeuHOMepHoe npocTpaHcTBo Q! [X] Hax 0CHOBHBIM MoJiem
F,, u dimp, Q'[X] = g — 5T0 10 onpejenenio u ecTh poj KpuBoil. MoxkHO
ornpeJieNsiTh POJL H PasHBIMH ApyruMH criocobamu. Onsth ke g(P!) =0, u 310
CBOHCTBO XapaKkTepuayer npoektnsHylo npamyio P! 1. e. ecin g(X) =0 ms
HEKOTOPOH aOCOJIIOTHO HENPUBOJUMON TJ1aJIKOH MPOEKTUBHOU KpuBOH X, TO
X ~P! (uncsioBble 1051 MOXKHO GPaTh He ¢ TOUHOCTBIO 0 H30MOP(H3MA: OHU
MPOCTO IJIe-TO JIeXKaT, a KpUBble HYXKHO OpaTh C TOUHOCTBIO 10 M30MOP(HHU3MA).
Y kpuBoii, uzomopduoit P!, none dynxumii — s1o F,(T).

3/ecb, KOHEUHO, HET HUKAKOH OJIHO3HAYHOCTH. 3/1eCh €CThb 0IHO3HAUHOCTh
qist poaa 0: kpusasi poaa 0 uzomopdua P, A eciu g(X) = 1, To TaKMX KPUBBIX
(OHM HA3BIBAIOTCS aaunmuyecKum) npumepHo 2r wryk. Jns kaxmuoro g
yuca0 KpuBbIX KoHeuHo. lns poma 1 ux 2r 4+ O(l) wryk, rae O(1) — uenoe
uncgio mexkay O u 12. A ecoin g(X) = g > 2, T0o uMC/10 KPUBBIX TIPUMEPHO PaBHO
Cr3¢=3, rge C — HekoTopasi KOHCTaHTa. TyT, KOHEUHO, POJ TOpasao MeHee
»KECTKHI UHBapHaHT (10 KpaiiHel Mepe Ha NepBbli B3MVISL), YeM AUCKPUMHUHAHT
JJIS1 UUCJIOBBIX TOJIEH.
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ITH JBe BellM, PoJ U AUCKPUMHHAHT, napanieibhbl. Ho Ha camom ne-
Jie TIPaBWJIbHBIM aHAJOrOM pojia SIBJSETCSl He JAUCKpUMHHAHT Dy, a gk =
zlog\/ﬂ. JleficTBUTEIbHO, PO HAUMHAETCS C HYJIsl, a4 JTMCKPUMHUHAHT Ha-
unHaetcst ¢ 1. M noenenne B GauHsx, Npo KOTOPOE s ceifuac cKaxy, pagHoe.

[1pu takoit Hopmanusaumu paBeHcTBo gx = 0 xapakrepuayet QQ; paBeHCTBO
g(X) =0 xapakrepusyer P'. Ecan Mbl paccMOTpHM Bce T0JIsI, JJIsl KOTOPbIX
gx <M, To ux KoHeuHoe uucyo. Kpubix, 115 KOTopbiX g < M, ToxKe KoHeu-
Hoe uuco. s pyHKUMOHAJBHOTO cayyast TPUMEPHO TOHSTHO, CKOJBbKO HX.
A CKOJIBKO HX JIJIST UMCJIOBBIX MOJIEH — 3TO TpyJHasl 3ajaua, ecJu JOMycKaTb
moboe n. Ecau n=2, To 3TO 4MCJ0 Cpasy CUMTAETCS: OHO JIHHeHHO no M.
A BoT yxKe /151 KyOHUECKHX TOJIel TOUHOTO pe3yJsibTata HeT. A ec/iu j0MmycKaTh
Jgio6ble 71, To abCOJIIOTHO HEMOHSITHO, KaK 3TO uucjo cebst BeaeT. TouHee
rOBOPSl, €CTh TMIOTE3bl U IS ACUMITOTHKH CTereHel U it Ko3(DPUIHEHTOB,
HO JI0Ka3aHO OY€Hb MaJlo.

Eute oaun apryment. Ecam y Hac ectb paciuupenue nodseit L O K creneHu
m, T0 gy =mgg +...; 31eCb M gx — OCHOBHOH WJIeH, & MHOTOTOUHeM 0003Ha-
UeH MorpaBOYHbIH YJieH, KOTOPbIH 3aBUCHT HE TOJIbKO OT CTeMeHH (3TOT nonpa-
BOYHbBIH UJieH, BOOOIIE TOBOPSI, MOXKeT ObITh U O0JIblle, UeM OCHOBHOM; HO hop-
MyJia uMeeT Takol BuJ). Korya ectb oToOpaxkeHue kpuBbix X — Y (370 TO xKe
caMoe, UTO BJIOYKeHHe ToJiel) crenenu m, To (gy — 1) =m(gy — 1)+ ... 3nech
ecTb HeOOoJIblIasi HECONIaCOBAaHHOCTb. Ee MOXKHO yCTpaHUTb, CUMTasl, UTO POJL
urcsIoBOro noJsisi — 3710 gx + 1. Torna dopmyna nist nopenenus B GaiiHe Oyaet
TOUHO TaKasl »Ke, HO 3aTO yTPAaTHTCS TO CBOWCTBO, YTO paBeHcTBO pona 0
COOTBETCTBYET MHHHUMaJIbHOMY MO0JI0. DTO BOMPOC BKyca, MOTOMY UTO 3TO —
C/IBHT Ha |, 32 KOTOPBIM MOXKHO MpocJennTb. Mbl peanounraem, uto6ul poj 0
COOTBETCTBOBAJI MHHUMAaJIbHOMY TIOJIO.

Onpenenenne pojaa KpUBOH CTaHAAPTHO, a OIpefieseHne poja YUCI0BOrO
10J151, KOTOpOoe 3/1eCh MPUBENEHO, HecTaHaapTHoe. J1ist 3TOro onpejesneHus ectb
HEKOTOpble apryMeHTbl, HO 9TO He eCTb OOLIENPUHATOE ONpe/eseHHe.

Mexny n v gg B cjyuyae UMCJOBBIX MoJieil U Mexxay N U g B ciydae
(bYHKIIMOHAJILHBIX T0JIell ecTh ¢Bs3b. CBSI3b B UMCJOBOM CJlyuae HasblBaeTcs
M0-pa3HoOMY; €CTb MHOTO Pe3yJ/IbTaToB, AAIOLIMX 3Ty CBsI3b. CaMblil MepBblil pe-
3yJIbTaT Ha3blBaeTcst KOHcmarumot Murkoscko20, a caMblil HOBbIH pe3yJibTaT
HasbiBaeTcst Hepagencmeom Odaviacko—Ceppa. ITO HEPABEHCTBO FOBOPHT,
UTO JIMCKPUMHUHAHT HE MOXKeT ObITh OUYeHb MaJsleHbKHM; OH OIpPaHUYeH CHHU3Y
ceytolleld QyHKIHeH OT CTerneHHu:

D>C} CQQrZeO(l), rie eV — 1, korna crerens pacrer. (1)

Camble Jiydlliie 3HAUEHHWsS] KOHCTAHT 3JIeChb TaKHe: Ci=8me"™™/? y Cy=
=8me” (v — KoHcTaHTa DuJjepa). DTOT pedyJbTaT NoJydeH, NpaBaa, TOJIbKO
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B MPE/NoJIoyKeHuH 0600611eHHON runoTesbl Pumana. Ecth BapuanTt, korna Cj
1 Cy nomenblile; 3TOT pedyJbraT 6e3ycsoBHbli, 6e3 runoredbl Pumana. dakr
TOT, UTO IMCKPUMHHAHT OTpPaHMYEH SKCTOHEHUMANbHOU (PYyHKUMEH OT r| U ro
(MO2KHO CcKasaTb, OT CTEMEHH 1), KOrJa 1 pacTerT.

B ¢dynkunonanbHom cayuae Han nosem KoHctaHT F, Toxe ecTb COOTHO-
LLIeHHe MeXKJly UMcJIoM ToueK N M poJoM g, KOTOpOe HasblBaeTcs meopema
Beiias. OHa roBOpUT, UTO

r+1-2rg<N<r+1+2Vrg.

3ameTbTe, UTO 3TO — HeKoe BhlpakeHue, juHelHoe no N u g. Ha camom jiese,
BhIpaXkenue r + 1 —2y/r g, Korjga g pacrer, CTAHOBUTCS] OTPHLATEJBHBIM; 3TO
He oueHb HHTepecHO. MIHTepecHa, KOHeUHO, BEPXHSIs OlleHKa. DTa Belllb TaKoro
»Ke THrna, Kak HepaBeHCTBO (1), Toibko HepaBeHCTBO (1) Hy»KHO TpoJiorapud-
MHpoBaTh. Ecsin ero nposiorapumMupoBath, TO MOJyYUTCS] HEPABEHCTBO

2gk =1y log Cy+r9 log Co+o0(1).

Tam nuneitnass dopma ot N MeHblle JIMHEHHOH (OPMbI OT g, 3/leCh TOXKe
JuHelHast popma oT r| U ro (IPU 3TOM 1 = r| + 2r9) MeHbllle JUHEHHON PopMbl
OT g. DTO — ellle 0JHO 00bsICHEHHE, TToYeMy HYKHO paccMaTpuBaTh Jiorapupm
JMCKpUMHHaHTa. UyTb M03)Ke Mbl YBHJIHMM, UTO 3TH pe3yJbTaThl HE MPOCTO
napaJiieibHble, HO UX MOXKHO M €IMHO00pa3Ho C(hopMyIHPOBATh: MOXKHO MPH-
JyMaThb Takylo (pOpPMyJIMPOBKY, UTO STH HEpaBEHCTBA OY/IyT BHITVISIETh KaK O/IHA
U Ta ke dopmyia.

ATo nepBble JIBa MHBApHAHTA: CTeNeHb W JIMCKPUMHUHAHT. ECTb ellle Takoil
MHBAPUAHT, KaK YHCJIO KJIACCOB, KOTOPBIH KaK pa3 U oTpaxaeT OTKJIOHEHHe Mo-
JIsl OT €IMHCTBEHHOCTH PA3JIOXKeHHsI Ha TPOCTble MHOXKUTEJH. [pynma Kiaaccos
B UMCJIOBOM CJlydyae onpejessieTcst cieiytomum oopazom. Mbl paccmatpuBaem
KoJibllo Lesbix Ok (Bce 1efble 37eMeHThl nodist K), paccMaTpuBaeM Bce ero
HenyJsieBble ujeanbl [ C Og. OHM onpenesisiioT MoJyrpymnny Mo yMHOXKEHHIO:
€CJIM Mbl IEPEMHOKHUM JIBA HjleaJa, TO MOJyUdM HieaJs. DTy MOJyrpyriny MOKHO
NOTPY3UTh B TPyIy, 06PaTUB 3JIEMEHTbI TPYNIbl (POPMabHO. DTO O3HAUAET,
4TO MOXKHO paccMaTpuBaTh JApoGHble Hieanwl / -/~ '. 3necs /= ne wmuean,
a moaynb Han Og, Kotopblil, Boobule roBopsi, B Og He JEKHUT. DTO yxKe
6ynet rpynna Ideal(Ok ) — rpynna apo6ubix uaeanos B Ok . OHa 6eckoHeuHas.
Hanpuwmep, nis Kosbua Z rpynna ApoOHBIX HealoB — 3To cBoOOHas abesieBa
rpymnmna, HaTsiHyTasl Ha MPOoCTble UMucJa.

Cpemn nneanoB B Ok ecTb IJ1aBHble MjeaJsbl. [JIaBHBIA Maeas — 3TO uje-
an Buaa («), rae o€ K. DyeMeHT o MOXKHO 3anucath B Buje a=a/b, rie
a, beOk. Torna (a)=(a)(b)~!. InaBuble umeannl o6pasyloT noarpynmy P
B rpynne [ =Ideal(Ok). Tpynnoii kiaccos HasbiBaercsi dakroprpynna //P.
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Ata rpynna yxe KoHeuHa. Ee MOLIHOCTb Ha3bIBAeTCSl UUCJIOM KJACCOB JaH-
Horo noJsist U o6osHauaercst A(K). Tlose ynoBneTBOpsieT OCHOBHOH Teopeme
apudMeTHKH TorJa U ToJibKo Torja, korna A(K)=1.

[1po A(K) u3BecTHO ynuBUTENbHBIM 06pa3oM oueHb Maso. Hanpumep, He
M3BECTHO, KOHEUHO WJH OECKOHEUHO UMCJO MoJiel, Jisi KoTopbix A(K)=1.
M 3T0 mpu TOM, UTO NI BElECTBEHHBIX KBAJPATHUHBLIX TMOJIEH €CThb 3BPH-
CTHKa, uTO Takux nojeil 3/4 (tounee, 73,2%). To ecTb 15 MOAABASIOLIETO
yMCJ/a BElLeCTBEHHBIX KBAJAPATHUHBIX MOJIEH T0JKHO BbIMOJHATLCS PABEHCTBO
h(K)=1, HO Heu3BeCcTHO Aaxke, 6ECKOHEUHO 3TO YHCJIO HUJIM HeT. EJHMHCTBEH-
HbIl TO-HACTOSILIEMY 3HAUMTEJbHBIN pe3y/JbTaT B 3TOM HalpaBJeHUH HOCHT
CKOpee OTpHLATeNbHbIN XapakTep. OH rOBOPHT, UTO €CJIH PACCMOTPETh MHUMbIE
kBaapatuunble noas Q(v/—D), rae D >0, To Takux moJiefi ¢ YUHCI0M Kaaccos |
posHo 9. Hanmmenbumii no aGcoJsitoTHOH BeJMUHHE TUCKPUMHUHAHT D = —4,
a Haubouibluid D = —163. To, 4TO UX KOHEUHOE UHCJIO, ObLIO H3BECTHO ellle
[ayccy, a To, uto MX poBHO 9, joKasaju Jier 35 Haszaj, MpUUEM 3TO OUYEHb
TpyaHasi TeopemMa. COOTBETCTBEHHO, WISl BCEX OCTAJbHBIX MHMMbIX KBajpa-
TUUHBIX TMOJIEH HET eIMHCTBEHHOCTH pasJjioxKeHusi. BoJiee TOro, i MHUMBIX
KBaJIpaTHUHBIX MOJield u3BecTHO, uTo A(K)— 0o npu D — oo (370 ObLIO W3-
BeCTHO elile [aycey). D10 GoJiee UM MeHee eJIMHCTBEHHDIN CJ1ydail, Korja OTBeT
ecTb. C 30-X rojioB ObIJIO H3BECTHO, UTO TAKUX JUCKPUMHUHAHTOB He HoJee 10.
[TosTomy 3TO 10JIr0 HasblBasoCh npobaemol decamoeo OUCKPUMUHAHMA.
CyliecTByeT JIeCAThIHl TUCKPUMHHAHT, JUIsi KOTOPOTO YHCJIO KJIACCOB paBHO I,
uiin Het? [ToTpeboBasiock Jiet 40 GosblINX yCHIHI, UTOOBI I0KA3aTh, UTO 3TOTO
JIECATOTO JIMCKPUMHUHAHTA HeT. JloKa3aTesibCTBO TEXHUUECKH HE OUEHb CJIOXK-
HO€, HO MJIeHHO OHO OYeHb c0xKHOoe. Kes Oblia ouenb HeTpuBHAbHAS. [ToTom
OblIM HaljIeHbl Jpyrue J0Ka3aTeJlbCTBa, HO BCe OHM OUEHb HETPUBHAJILHBIE.

CyulecTByeT 0UyeHb MOX0Kee (MOKHO JlazKe CKa3aTb TOUHO TaKoe ¥Ke) orpe-
JieJieHWe TPYMIbl KJIacCoB B (PyHKIMOHAJIbHOM ciydae. §1 He Oyiy ero npuBo-
JuTh. OHO JI0CJIOBHO TO XK€ caMoe, TOJIbKO TaM 0003HaU€eHHs! aJUIMTHBHbIE, a He
MyJIbTHIIMKATHBHBIE. ECTb ellle o1Ha MajieHbKast pasHuLa: HY»KHO B35ITb HEKYIO
MOJrPyMIy B TPyIe HIeajsoB, KOTOpas TaM Ha3bIBAETCs IPYMIOH THBU30POB;
HY>KHO B3siTh rpynmny muBu3opoB crenenu 0. A tak Bce To ke camoe. B reo-
METPHUYECKOM CJlydae YHCJIO KJIaCCOB — 3TO YHCJIO TOUEK Ha siKoOGHaHe KPUBOH.
SIko6uaH KpuBOH — 3T0 g-MepHoe abeseBO MHOToOOpasuWe Haj KOHEUHbIM
nosieM. Yuc/io palroHa bHBIX TOUEK Ha HeM KOHeUHO. YHCJsIo KJaccoB — 3T0 U
€CTb B TOUHOCTH YHCJIO TOUeK Ha sikoOuane. [Tostomy ¢ Hum paborath ropasuo
Jerue, uem ¢ f(K) B uncsioBom cayuae. [1po Hero ropasno GoJibliie U3BECTHO,
MOTOMY UTO 3TO — UMCJIO TOUYEK Ha OueHb XopollleM MHoroo6pasuu. Bee Kpu-
Bble ¢ 1 =1 KjaccuUIMPOBaHBI, U 3TO OUEHb JIETKO cliesiaTh. K HekoTopbie
JIOBOJIbHO TyIyOOKHe pe3dyJsibTaTbl TEOPUH ajre0panuecKux 4uces MPOU30LIIH
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M3 TOTO, KaK HHTEpPNpPeTUPOBATL HEKOTOpble CBOHCTBA sIKOOMAHA it TPy
KJaccoB. IT1o — teopusi MBacapbl. Tak 4To 3TO OueHb MJIOJAOTBOPHAST aHaJIO-
rusi. OGBbIUHO B reOMETPUUECKOH CHTYallMH pe3yJsbTaThl Jerue a0okasbiBaTb. Mx
MOTOM MePEHOCAT Ha UYMCJOBOH CJlyuad: MbITAIOTCS J0KAa3aTb MM YaCTHUHO
JIOKa3bIBAIOT.

Y 4HCJIOBOTO MOJISI €CTh ellle OJIMH MHBApHaHT, KOTOPbIH TpHUBHAJIEH MO
ornpesiesieHnIo B (DYHKIIMOHAJNBHOM CJyuyae, U OH KaK pa3 oueHb CHJbHO 3a-
TpyJHsIeET paboTy ¢ UMCJIOM KjaaccoB. IDto — peryasrop R. §1 He Oyny ero
OTpeNeNiATh, TOJbKO CKaXKy JIBa CJIOBA, OTKy/la OH Mpoucxoaut. HyxkHo pac-
cMoTpetb MyJibThiunkatuBHyto rpynny Oj. Teopema lupuxse o eanHuLax
FOBOPHT, UTO M0 MOJYJIO KPyueHHs 3Ta rpynna uzomopgua Z1+2~1 1 e,

,’;/tors%Z”“?_l. 3ametbre, uto ecau r1 =0 u ro=1 (1. e. NoJie MHUMOE
KBaJpaTHUHOE), TO 3Ta TPyMna TpuBHajbHA. Perynarop — 310 Hekuil netep-
MHUHAHT, CBSI3aHHBIA ¢ 3ToH rpynnou. Hy:xHo B3siThb ee oGpasylollide, HY»KHO
B35ITb UX JIOTapU(MBbI, COCTABUTh W3 HUX MaTPHILy (OHA He KBaJpaTHasi) U B3SITh
MHHOP MaKCHUMaJbHOTO MOPSIIKA.

PaBeHcTBo R = 1 BhINOJHSAETCS, €M 10J1e MHUMO€E KBajJpaTHuHoe. DTO —
OCHOBHasi IPUUHHA, TIOYeMy TaK MHOTO M3BECTHO MPO UMCJIO KIACCOB B CJyuae,
Korja roJie MHUMoOe KBajapaTuuHoe. [locuntarbh perysisiTop HCKJIOUMTENBHO
TpyaHo. [1po Hero ecTh Koe-Kakasi MH(pOpMalHsl, HO y2Ke B CJlyuae BelleCTBeH-
HOTO KBaJpaTHYHOro noJs, Koraa ry =2 u ro =0, no onpenenennio R =log ¢,
rjie € — OCHOBHAs enuHuLA. ([l BellleCTBEHHOrO KBaAPaTHUHOTO T10JIs1 TpyTina

K UMKJIdYeckasi, y Hee ecTb oOpasyloliasi; noJioxKuTesbHast o6pasyioiias —
9TO W eCcThb OCHOBHasl enuuula.) Hucno R =log € Bener cebsi KpatkiHe Hepe-
ryJsipHo. BbiBaer Tak, uTo Il ABYX COCEIHMX THCKPUMHHAHTOB PEryJsiTOp
OJIHOTO OueHb MaJleHbKHH, a JAPyroro ouyeHb GoJiblloi. K HHKakoro paimo-
HaJIbHOTO 0O'bSICHEHHST TIOBEJIEHUsI PeryJisiTopa, J1axke B c/ydyae BelleCTBEHHOTO
KBaJJPAaTHUHOTO T0JIsl, He U3BeCTHO. J1ifl BellleCTBEHHBIX KBAJPATHUHbBIX MOJIeH
eCTb M0 KpalHell Mepe airopuTM (TO)Ke He COBCEM TPUBHAJbHbIH), KOTOPbIH
BBIUMCJ/ISIET perysitop. s KaxK/10ro KOHKPETHOTO MoJisi MOCUMTATh PeryssTop
MO2KHO, HO TIpeJcKasaTh 3apaHee, GOJbIIONH OH HJIK MaJleHbKHUH, COBEPILIEHHO
HeBO3MOKHO. HeTpHuBHaIbHOCTH R — 3TO OCHOBHOE NpensTcTBUe K padoTe ¢ A.

M3Becten caenytonmii pesybrar, oueHb Tpyasbii: R > 0,1. Tlo onpenene-
HUIO YMC]0 R BellleCTBEHHOE MOJI0KUTENbHOE, HO OHO MOXKET ObITh M MaJieHb-
kuM. M ectb peasibHO noJist, y KoTopblx oHo 6u3Ko K 0,1. M3BecTHO nose
C MMUHUMaJbHbIM K.

[Touemy A U R tak TecHo cBsizaHbl? Jlesio B TOM, uTO 2 1 R BMecTe BXO-
JISIT B BblueT j3eta-dyHKIMH. Celuac s HAMOMHIO, UTO Takoe ji3eTa-(PyHKIUs
M ee BBIUET, a MOTOM CKaKy, UTo Takoe Teopema bpayspa—3ures, koTopas
cBs3bIBaeT i U R.
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JlenekunpoBa n3eta-hyHKIUs OMpeJesiseTcs CaeaylonumM 06pa3om:

Ck)= D, N~ 2)
acldeal
CymmupoBanue Benetcs no 1eiabiM uaeatam a B Og. Kak aGenea rpyn-
na a umeer ToT ke panr, uto Ok. [lostomy unnekc [Of :a] koneuen. Ilo
onpenenennto N(a) =[Ok :a]. Ecmu K =Q, To nosaydaercss oObIKHOBEHHAS!
nzera-dyHkiys Pumana (s). Ps (2) abcostoTHO CXOUTCS B TIOJYTIJIOCKOCTH
Res > 1. Ou cxomurcs paBHoMepHo Ha Komnakrax. B nosynsiockoern Res > 1
3TOT PsifL ONpeiesisieT aHaJUTHUeCKYI0 (DYHKIIMIO, KOTOpasi MPOJ0JKAeTCs J10
MepoMOpHOH (DYHKUMH C €IMHCTBEHHBbIM MoJiocoM B Touke 1. B Touke 1
MOJIIOC TIOTOMY, UTO TapMOHMUECKHi psiii pacxoautcsi. Boluer nzera-dyHkuun
B TOuke § = | cieayonmi:
_271©2m)"hR

El:els Ck (s) ox /D
rlie Wx — MOPSJIOK TPYMIbl KPYUEHHsT B IPyIIe eUHHULL, T. €. KOJUUECTBO KOP-
Heil U3 equnuibl B Ok . ITO BeJnuMHA HeOOJbILIAS; ee JIeTKO OLIeHUThb, B 3TOH
dopmysie oHa He Melaer. Xopouio paborath ¢ npousBeienueM AR. Korna
R =1, BblueT n3eta-(yHKIMHU AaeT hopMyJay NpsMo s A. DTo — NpUUHHA, 110
KOTOPO# /1 B 3TOM CJlyuae OTHOCHTEJILHO XOPOILO H3BECTHO. A B 0011eM cJyuae,
JUISt TIPOM3BOJILHBIX TI0JIEH, OT/IEIUTh B 9TOH (opmysie /1 OT R UCKJIIOUUTEIbHO
TpyaHo. [TosToMy MHOTHe pe3ysibTaThl OTHOCSITCS K MPOU3BeaeHuto AR . B uact-
HOCTH, €CTh pe3dyJibTaT, KOTOpbIl HasbiBaercst meopema bpayapa—3ueeas.
On 3zaksoyaercs B cJjefytoleM. PacecMoTpuM nocsienoBaTesibHOCTb nodieid K

C pacTylIMM JIHCKPUMHHAHTOM, Jisi Kotopo# n/log Dx — 0 (B nafbHeiiliem
log hR

logy/Dy
0603HaUEHHSIX log\/D_: gk . B uactHocth, ecin R =1 (1. e. B ciyuae MHHU-
MBIX KBaJipaTHutbix nodei), o (log ) /gx — 1. st noKasaTesbeTBa T€OPEMbI
Bpayspa—3wurest Hy:kHO NPETIONOKHUTD ellle Kakhe-HUOYIb A0MOJHUTEbHbIE
TEXHUYECKHEe YCJ0BHS: JIMOO ThnoTedy Pumana, 160 HOpMaJlbHOCTh MOJIS, JIM-
60 runoresy Aprtuna. J{jisi MHUMbIX KBaJpaTHUHbIX M0JIH BbITOJHEHO YCJIOBHE
HOPMaJIbHOCTH, MOSTOMY JJISi MHUMbIX KBaJpaTHUHbIX ToJiel log /i Benet cebs
KakK Zg.

J1st TioGanbHbIX MOJIeH KOHEUHOH CTereHH Mbl MEPEUNCIUIN D LIEHHOCTeH:
1) crenennb n; 2) auckpumuHaHt D (poj g); 3) uucJio KnaccoB f1; 4) peryasitop
R; 5) nzera-dyHkiusa. Mexay HAUMH €CTb MHOTOUYHCJIEHHblE COOTHOIIEHHS,
yacThb M3 KOTOpbIX s1 Hanucas. Hanpumep, nepasenctBo Ongbikko—Ceppa
CBfI3bIBAET 7 U D, HO €ro J1I0KazaTesJbCTBO MPOXOJIUT uepe3 paboTy ¢ a3e-
Ta-(pyHKLMeEH, TpuueM 10BoJIbHO XUTpylo. Teopema Bpayspa—3uressi, kotopas

Mbl YBHJIMM, CYLIECTBEHHO 3TO ycJoBHe uin Het). Torna — 1; B Hawmx
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CBSI3bIBAET A U R ¢ g, — 3T0 TOXKe I0BOJILHO XUTpast padoTa ¢ a3era-(yHKIHeN
TJII0C ellle HeKoTopast paboTa ¢ Teopuel MpeACTaBJeHUH TPy, UToObl 0O0HTH
HEKOTOpble THI0TEe3b.

[MoGanbHble MOJS1 0ECKOHEYHOHN CTeNneHHU

Tenepn 3ananumest Bonpocom: «HTo MOKHO CKazaTb Mpo rio6albHbIE M0
OGeckoHeuHol crereHu?» CHayaja HY»KHO CKasaTh, UTO Takoe NJ0OajbHOe
noJsie 6eCKOHeuHoM crerneHu. $1 Gyay rOBOPUTH TOJILKO MPO YUCJOBOH CJIydail.
YucsoBoe noJie 6eCKOHEUHOH CTeNeHH — 9TO OUeHb MPOCTasi Belllb. DTO — 10Jie
IC, npomexyTtouHoe mexiay Q u Q wu Takoe, uTO degQ K =o00. Uro moxKHO
NepeHecTH W3 KOHEUHOMEepHOi cuTyaluu B GeckoHeuHoMephylo? Ha npsimyto,
oueBHIHO, Huuero. CrerneHb OecKOHeUHasi, NMCKPUMHUHAHT GeCKOHEUHbIH, A
TO2Ke, BOOOIIe rOBOpsi, GECKOHEUHO; KaK orpesiesisith K BoOOle HENOHSITHO,
nzeta-dyHkiuio Tem 6osiee. Ho mbl ¢ M. A. [ldacmanom oGHapyKuiu, 4to
MOKHO HEMHOXKKO MOJM(HULMPOBATL 3TH ONpejiesieHust TaK, YToObl 1151 JI060-
ro r06ajabHOrO MoJsi 6ECKOHEUHOH CTENeHH MOXKHO ObLJIO MOCTPOUTH HEKHe
aHaJioru moutd Bcero storo. Cefuac s B JIBYX CJOBaxX paccKaxy, Kak 3TO
Jie1aeTcsl.

[Tycts K — nosie anre6panueckux unces 6ecKoHeuHol crenenu. Ero Moxk-
(o]

HO TMPEICTaBUTb B BHE 00beaMHEHHs roJell koHeuHol crenenn: K= |J K;.
JleficTBUTENIbHO, OepeM OJIMH 3JIEMEHT U MTPUCOEUHSIEM €ro, TIOTOM ellle lI/I 1eme.
Kaxnoe K; — o6biuHoe roJie anrebpanueckux uuces KOHeuHou ctereHu. s
Hero ornpejie/ieHbl BCe nepeuncieHHble Bhillie MHBapUaHThl. Ho oHu 115t pa3Hbix
noJielt K; pasuble, U npejactaBsenus nojs K B Bujae oO6beanHeHus: noJei K;
TOXKe ecTb pasHble. TeM He MeHee, OKa3bIBAETCsI, YTO IS 11051 KX MOXKHO T110-
CTPOUTbL UHBAPUAHTBI, KOTOPbIe OOJiee HJIH MeHee COOTBETCTBYIOT MHBAPHAHTAM
JI/IS1 KOHEYHOTO TT0JIS1.

CHauasia BBeJieM HEKOTOpPble 0003HaUeHHs. PaccMOTpUM MHIEKC (v, TIPUHU-
matouimii sHauenust B {R, C, 2, 3,4,5,7,8,9, 11, ...} (R, C 1 cTenenu npocTbix
uncen). s urcsoBoro noJist K KOHEUHOH CTENeHH TOJIOXKHUM

r npu a =R,
No(K)=< 1o npu a=C;
uneso v, Takux uto |Ok tal=a npu a=q=p".

Tenepb n1s nosst IC onpenesum
iy NalKD)
palk) = Jim Sl ®

rie g(K;) =log\/Dk,.
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OcHoBHOe MpeiozKeHue 3akaouaeTcs B TOM, UTO ISl JI060ro « U ISt
oo

mo6oro nipencraienuss K= |J K; 3ToT npenes cyuiectByet; GoJiee TOro, OH
He 3aBHUCHUT OT HpeﬂCTaBJleHI/iﬂ.l Yucna or(K), oc(K), pa(K), ..., ¢a(K),
HeoTpHlaTe/bHble BelllecTBeHHble. C KaxKbIM roJieM [ MOXKHO CBSI3aTh TAKOH
Habop MHBapUaHTOB. EcrecTBeHHbIH Bompoc: «Kakumu ObIBalOT 3TH HAOOPHI
uHBapuaHToB?» KoHeuHo, oHu ObIBaloT Bce HyJisiMU. [1pumepsl, 1/s1 KOTOPBIX
BCe TH MHBAPHUAHTBI PaBHbI HYJIO CJEYIOLIHE.

1) Tose K =Q. D10 nosie CTOMb BEJIMKO, UTO €C/IM MOCUMTATh 5TH HHBA-
PHUAHTBI, TO OKaXKeTcs, qTo BCe rnpejiesibl paBHbl HyJo: () = 0.

2) Ione K =Q% = U Q(e2™/™) — makcumabHOe a6e/1eBO pacilipeHHe

noJsig Q. Jlnst sToro HOJIH TO)Ke ()= 0

3) Tone K =Q(v2, V3, V4, V/5, ...), Kotopoe noJiyuaercs npucoe/iHe-
HHUEM Bcex KBajJipaTHbiX KopHel. Jlyis atoro nosst toxe ¢(K)=0.

Ho 6wiBatot u noJs, aast Kotopbix ¢(K) # 0, ToJbKO UX T0BOJBHO CJI0KHO
MOCTPOUTL. DTH MOJs CyliecTByoT o Teopeme losmona—Illadapesuua. s
mo6oro noss Tonona—Illadapesuua oano u3 uncen ¢r(K) u @c(K) nodo-
JKUTesIbHO. §1 He Gyay MojapoOGHO TOBOPHUTH, uTo Takoe mnoJie lonomna—Illa-
(hapeBHua; CKaxKy TOJIbKO, KaKHM CBOHWCTBOM OHHM obJjanator. [lose Toso-
na—IlladapeBnua — 310 06 beIHEHHE OECKOHEUHOI GAllIHU BJIOYKEHHBIX T0OJ1eH
Ko C K; € Ky C ... Hanpumep, Ko = Q(v/D). CoiicTBo noeii takoe: nose K;
Haja K;_| He pa3BeTBJIEHO, T. €.

8Ky _ 8K _ 8Ky _
n’Ko flK] flK2

[To-npyromy sto HazbiBaercsl Tak: 3Ta GaiiHs He pasBeTBjeHa. Ona elle 06-
JlaJlaeT MHOTUMH JIPYTHMH CBOMCTBAMH: HA KaXJIOM 11ary paclivpeHue abeseBo
U T. I

Ecan nosie Ky MHMMOE KBaJpaTHUHOE, TO BCE OCTaJIbHbIE MOJIST TOXKE MHH-

%. Ecau noJie Ky BNoJiHe BellleCTBEHHOE,
K

0
10 R(K)#0. O6061asi 3Ty KOHCTPYKUHMIO, MOXKHO JOOUTbCS TOTrO, 4TOObI

000 KOHeUHbIH HAGOP @4 (K) Obla moJioKuTe bHbIM. Ho, Hanpumep, MOKHO
Ji I06UThCS, UTOOBI MOJIOKUTENbHBIM Obll 6ECKOHEUHbI HAOOp — OTKPhITas
npobJieMa.

EcTb runoresa, uto ecsu roJsie B HEKOTOPOM CMbICJe MaJjleHbKOe Cpeu
OEeCKOHEeUHbIX MoJiel, TO /s Hero HaGop HeHyJeBbIX uuces OeCKOHeUHbIH.
Jlesio B TOM, UTO 3/71eCh HMeeTCsl HEKOTOpasi MOHOTOHHOCTh: ecyu K C L, To
0a(K) <@n(L). TToaToMy HyKHO pacCMOTPETb MUHUMAJIbHbIE T10J151, HO TOJIb-
KO, KOHeuHo, HeaGesieBbl. Ecsin nosie abesieBo, TO MOJyuuTCs HyJb. A ecsu

Mble, T. €. 1 =ry. [TosTomy ¢ (K) =
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paccMOTpeTh TaK Ha3blBaeMble MOUTH KOHEUHbIe M0JIs1 (3TO TaKhe pacuInpeHus,
y KOTOPBIX JitoO0€e MojpacliipeHue yKe KOHEUHO), TO ISl HUX THIIOTeTHYeCKH
Bcerga 6yner 6€CKOHEUHO MHOTO HeHyJieH. B mosib3y 3TOro ecTbh HeKoTopble
OY€Hb Cepbe3Hble cooOpaKeHHs, HO SICHO, UTO 3TO OUeHb TPYy/HAs 3ajaua.

B onpenenennu (3) mpousBopuTCS JeJieHHe Ha POJI, & He Ha CTeleHb, MOTO-
My UTO H3-3a BETBJIEHUs ObIBAET TaK, UTO CTeNeHb MaJieHbKasi, a pojl GOJbILIOH.
[TosTOMy ec/iu 1e/UTb Ha CTeleHb, TO Mpejesl MOXKeT 0Ka3aTbCsi 6ECKOHEUHbIM.
Mxapa nesus Ha cTeneHb, OH CMOT pa3obpaThCsl TOJNbKO C HEPa3BeTBJEHHbBIM
cJlyuyaeM, Korja BCce paBHO Ha UTO JIeJIMThb: Ha POJL WJIH HA CTeleHb.

Hucna ¢, (K) yroBaeTBopsitoT HEKOTOPbIM HepaBeHCTBaM. $1 HaMuIy TOJIb-
KO OJIHO M3 HUX — JINHEHHOE:

©q log q
§ ﬁ—lﬂpﬂg log Cl-l-ﬁp(c log ngl

3nech C u Co — KOHCTaHTHI, hurypupytoine B HepaseHcTBe Omibkko—Cep-
pa, Tak uto @ log C| + ¢ log Co — B TouHoCTH BhIpaxkenne Oibikko—Cep-
pa. Takum o6pas3om, 3TO HEPABEHCTBO SIBJISIETCS yCUJIeHHeM HepaBeHcTBa OJi-
JbkKo—Ceppa. TIpu HEKOTOPOM MPABUJILHOM OMpeJeeHuH 13eTa-(pyHKIHUH
3T0 HepaBeHCTBO nepenuchiBaetcs Tak: £(1/2) >0, rae ¢ = (log {Cx)’. A ecu
3TO K€ HePaBeHCTBO HamucaTbh B (PYHKIMOHAJBLHOM CJlydae, TO [OJYUHTCS
HeKOTOopoe ycuJseHue Gopmysibl Befsisi, mpuuem BBITISUT OHO POBHO TaK JKe:
dopmysia Ta Ke.

Tenepnb g pacckaxy, kKak B 3TOM cJjyuae OIpejessieTcs n3eTa-(pyHKIus
M Kak BbIMISAUT Teopema bpayspa—3uress. [13eta-dyHKims onpenesiercs
MCKJIIOUHTEBHO TPOCTOH (hOPMYJIOH:

[TonosiHeHHas ILSQT&—CIL)YHKHHH OIpeaesIsieTCsl TaK:
((s) = e 27 PR —s¥m/2(2m) TSP (5/2) PR T (5) L (s).

Jlnis Bcex noJielt u3 npumepoB 1—3 n3era-dyHKIMsS — 3TO POCTO IKCMO-
HeHTa e¥.

Teopema bpayspa—3uresisi B 3TOM cJjiyuyae 3anicbiBaeTcsi Caeayonmum 00~
pasom:

lim Og”l =1+ gy log —— — oz log 2 — ¢ log 2 = Ce(1).

Mbl H3BJIEKJIM KOPEHb CTeMeHU g, MO3TOMY B €IMHHULE ToJIoC yeTpaHuics. Ho
M3-3a 3TOro, K COXKajleHHio, (PyHKIIMOHaNbHOe YpaBHEHHEe TPonajaer.
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dra Teopema siBjsieTcss 06001eHHeM TeopeMbl bpayspa—3urens. leii-
CTBUTEJbHO, TeopeMa bpayspa—3uresnsi cooTBercTByeT TOMY, uTO R =0
U @oc=0. Ho ouenb Jierko jnokazatb, uto ecqu wr=0 u @c =0, To Bce
g Toxke pasHbl 0. A Teopema Bpayspa—3wurens kak pas yTBepKJaer, uTo

. iR
lim OgT}Z"R’ =1 npu ycsaosuu, uro n/g — 0. Keratu ckasartb, 10/roe Bpemsi

(CO6CTBl€HHO roBops, JI0 Hailledl paGoThbl) BOOOIEe He ObIIO U3BECTHO, BAXKHO
9TO ycJIoBHE WM HeT. J1Jisl 10Ka3aTesibeTBa OHO ObLIO BaXKHO, a ISl pe3yJibTaTa
ObIO HEe HW3BECTHO, BaKHO OHO WM HeT. OKasasoch, UTO BaxKHO. Ecau He
TpeGoBaTh, uToObl 11/g — 0, TO €CTh MHOTO pPa3HbIX MPUMEPOB, KOTA MpeJes
oranuen ot 1. OH 3akmouen mexay 0,5 u 1,1.

ATtH PopMyJibl AT HEKOTOPOE YYBCTBO, UTO HAuaJo TOH TEOPUH B Tpa-
BUJIHOM HarpaBJeHUH, XOTsl, KOHEUHO, 3TO camble MnepBble ward. Hukakux
pe3yJbTaToOB MO TeOPHUH OeCKOHEeUHbIX r00adbHbIX T0Jel 51 He BUjes. Sl nbl-
TaJICsl 3TO CPABHUBATL C TeOPHEH KOMIIEKCHBIX KPUBBIX OECKOHEUHOro poja,
HO CB$I3b HenoHsiTHA. OHa JIo/KHA ObITh, HO MOKA HE SICHO, B UEM OHA.

29 agrycra 2002 r.
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KBAHTOBAHME MO ®EMHMAHY

CHauana s1 HarmoMmHIO OOlyl0 CXeMy KBaHTOBaHMSl, KOTopasi MpHHSATA
B KBAHTOBOI MexaHMKe. $I Jymaro, uTo MHOTHe, ecjlM He BCe, 3TO 3HAIOT,
TeM He MeHee, s1 3T0 HanoMHio. OObIUHAs CXeMa COCTOMUT B CJIE/LYIOLIEM.

1) BriGupaercsi HEKOTOPOe KOMILJIEKCHOE THIbOEPTOBO MPOCTPAHCTBO H.
DJIeMeHTbI 3TOro THJILOEPTOBA MPOCTPAHCTBA OMUCHIBAIOT COCTOSIHUS CUCTEMBI.
BoJsiee TOuHO, COCTOSIHMSI CHCTEMBI OTHCBIBAIOTCS 3JeMeHTaMu ) € H, s
KoTopbiX [[1]|=1. [IBa ajemeHTa 1| U 19, KOTOPbIE OTJIMYAIOTCS YHCJIOBBIM
MHOKHTEJIEM (T. €. 1)) = ar)g; IPH ITOM, €CTECTBEHHO, || = 1), onucbIBaIOT 01~
HO U TO Ke cocTosinue. CTPOro roBopsi, COCTOSIHUE OMUCHIBAETCS JIYUOM B THJIb-
6epToBOM MpocTpaHcTBe. Ho Tak He roBopsiT, MOTOMY YTO 3TO — TOJIBKO yC-
JIO2KHEHHE 513bIKa. A roBOPST MPOCTO O BEKTOPax MMJbOEpPTOBA MPOCTPAHCTBA.

2) Kaxnoi dusnueckoit Besmuune A (KoopauHate, HMIyJbCy H T. J.)
COMOCTaBJISIETCS CBOY CAMOCONPSKEHHbIH onepatop A Tak, uTo ec/iu cucrema
HaXOJIUTCSl B HEKOTOPOM COCTOSIHMU 1), To (A, 1)) — 3T0 cpenHee 3HaueHHe
BesiMunHbl A B 3TOM cocTosinud. BooOlie B KBAaHTOBOH MeXaHMKE TOJbKO M3-
pesika ObIBAET TaK, UTO MOKHO U3MEPUTDb BEJIMUUHY TOUHO; 0OBIUHO H3MepsieTCs
cpeHee 3Hauenne BesuurHbl. CaMblil IIaBHBIA OMepaTop, KOTOPbIA ONUChIBa-
eT HEepPruio CHUCTeMbl, — 3TO TaK HasblBaeMblil eamuarvmonuarn H. Cambiii
TJIaBHBIF OH TIOTOMY, UTO C €T0 NMOMOIIIbIO BBOJIUTCS JUHAMUKA cHcTeMbl. [Toka
TO, YTO §I TOBOPHJ, 3TO TO, YTO (PU3UKH OOBIYHO HA3bIBAIOT KUHEMATHKOH —
onucaHue CHUCTeMbl. Terepb HYXKHO 3a/aTbh AMHAMHUKY CHCTEMbI, T. €. HYXKHO
3aJaTh 3aKOH IBOJIIOLUH CHCTEMbBI BO BPEMEHH.

3) dBoJolust onucbiBaeTest yHutapHo# rpynnoit Uy : 'H — H, KoTopasi 1o
onpesesennio umeeT Takoit Bux: Uy = !’ (Besikast yunutapHas rpynna uMeet
Bua U; = et rie S — camoconpsikeHHbIil onepatop; Tak BOT B KAUeCTBE 9TOr0
CaMOCOIIPSKEHHOTO orepaTtopa BeibMpaeTcst ramubTonuan f1.) Orciona Jerko
BBIBOJIMTCSl ypaBHeHHe JBU:KeHHsl. Ecyiu Bbl HMeeTe B MOMeHT BpemenH f =0
HauaJbHOE COCTOSIHHE 1)y, TO COCTOSIHHE t); B MOMEHT BPeMEeHH ! TaKOBO:
Wy = ey, Jlns 1p; mosyuaem ypaBHeHHe

. dy

= [?1/4 (ypaBHenue [lIpénunrepa).
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Ecau CJIEIUTb 3a Pa3MEPHOCTIMH BXOJSINX CloJla BEJMUYHUH, TO B 9TO ypaBHE-
HHE HY2KHO ellle BBECTH MHO2KUTEJ/Ib /’l, T. €. IpaBUJIbHO YpaBHEeHUE 3allUCbIBA€T-

csl Tak: —ih% = ﬁwt. BesnuuHa 1 Bceryia cuntaercst 6e3pasMepHoi, H ume-
eT pa3MepHOCTb IHEPrUH, MOITOMY BeJMUMHA A JIOJ’KHA UMEThb Pa3MepHOCTb
IPr- CeK (3TO pa3MepPHOCTb BEJIHUMHBI, KOTOpAsi B MeXaHUKe 0ObIYHO HA3bIBAET-
csl AeficTBUeM). B cucreme enrHuIL «TpaMM, CAHTUMETP, CeKyHIa» BeJUuuHa /1
uamepena. OHa papHa nputausuteabo 10727; B Takoli cucTeMe eIMHALL 3Ta Be-
JIMUMHA OueHb MaJsieHbKasi. Ho B cucTeMe elMHMULL, I/le KBAaHTOBAsl MeXaHUKa Jei -
CTBHUTEJIbHO HAUWHAET JIeHCTBOBATh, B MacliTabax atoma, TaM 3TO yxKe JeHcT-
BUTEJIbHO 3HAUUTEJ/IbHAS BeJIMUMHA. B KaxKJ10H cHCTeMe eIMHULL U3MepeHHsT OHa
UMeeT CBOe 3HaueHue. B najbHelilem, NOCKOJbKY 3TO He OYJIeT 1JIsi MEeHSI BaXK-
HbIM, 51 OyJly CUMTaTh, UYTO Mbl HAXOJIMMCS B TAKOH CHCTeMe eIMHHULL, uTo /= 1.

Bot s1 1 u3/10:Kus1 0ObIUHBIE OCHOBBI KBAHTOBOH MeXaHUKH. Bce ocranbHoe
COCTOHT B TOM, UTO /ISl KAXKJIOH KOHKPETHOH CHCTEMbI MPHIyMbIBAETCSI CBOE
ruJb6EpTOBO MPOCTPAHCTBO M CcBOU omnepatop . WM panbuie yxe 3TO U3y-
yaercst. Hro ke 0ObIMHO H3yuaercsi? Kpome TOro, uto W3yuarorcst CBOHCTBA
3TOil 9BOIOLKH, T. €. cBoiicTa rpynmbl e/ | usyuaercs cnexrp onepatopa H.
[Touemy criektp Tak nHTepecen? JIerko nokasatb, Uto €Ciiu ¥y — COOCTBEHHAs!
dbyHkims onepatopa H, 1. e. Hipg= Agtbg, To cocTosiHue 1)y SIBISIETCS CTalM-
OHApHBIM, T. €. OHO He MeHsieTcs BO BpemeHd. [Tostomy 3amaya 06 oTbicka-
HUM BCEX CTALMOHAPHBIX COCTOSHUI €CTh 3ajlaua O HAXOXKJIEHHH COOCTBEHHbIX
BEKTOPOB M COOCTBEHHbIX 3HaueHWit orepatopa [, T. e. 00 H3yyeHHH ero
cnekrtpa. [IpaBna, onepartop H MoxKeT UMeEThH ellle HerpepbiBHbIA crnekTp. Ho
coOCTBeHHbIE (hYHKIIMH HEMPEPHIBHOTO CTEKTPa TOXKE OTpe/ie/eHHbIM 00pa3om
UHTepnpeTupylorcs (s1 He Oyy celuac 0ObsICHSTh, KAK UMEHHO).

Bot, cob6cTBeHHO, M Besi cxema OObIYHONH KBAHTOBOH MeXaHWKM, KOTOpas
TaK WM HHaue peasii3yeTcsl B pasHbix cjyudasix. KBanroBanuwe — 3to npote-
Jypa BBeJIeHHs1 THIbOEPTOBA MPOCTPAHCTBA M OMEPATOPOB B HEM, H H3yUeHHe
cBOHCTB onepartopa f1.

Most lesib — paccKaszaTh, Kak IPOMCXOIUT KBAHTOBAHHE JAPYTHUM CIIOCOOOM,
KOTOPBIH cefiuac Toxke BecbMa pacnpocTpaHeH B husuke. OH, KOHEUHO, He J10J1-
»KEH MPOTHBOPEUUTh NepBOMY criocoOy KBaHToBaHMs1. Ho uHorna okasbiBaercs,
UTO OH MPUBOJUT K JAPYTHUM pe3yJbTaTaM.

51 HauHy ¢ KBaHTOBaHHMS OJHOH OUeHb MPOCTOH cucTeMbl. CHauasa 5 npo-
KBAHTYI0 ee TaK, Kak O0OBSCHSJ, a MOTOM OObBSICHIO, KaK OHA KBAaHTYeTCs
no ®eitnmany. dta cucrteMa — yacTHllAa BO BHelIHeM moJie. B kiaccuueckom
c/lydae ee HeprHsl SIBJSIETCS CYMMOH KMHETHUECKOH HEPrHu W MOTeHUMasb-
HOH:

H="""1V(), xeR.
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V(%) [ToreHumanbuast sHeprusi 3anaercs dyuxumen V(x).
B nanbHeiiiiemM Mbl 6y1eM npenosiarath, 4to (yHKIHS
V' umeer pactyuwmii Ha GeCKOHEUHOCTH rpaduk (puc. 1).
Kakoii onepatop H comnoctaBJisieTcsi TAKOMY KJjac-
cuyeckoMmy caydaio? S Oyay ceiiuac oObSICHATH, HO He
Puc. 1. Tpadux 6y/1y TPUBOJIUTbL HHKAKHX JoKazaresbeTB. (Mx mpocto
dynkan V(x) HeT; Bech BOMpoc B BhiGope.) Kak mpoile Bcero HalTH
orneparop, cooTBerctBytolmii V(x)? Mbl HauHeM ¢ TO-
ro, 4To Ha#JeM OIepaTtop, COOTBETCTBYIOUIMH KOOpJHHATE: (f)(gﬁ):x@/}(x).
Oneparop V(x) — 310 (yHKLHsI KOOPAHHATHI, 105TOMY orepatop V' 3anaercs
ymHoxkendeM Ha V: (V) (x) = V(x)w(x). Bac He no/KHO cMyliaTh, 4TO 3TO —
HeorpaHHueHHbIH orepatop. B KBaHTOBOH MexaHHWKe CBOGOJHO HCMOJb3YIOT
HeorpaHHueHHble orepaTopbl. Takum 06pa3oM, Mbl y2Ke TIPOKBAHTOBAJH MOTEH-
uaJbHyto sHepruto. Kak npokBaHTOBAaTb KHHETHUECKYIO SHEpPrHio? 3aMeTHM,
uTOo

_mo® _r
H="2" 4 V)= 2 4 V.

B ksaccuueckoil MexaHMKe HMITYJIbC p BCErJla CBSI3aH C TPYMION TPAHCSIH.
M3 TpaHC/SIUMOHHON MHBAPUAHTHOCTH CJIeyeT coXxpaHeHHe ummnyJbca. laxe
KOrJla HMMIYJbC He COXpaHsieTcsl, B KJaCCHUeCKOH MexaHWKe OH BBOJUTCS
C MOMOIIIBIO TPYMIbI TPAHCASAMH. B KBaHTOBOI MeXaHHKe MOCTYNAIOT TaK XKe.
Ho kakum o6pasom? [Ipexie Bcero BBOAMTCS THILOEPTOBO MPOCTPAHCTBO
H=Lo(R!, dx) (npoctpanctBo cyukumii Ha npamoii). Ecau Mbl Bo3bMeM
rpyniy TpaHCJSILMM, T. €. paccMoTpuM onepatop Ugyh =1p(x — S), TO 3TO ecThb
YHUTapHasi rpynna B 3ToM Tuib0epToBoM npoctpancTBe. CjenoBaresibHO, OHA
npeacTaBUMa B BUJIE Usp=e'PSep, tie p — HEKOTOpbIi orepaTop. Ero Mmbi
¥ Ha30BeM orepaTopoM ummnyJbca. JnddepeHunpys no s, Jerko nocunTath,

~ .d
uto p =i Tak BBOmMTCS omnepaTop ummyJbca. M BooOle, ecau Kakasg-To

KJIACCHUECKas BeJMUYMHA CBA3aHA C KAKOU-TO TPYMIOH, TO COOTBETCTBYIOLLHH
KBAHTOBbIH OMepaTop BCeraa OrnpeessieTcss Kak UHMOUHUTE3UMAJbHbBIH Ore-
paTop COOTBETCTBYIOLIEH TPYMIbl, JeHCTBYOLIEH B THIAbOEPTOBOM MPOCTPaH-
ctBe. Tak onpenesnsieTcsi MOMEHT KOJIMUECTBA JBMXKEHHS W pasHble Jpyrue

orepaTopbl. 9

Ecau p =i, TO p?= -7 CJieloBaTe/IbHO, OKOHYATEJILHO T10J1yuaeM
oneparop pénunrepa

JIn5i cOXpaHeHHs: Pa3MepPHOCTH TyT Hajlo ObLI0 OBl MHCaTh A2, HO 51 9TO He Gyjy

micatb. OO6bIUHO 51 6yay Takxke moJiarath, uto m=1, 1. e. H = 5.2 .
X
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Mbl 06bIUHBIM 06pa30M MPOKBAHTOBAIM KJIACCHUECKYIO CHCTEMY TaKO-
ro BUJA, BBe/S THIbOEPTOBO MPOCTPAHCTBO W COOTBETCTBYIOLIME OMEPATOPHI.
B HalleM cJjiyyae, KOrjia Mbl CUHTAEM, YTO V' pacter Ha GECKOHEUHOCTH, Ofe-
patop H umeer nUCKpeTHBIN cekTp A\g < A| <... Bce coOGcTBeHHble 3HAUEHHMS
ojHoKpaTHbie. COOTBeTCTBYIOIIME COOCTBEHHbIE DYHKLMH g, Y1, ... 00Pa3yIOT
0asuc B HallleM THJILOEPTOBOM MpOCTpaHCTBE. BOT UTO H3BECTHO MPO CIIEKTP
onepatopa H. B yactHocTH, Hac 6yayT GoJbliie BCErO MHTEPECOBATh HYyJeBOe
coOCTBEHHOE 3HAueHHe Ay W HyJeBas coOCTBeHHasi (yHKUMS 1y, KoTOpas
0ObIUHO Ha3bIBAeTCsl OCHOBHOIM cOCmOosiHuem. OCHOBHOE COCTOSIHHE — 3TO
COCTOSIHME CHCTEMbI C HauMeHbllell sHepruell. Kak npasuso, cucrema GoJiblie
BCEro BpeMeHH MPOBOJUT UMEHHO B 3TOM COCTOSIHHM.

Tenepb g mepeiiny K ToMy, Kak 3TOT orepatop, 3Ty 3aaady, TpakToBaJ
Geitnman. OH Hamucas 3ameuaTesibHYI0 (opMyJy, KoTopas cama no cebe He
uMeeT cMmbicsia. Ho 3To He cTpaiHo: Besl HayKa Tak M pa3BUBAeTCsl, UTO U3
OeccMbIC/HLBl poKaaeTesl HeKMi cmblcsl. PefiHMaH Hanucasa dopmyay s
sapa onepatopa e /!

t t
. i5 S@my2dr—i § Vigr)ar
ef(q, ¢"y=«C» S e 0 0 « H dq(T)»
q0)=¢', q(t)=q T

KoHcranta C B 1€fiCTBUTENLHOCTH HE CYLLECTBYeT, 103TOMY OHa MOCTaBJeHa
B KaBbluKax. JKCIMOHEHTA MHTErpPUPYETCsl MO KOHTHHYaJbHOMY MPOH3BEIEHHUIO
1 epeHLnanoB; OHO ToxKe 6ECCMbIC/JEHHO, TI03TOMY 3aKJ/I0UEHO B KaBbIUKH.
Murerpan Gepercsi M0 BCeM TPAEKTOPHSIM, WAYLIUM OT TOUKH ¢’ B TOUKY .

Tem He MeHee, 3TOH dopmyJie MOXKHO NpUaaTh cMbica. Ceifuac st 00bSICHIO,
Kak. drta Gopmy/sa WU MopoxKaaeT BCIO Ty HayKy, O KOTOpOH s ceiiuac Oyay
ropoputh. Cambliii TPoCToil cnocod 06bIACHUTh, UTO TIPOUCXOJIUT, CJAELYIOLIHH.
JlaBatite pazo6bem unTepBas ot 0 10 { HA MajieHbKHEe KYCOUKHM JUIMHOH A
U 3aMEHUM TPACKTOPHUIO KOHEUHO3BEHHON JIOMAHOH, T. €. OyJleM FOBOPUThb O 3HA-
UEHHSIX TPAEKTOPHUH TOJILKO B KOHEUHOM uMcJie ToueK. Toria 3To HHTerpaJsbHoe
BblpaxKeHHe eCTeCTBEHHO Iepenucarhb Tak:

{ et S(4¢) a1 5 vigha ] do:

[Tosiyuaercst kKoHeuHokpaTHbI UHTerpaJ. [1paBna, oH, BooGlile ropopsi, abco-
JIIOTHO HE CXOJIMTCSl, TOTOMY UTO TYT CTOMT UMCJIO, 10 MoJyJto paBHoe 1. Ho
B CHUJIy TOTO, 4TO (yHKIMs V' pacTeT, u3-3a 6OJbUINX OCUMJISAINHA OH YCJIOB-
HO cxomuTesl. M MoxKHO 10KaszaTh, UTO /sl JOCTATOUYHO XOPOLUMX (IVIaJKHX)
¢yHKuMid V' 3TOT HMHTErpas WMeeT Mpejies, KOTOPbI W HaJl0 MOHHMAaTh Kak
KOHTHHYaJIbHbBIH HHTErpaJ, KoTopbli Hanucan PelHmaH.
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UyTb-uyTh HHAUE 3TO MOXKHO OObSCHUTDL Tak. 3a0y/eM Ha BpeMsi 0 BTOPOM
cjaraeMoM B 3KcroHeHTe. Torja ocTaBlIylOCsl SKCMOHEHTY MOXKHO paccMaT-
pUBaTh KaK KOMIJIEKCHYIO TJIOTHOCTb HEKOTOPOro 3apsiia B KOHEUHOMEPHOM
npoctpaHcTBe. M okasbiBaeTcsi, 4to 3TOT 3apsij, yxKe B GECKOHEUHOMEPHOM
npocTpaHcTBe, cXoauTest (Npu ¢ — 0) K HEKOTOPOH KOMIJIEKCHO3HAUHOH Me-
pe F, Kotopasi Ha3biBaeTcsi mepoi Peilinmarna. VI Bech uHTErpaJ, yxe co-
BepLIEHHO TOUHO, MOXKHO 3arucaTh TakK:

\ e

q(0)=q’, q(t)=q

1
—i { V(g(r))ar
0 dF.

DTa Mepa, K CoxKaJleHHIo, He sB/IseTcs HacTosilel Mepoii. OHa onpeseseHa
TOJILKO Ha ajreGpe MHOXKECTB, a He Ha curMa-ajiredpe, M He SIBJSETCS CUETHO
AJUIMTHBHON Mepoll (OHa He HMeeT jlaxke orpaHuueHHOH Bapuaumn). [Tostomy
10 Hell MOYKHO MHTErpHpoOBaTh TOJNBLKO JOCTATOYHO XOpPOLIMe (DYHKIHH.

Takast 3anuco yxxe BriosiHe 3akoHHa. [1paBza, sTa 3anuch He oueHb yjauHa,
noromy uto cama Mepa PefiHMaHa He oueHb Xopollasl.

Kak o6o61iaercst 3Ta KOHCTPYKLHS /ST TPOU3BOJILHON (DU3MUECKOH CH-
ctembl? JlaBafiTe 3aMeTHM, UTO B SKCIIOHEHTE CTOMT CJefytolias (puanueckas
BeJHUHHA:

1

§ (54*— va(r)))ar.
0

B k/jaccuyeckodl MexaHWKe 3Ta BeJMUMHA HasbiBaeTcsl JeHCTBHEM (TO, 4TO
CTOMT T0JI MHTErpaJioM, — 310 (hyHKIHMs JlarpaHxka, a ee HHTErpaJ 1o BpeMeHH
HasbiBaeTcs neictBuem). [efictBue o6o3nauaior Sy (g(7)). [Tostomy paccmar-
pHBaeMbIil HHTErpaJj MOXKHO 3aMucaTh Tak:

ye v ] da.

Mwmenno takum o6pas3oM (DU3HKH ceiluac 3TUM W MoJb3ytorcs. 1asi 10BOJb-
HO CJIOXKHBIX CHCTEM, JJIsi KOTOPBIX JIEHCTBUE HMEET He TaKOH MPOCTOH BHMJL,
a Jpyro#, paccMaTpuBaercsi 0ObIUHO TAKOH HHTerpaJ.

Pabora ®efinmana otHocutest K 1947 1. Uto ke npowusouuio nocse 3Tou
paboTbl? PU3HKH, HAJIO CKa3aTh, BHAUaJle BCe 3TO He olleHun. Pabota Peii-
HMaHa M ero nojixoJ ObLIM OlLleHEHbl TOJIbKO B cepennte H0-x rojpoB. B Ha-

uasie 50-x rogos Mapk Kau, rasiast Ha popmy.sy Peiinmana, goragascs, uro

TakK MO2KHO NPeACTaBUTb HE TOJIbKO I'pyIIly e”H HO W [oJIyrpyniy e ~th . 9TO

MOYKHO cjies1aTh 6oJiee O6OCHOBaHHO Paccemotpum ToT ke camblit oneparop H
Ho Tenepb paccmotpum et Omneparop H M0JlyOrpaHHUeH CHU3Y, M03TOMY
e~ _ orpanuuennsiii oneparop. s sapa moayrpynnsl et Mapk Kar
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NPEVIONKUI CAEYIONLYI0 hopmyy:

t
~ ~{(Lq+vig(ry)ar
e (g, q)=C" e §(2q ") I d9()=

=\ V(g(r))dr
= \ e 0 dw. (1)
q(0)=q’,q(t)=q

[TepBoe BbipaxkeHne cHoBa GeccmbicjieHHOe. BTopoe BbipazkeHHe CHOBA MOJy-
- {(4a)ar

yaeTcst, KOrja Mbl TPaKTyeM BblpazKeHHe S e 0 BMeCTe C NPOU3BeIEHHEM

JuddepeninanoB kak quddepeHiinan HeKoTopok Mepbl. dta Mepa W okasbl-

BaeTcsi XOpolo u3BecTHoil Mepoit Bunepa. [Tocsiennsisi 3anuch He BbI3bIBaeT

yKe HUKAKHX HapeKaHWi; oHa BIOJIHE 3aKOHHAs.

Ao 6bl10 npemiokeno Mapkom Kaiem. C Tex nop maTeMaTHKd 0ObIYHO
M3yualoT KOHTHHYyaJsIbHble UHTerpaJsibl MMeHHO B TakoM Buje. He B Buie nHTe-
rpasoB PeiiHmaHa, KoTopble 6epyTcsi 10 He oueHb Xopoliei Mepe PefiHmaHa,
a UMEHHO B TOM BHJe, T1ie (hurypupyer mepa Bunepa.

Onsatb-Taku, 3T0 BblpaxkeHue, 4toObl 000011aTL ero Ha 0oJiee CJ0XKHbIE
MOJIEJIM, YCJIOBHO MOYKHO 3aMMCaTh B CJEIYIOLIEM BHJE:

(e
HuTerpan B 9KCHOHEHTe — 3TO TaK Ha3blBAEMOE €BKJHIOBO JeficTBHe S;°
DTo ToKe PYyHKIMOHA OT TPAEKTOPHI, HO TOJILKO 3HaK nepen V(g (7)) Tenepn
He MHHYyC, a MJII0C. EBK/NM, KOHEUHO, HUUYEro Mpo 3TO HE 3HaJ, M CHpailiu-
BaeTcsl, MoueMy 3TO «eBKJIMA0BO»? $1 B ABYX cJjoBax nosicHio. CjoBocoue-
TaHHe «eBKJIMJ0BA TEOPHsl» IMOSABMJIOCH B KBAHTOBOH Teopuu mnojs B 60-x
rojgax. KeantoBasi Teopusi 1oJisi 06bIYHO Pa3BEPThbIBAETCS B UETbIPEXMEPHOM
npoctpaHcTBe MUHKOBCKOrO, Ijle MeTpHKa 3alaercsl cjelylolum oOpas3oM:
x%—l—x%—&—x%—xg, rie xo — 370 Bpems. Ho IllBuHrep B cBOe BpeMmst J10-
rajlajicsl, UTo MOYKHO MOCTPOUTb HEKHH BCTOMOraTesbHbIH 0OBEKT, MOX0XKHH
Ha KBAHTOBYIO TEOPHUIO MOJISl, €CJIM MePeHTH OT mpocTpaHcTBa MHHKOBCKOTO
K €BKJIMJIOBOMY IIPOCTPAHCTBY C METPUKOH x12 +x22 +x§ + xg. OH HazBaJs 3TOT
06beKT esKkaudosotl meopueli noas. EBKIUI0BOCTb, COOCTBEHHO, COCTOUT
B TOM, UTO Mbl 3aMEHUJIH X( Ha ixg. OKa3blBaeTcs, UTo 3/1eCh TO XKe camoe: U3
06BIUHOTO JIEHCTBHUS B KJIACCHUECKOH MeXaHHKe (popMasibHOH 3aMeHO BpeMeHH
{ Ha it Mbl niepeiijieM K TOMy JIeHCTBHIO, KOTOpOE s BbilUcaJ. A Ternepb BCIKHI
TAKOH TepexoJi Ha3biBaeTCs Mepexo/ioM K eBKJHMIOBY OOBEKTY, M0 aHaJOTHH
¢ tem, uto IIBHHrep ciesan B cBOe BpeMsl B KBAHTOBOH TEOPHH M0JIsl.

ey Vig(r)) ) dr
e
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51 y2ke 00bSICHII, KaK B 9TOM [TPOCTOM MpUMepe MPOUCXOJUT KBAHTOBAHHE.
KBaHToBaHue COCTOMT B TOM, YTO Mbl yMeeM 3aluchiBaTh (yHKIHMIO [puHa
ypaBuenusi pénuurepa ¢ onepatopom H Kak MHTerpas 1Mo BHHEPOBCKOH
mepe. Tenepb Most 3a1aua — paccMOTPETb HEMHOXKKO GoJiee CJI0KHYI0 MOJIeJIb
U TMOCTYMUTh C Hell aHasioruuHbiM oO6paszom. Ho npexe uem nepeidTH K 3ToH
3ajaue, s1 Xouy MOUTH HEMHOXKKO Jlajibllie B TOM MNpejAcTaBieHHH. Buuepos-
cKasl Mepa — 3TO Mepa Ha Bcex TpaekTopusx. Ee MoxkHO paccMaTpuBaTth Mo-
pasHomy. MoKHO paccMaTpUBaTh ee Kak yCJA0BHYIO Mepy: (DHKCHPOBATH TOUKY
@' W BbIMYCKATh U3 Hee pasHble TpaeKTOpHH. Toraa Ha BCex 9THX TPAEKTOPHSIX
3Ta yCJIOBHAsl BUHEPOBCKasi Mepa SIBJSIETCsl BepOSTHOCTHOH Mepoil. Ho ecau
Tenepb 3a0bITh 00 TOM YCJIOBHH, a pacCMaTPUBATh BUHEPOBCKYIO Mepy Ha BCex
TPAEKTOPHUSIX, TO 3TO y:Ke He BepOsSTHOCTHAsl Mepa, HO CUrMa-KoHeuHasi Mepa.
[IpocTo noTomy, uToO ee HHBApHAHTHAsl Mepa B CMbICJIe paclpe/le/ieHHsl 3Haue-
HUH TPAeKTOPUI B KAKOH-HUOY/b OJTHON TOUKE SIBJISeTCS JIeOEroBCKOH MepoHi.

[nsna Ha dopmyay (1), pacecmorpum mepy dMyp, 1si KOTOPOH TVIOTHOCTh
(mpousBojnasi Pajona—Hukomma) oTHoCHTeNbHO BHHepoBcKoi Mepbl d W
UMEET CJICJYIOLIUH BUL

T T

avy 1 S Ve S isrwqm)drdw

W=7, ° , TrneZr= S e :
Takofi uHTerpas Npu HalKX MPENoN0KEHUSIX OTHOCHTEJIBHO TToTeHIHaa 1eH-
CTBUTEJILHO CYLIECTBYET MpH JII0OOM KOHeuHOM T'; 5TO MOXKHO 1okKasatb. Oka-
3bIBaeTCsl (ITO TOXKE MOYKHO MOKa3aTh), UTo NMpH ' — 0o CyLIeCTBYET Mpe/e/b-
Hast mepa M (My — M), onpejesieHHast Ha MHOYKECTBE BCEX TPAEKTOPHI, T. €.
na npoctpatcrse C(R! R!). Jlns s7oii npenenbHoi Mepbl M BepHO ciesyloliee.

1) Mepa M — pacnpenesienne MapKoBckoro rnpotecca. Yto 310 3HauuT?
$1 HanoMmHI0, UTO TaKoe MapKOBCKHUII Mpoliece. Y Hac ecTb Mepa B IPOCTPAHCTBE
TPAEKTOPUIl — B NpocTpaHcTBe (PYHKUME ¢(T), 3aJaHHBIX HA BCell UMCJI0BOH
ocu. OkxasbiBaercs, UTO ec/u 51 B KaKOH-TO MOMEHT BpeMeHH Ty (UKCHPYIO
BCIO TPAEKTOPHIO JI0 3TOrO MOMEHTa BPeMEHH M MOTOM PAaCCMOTPIO YCJIOBHOE
pacripenesieHde I Bcex TPaeKTOPHi, KOTOpble MAYyT JaJjblie, TO pacnpese-
JIeHHe 3aBHUCHUT He OT BCero 3Toro (UKCMPOBAHHOTO KYCKa, a TOJbKO OT €ero
MOCJIe/IHEr0 3HaUeHHUs ¢(7p). DTO U €CTb OMNpe/ieleHHe MapKOBOCTH Ipoliecca.

2) Mepa M crauronapHasi U obpatumas. CTallHOHAPHOCTb O3HAUAET, UTO
€CJIM Bbl CJIBUHETE BCE TPAEKTOPHM MO BpPeMeHH, TO Mepa OT TOro He H3Me-
Hutes. O6paTUMOCTb 03HAYAeT, UTO €CJIM Bbl OTPa3UTe BPeMsI CHMMETPHUUHO
OTHOCHTEJIbHO HyJIsl (MJIM J1I060r0 JPYroro f), To TOxKe HUYEro He H3MEHUTCSI.

3) Jlaist BCSAKOro CTallMoOHapHOTrO Tpolecca MOXKHO ONpee/MTh CTOXacTH-
YEeCKHH onepaTtop

(Te [(q) = ([(g:) [ go= 7).
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DToT onepaTop JeHcTBYET Ha (DYHKIMH OT ¢, T. €. Ha (PYHKIIMH OT 3HAUEHUH Tpa-
eKTOPHil B KaKo#-To Touke. Hy:KHO B3SITh KaKyl0-TO TOUKY f, B35iTb 3HAUEHHE
npoilecca B TOUKe f, U MPOUHTErPUPOBATL (YCJOBHO YCPEIHNTL) Hally (QyHK-
M0 f(g) Tpu yCJOBHH, UTO B HYJIEBOH MOMEHT BPEMEHH TPAEKTOPHUSI paBHa .
B cayuae, korna npotiece MapKoBCKHI, cToxacThueckue orepatopbl {7;: ¢ > 0}
o6pagyiot noJtyrpyny. [1pu sTom, ecsim mpotiecc o6paTUMBbIit, TO 3Ta MOJYTPyI-
na sIBJISeTCsl CaMOCOTPSIXKEHHOH ToJyrpynmoil B poctpancTse Lo(R!, 1), rie
{— cTalloHapHasi Mepa. Ecsin y Bac ecTb cTallMOHapHbIH Npolece, To MOXKHO
paccMoTpeTh pacrpeje/ieHdHe 3HaUeHHH Tpolecca B Ka)KJI0H TOUKe; 3TO yxKe
Oy/IyT Mepbl HA MPSIMOI, a B CHJTy CTAlLlMOHAPHOCTH TpoLiecca OJHH U Te Ke. IDTO
pacnpenenenne Mbl 1 0603HauMn (. OKasbiBaeTcsl, UYTO Mepa (4 OueHb MPOCTO
cBsi3aHa ¢ cOOGCTBEHHON PYHKIMEN 1)y, a HMEHHO, d,u:dzg dgq, T. e. IJIOTHOCTh
MepHbI & OTHOCHTEIBbHO J1eGeroBCKO Mepbl paBHa KBapaTy OCHOBHOTO COCTOSI-
HUSl. DTO — BaKHBIA (aKT, KOTOPBIA CBSI3bIBAET HAC C UCXOIHBIM OMEPaTOPOM.
Bropoii BaxHbIil (hakT, KOTOPbHIH CBA3bIBAET HAC C MCXOJHBIM OMeEpPaTopoM,
cocTouT B cienyiolieM. [TockosbKy 3Ta mosyrpynmna camocornpsiKeHHasi, oHa
HMeeT camMoconpsiKenHblil renepatop: Ty =e M| rie L — caMoconpsiKeHHbii
onepatop. Onepartop L yHuTapHO SKBMBaseHTeH orepartopy (H — AE) , rie
Ao — HauMeHbllee coOCTBeHHOE 3HaueHue. Viamenenne sHeprum Ha KOHCTaHTY
(usnuecku He uMeeT 3HaueHusi. Jleso B TOM, uTO (DU3HKH BCerjza H3MepsiioT
He caMM 3HauyeHHsl YPOBHS SHEPIHH, a Pa3HOCTH MeXKy 3HaueHusimu. [TosTomy
BbIUMTAHHE KOHCTAHTHI 03HAUAET, UTO Mbl U3MEPSIEM HEPTHIO HEe OT KAKOT0-TO
BbIOPAHHOTO HAMH YCJIOBHO 3HAueHMsl, a OT 3HAYeHHsl B HYJEBOM COCTOSIHWH;
MbI [IPOCTO UyTh-4yTh MeHsieM wikajy sHepruu. Tak uto naur oneparop L — 310
MOUTH TO K€ CaMoe, UTO UCXOJHbIH onepatop H. B 3T0oM, B KAKOM-TO CMbICE,
M CKa3blBAETCsl MPEUMYLIECTBO M CMbICJ HAlIero Mojxoja: Mbl, CTPOsI HEKO-
TOPBIA MPOLIECC, MOXKEM TOJyUHTh OMepaTop, KOTOPbIA CTOJb 2Ke XOpOolll, Kak
UCXOJHBIN oniepaTop H . Mbl oJiydaeM HOBBIH criocod onucaHus onepatopa f1.

To ke camoe BepHO ISl TPEXMEPHOTO U /ISl UETbIPEXMEPHOTO MPOCTPaH-
cTBa. Bece ocHoBHBIE (hopMyJibl COXpaAHSIOTCS.

Tenepb 51 xouy paccmoTperb o1Hy Mojenb (Moznesb Henbcona). OHa Bo3-
HHKJIa M3 KBAHTOBOH TEOPHH MOJIsl. DTa MOJE/]b OMUCHIBAET B3aWMOJEHCTBHE
YACTHLbI CO CKaJISIpHBIM ToJsieM. §1 cpasdy Haruily KjacCHuecKoe eBKJHI0BO
JieiicTBre (PyHKIMOHA OT TPAEKTOPHH YACTHILIbl §; U TPAEKTOPHHU TIOJIS (py):

T
S?BKH((’]t’ pr) = S (%L]z—‘r V(q7)>d7—+
-7
A T
43 W*(V%)Q] dxdr+e § § p(x —gr)pr()dxdr.
—T Rd T Ra
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3Jiech e — 3apsij, p — pacrpejesende 3apsija (MoJoXKuTe bHas raaakas QyHK-
uusi, 6bICTPO yObIBalolasi Ha 6ECKOHEUHOCTH, MHTEerpas OT KOTOPOH paBeH 1);
nepBoe, BTOPOe W TpeTbe cjaraeMoe — 310 St ., Sfoid 1 SEhil o

BaxkHo mnomuepkHyTh, UTO 37€Ch paccmarpuBaeTcs Ge3maccoBoe ToJIe.

OO6bIYHO BTOpOE€ CJlaraemMoe 3alucbiBaroT B BHJE

t
§ S 162 + (Vor)? + mel] dx dz,
0 R4

C JOITOJIHUTEJIbHBIM YJIEHOM I’I’ngOg. 3,[L€Cb m oObIYHO HA3bIBAIOT MACCON KBaHTa

noJist. [Ipu Takoit no6aBke Bce 3HauMTeNbHO yrpoulaercs. C/0KHOCTb COCTOUT
KaK pa3 B TOM, UTO TYT 3TOH 10OABKH HeT.

Mbl [10/0KHBI 3TO NPOKBAHTOBAThb MO-HalleMmy. Xouy cpasy 3aMeTHTb,
UTO CYILECTBYET BIOJIHE ONPEeeJEHHbIA OrepaTop SHEPruu, KOTOPbIF 3a/1aeTcs
C MOMOLIBIO 0MEPAaTOPOB BTOPUUHOTO KBAHTOBAHHUS B (DOKOBCKOM TPOCTPAHCTBE
1 KOTOPbIA PU3UKK 0OLIUHO U CBSI3LIBAIOT C 3TOH MOJIe/IbI0. $1 He Oyy rOBOPUTH
0 HeM HHuYero, NOTOMY YTO 3TO 3aBeJsio Obl HAC OueHb Jajeko. B najnbHellem
ero opma OyzieT MpeacTaBieHa HEMHOXKKO B JIPYrOM BHJIE.

Caenyst HallleMy pelenTy, Hy»KHO CHauaJsia HarmMcath 6eccMblCIeHHyo (op-
myJsly B ctisie DeitHMana Juist HeKOTOPOH Mephbl P:

1 —Yyacrt T —onoJist T T YB3aum TYT
dpzfe Suacr () o —Snoan(pr) o —Susam (Pr.q7) H dq. H der (x).
h

T, X

Y Hac yxke ecTb crnocob NpuaaBaTh 3TOMY CMbICJ. Bo-1epBbIX, Mbl y2Ke 3HaeM,

YTO 3HAYUT
e*SLIaCT(QT) H dq_r
pa

Mel y2Kke nocTpous Takyto Mepy st yacTtull. [IpaBia, Mbl ee CTPOMJIH B OJIHO-
MEpHOM cJlyuae, a TyT d-MepHblil cayuail. Ho 310 nesaercst ananoruuno. Tak
mbl octponum mMepy M B C(R!, R?) — npoctpanctse kpusbix B R, D70 ecTh
MapKOBCKHIH Ipoliecc, U Bce ero CBOHCTBA, O KOTOPBIX s TOBOPHJI, OCTAIOTCS
BEPHbIMH.

D10 nepsblil war. Ternepb Mbl XOTUM MPUJIATh CMbICJ BbIPaXKEHHIO

e—SnoJm(SDT) H dso‘l' (x)
T, X

Urto Takoe eBKJIMI0BO JielcTBUE? EBKIMI0BO JIeHCTBME — 3TO HeKasi KBajpa-
tuyHas opma. [TosTomy e B crenenn kBajpatuuHasi (opMa MOJICKa3bIBaeT,
uTO 3Ta Mepa JloJKHA ObITh rayccoBoi Mepoil. JlaBaiiTe si cefiuac HamomHIo,
UTO TaKoe rayccoBa mepa.
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CHauasia 51 Onpe/e/lio TayccoBy Mepy B KOHeuHoMepHoM npoctpaHcTee RV
¢ Toukamu X = (xy, ..., Xy). layccosa mepa — 310 Mepa ¢ MJIOTHOCTHIO

g = Ce’% 22 aij(xi=bi)(x;j=bj)

OTHOCHTEJILHO JieGeropcKoil Mepbl. Bektop b = (by, ..., b,;) — 3T0 cpejiHee 3HaA-
uenue X. [leficTBUTEBHO, le- g(X)dX = b;. Marpuua A = (a;;) N0JI0KUTEILHO
onpenenenHasi. OHa onpejessiercs: caeayomuM oopazoM. Ecau pacecmMoTtpeThb
o6pathylo matpuiy D= A"! =(d;j), T0 ee 3jeMeHThbl d;; MOJyuyaloTCsl Kak
MHTErpaJibl

dij =\ (xi = b)) (x; — bj) g(X)dX.

OObluHO BesMuMHbBl d;; Ha3bIBAIOT Kosapuayuimu, a matpuiy D HasbiBa-
10T mMampuuetl Kosapuayuii. TayccoBa mMepa MOJHOCTbIO 3ajaeTcs yKada-
HUEM CpeJHEero W KoBapuallMi: ecJii Bbl 3HaeTe MaTpuily D, To Bbl 3HaeTe
1 marpuiy A.

ITO BCe, UTO HYKHO 3HATh O rayCcCOBOH Mepe B KOHeUHOMEPHOM MPOCTPaH-
ctBe. UTo Takoe rayccoBa mMepa B MPOU3BOJBLHOM JIMHEHHOM TOMOJIOTHUECKOM
npoctpanctee? [lyctb B — jiMHeliHOe TomoJsornueckoe npocTpaHeTso, a G —
Mepa B HeM. YUTo 3HauuT, uto Mepa (G rayccoBa? DTO 3HAUMT CJleNylollee.
Ecau Bbl BosbMeTe Jit060H KOHEUHBIH HAOOD HENpPepbIBHLIX JHHEHHbIX (hyHK-
uuoHasoB F, ..., [, Haj 5TUM POCTPAHCTBOM, TO, OCKOJIbKY OHH 3aJaHbl Ha
MPOCTPAHCTBE C MEPOH, Y HUX €CTb COBMECTHOE pacrpesiesieHne 3HauyeHui. ITo
yxKe OyleT Mepa B KOHEUHOMEPHOM IPOCTPaHCTBE. YCJ/0BHE TaKoe: 3Ta Mepa
JIOJKHA ObITh rayccoBoil Jiist jito6oro HaGopa dyHKIMOHAMO0B. B 3TOM ciyuae
cpenHee b ompenesnsieTcss TeM, 4To JJIs JIIOOOTO JIMHEHHOTO (pyHKIMOHAa F

HUMeeT MeCTO PaBEHCTBO S F(&)dG = F(b) (cpenHee 3HaueHue Jiio6OTO PyHK-

B
uMoHana no G paBHO ero 3HaueHHlo Ha sJjeMmeHTe b). MaTpuua koBapuauui

orpe/esisieTcsl aHaJ0TMYHbIM 06pa3oM:

§ FL(& = b)Fa( = b)dG = cov(Fy, Fy).
B

3/ech cov — OuMHerHas GhopMa OTHOCHTENbHO 3THX JIMHEHHBIX (DYHKIIHO-
HaJIOB; OHa HasbiBaercsl KoBapualed. OKa3biBaeTcsi, uTo KoBapuauus (6u-
JIMHelHasi opMa B COMNPSKEHHOM TPOCTPAHCTBE) U BEKTOP b B HCXOJIHOM
MPOCTPAHCTBE MOJHOCTBIO OTPEEJISIOT FayCCOBY MepY, T. €. 3TO BCE, UTO HY2KHO
3HATh PO rayCcCcoBy Mepy.

Tenepnb BepHemcst CHOBa K HalleMy KOHKpPeTHOMY cJjydaio. Uto B Haiem
cayuae sipasiercss matpuueil A? HyxxHo 3anucaTh KBaapaTHuHytio Gopmy 4yThb
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vHaue. $1 3anuily ee B TaKOM BHJE (MOCJ€ MHTETPUPOBAHHS MO YACTSM):

SS(—:—;—(S)go-godex.

Poab matpuubl A urpaer stot onepartop. Ho marpuua koBapuauuit D — 370
obpaTHast MaTpuLa.

Mepy mbl GyieM 3a71aBaTh B IPOCTPaHCTBe 000011IEHHbBIX PYHKIMI OT d + 1
nepeMeHHbIX (K ¢ MPOCTPAHCTBEHHBLIM TepeMeHHOH N06aBJsieTcs elle OjHa
nepeMeHHasi — Bpems). B kauectse B Mbl BoiGepem S’(RYH!). Conpsikennbiv
npoctpanctBoM B’ = S(RYH!) Gyner cayxuth npocto npocrpanctso IBapiia
rnankux ¢yukuuid. KoBapuaumsi nsyx sjemenTtoB npoctpanctBa LlBapua ¢
M 9 3TO €CTh He YTO MHOE, KaK KBajpaTHuHas (opma:

2

St w2 = (= = )1 92) =§ PEEEGE dhode
Btopoe paBeHcTBO TmoJsiyuaercss rnpuMeHeHueM mpeoOpa3oBanus  Dypbe
(p — 310 MpeobpazoBatue Pypbe QYHKIUH @, a kK — 3TO BEKTOP B d -MepHOM
npoctpanctse). Ecin d >3, To 3TOT MHTerpaj CXOJUTCS; OH HMEET 0CO-
OEHHOCTb B HyJie, HO 3Ta OCOOEHHOCTb WHTerpupyemas. Mbl mMosyyaem
HenpepbiBHYIO KBajpaTHuHylo ¢opmy B mpoctpaHctBe llIBapua. Orciona
CJIeJlyeT, UTO TakKasi rayccoBa Mepa B MPOCTPAHCTBe 00O0OUIEHHBIX (QYHKIHH
S/(R4*1)  neiicTBUTENLHO CYLIECTBYeT, a CpelHee /s Hee pPaBHO HYJIO:

oo

b=0. $1 3mech yxke nepeuies K mnpejesy: s paccMaTpUBal0 HHTErpai S ,

r —00
a He HHTerpas S Drto yxKe Mepa Ha Bcex 0000lIeHHBIX (yHKIMAX. Ho
-7

OKa3blBA€TCsl, UTO PO 3Ty MepPy MOXKHO CKasaTb jaxke OoJblie. Dta Me-
pa cocpejoToueHa Ha GoJsiee Y3KOM [POCTPAHCTBe, ueM Bce 000O0LIeHHble
¢ynkuud. OHa cocpeloToueHa Ha TMPOCTPAHCTBE HENPEPBIBHBIX KPHUBbBIX
CR', S'(R?)) c S/(R¥*!). tn 0606IIeHHBIe DYHKIMH OT BpeMeHH 3aBHCAT
HerpepbIBHO.

Mb1 yxke cripaBuJIMCh € 3TOH 3ajadeil U BBeJH BTOpylo Mepy. Terepb si
rotoB OOBSICHUTb, KAKOB Ke TOT (PU3HUECKHUI orepaTop SHEPTHH, O KOTOPOM
51 YIIOMSIHYJI, © KaK ero B 3THX TepMHMHaX 3ajaTb. Mbl MMeeM MpOCTPaHCTBO
KPHUBBIX CO 3HAUEHHUSIMH B MPOCTPAHCTBe 0OOOIIEHHBIX (YHKIME H rayccoBy
mepy G. OkasblBaeTcsl, UTO BO3HHKalOLLlee pacrpe/iesieHne 3a1aeT MapKOBCKHH
npouecc. OH cHOoBa 00paTHMbIH W CTAllMOHAPHBIN, U IS HEr0 eCTb CTallMo-
HapHast Mepa 7y (Mbl OyzieM 0003HauaTh GOJbIIMMH JATUHCKHMH OYyKBaMH Mepy
B IPOCTPAHCTBE TPAEKTOPHUH, @ COOTBETCTBYIOLUMMH MaJIeHbKUMH TpeuecKUMU
OykBaMu OyzieM 0003HauaTh COOTBETCTBYIOLLYIO CTaLlMOHApHYI0 Mepy). o sto-
ro y Hac yxe Gbl1 Jpyrofi mpoliecc, cBsisauubii ¢ Tpaektopusmu C(R!, RY).
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Tyt Ha npocrpaHcTBe TpaekTopuil Obia cBOst Mepa M M COOTBETCTBYIOLLAS
cTauupoHapHasi mepa (. Mbl MO2KeM MOCTPOUTH THJIbOEPTOBO MPOCTPAHCTBO

Lo(R? x S'(RY), i x ) = Lo(R?, p) @ Lo(S"(RY), 7).

[TockoJbKy cTalmoHapHble MPOLECChl €CTh B OJIHOM H B IPYrOM MPOCTPAHCTBE,
TO MOKHO TOBOPHTb O €IMHOM CTAaLMOHAPHOM Mpoliecce B MPOCTPAHCTBE Tpa-
eKTOpHH uacTibl U noJst. MIx pacnpenenenuem 6yner M x G, a crauMmoHapHO#H
Mepod OyleT Kak pa3 mepa [ X 7.

[Tomumo Toro, MockoJibKy Mbl 3HaeM, 4TO TYT €CTb CTAaLMOHAPHBIA 06-
paTUMBbIH Tpollecc, 3/1eCb UMeEeTCsl reHepaTop 3Toro npouecca. B npocrpan-
ctBe Lo(RY, ) nefictByer onepatop Luer, a B mpoctpaHcTse Lo(S’(RY), )
JefcTBYeT onepatop Lyens (Kak reHepaTtop COOTBETCTBYIOIETO MapKOBCKOTO
rayccoBa rnpotiecca). OkasbiBaeTcsi, 4To TOT (PU3UUECKUH OMepaTop SHEPTHH,
0 KOTOPOM $1 TOBOPHJI, UM€EET TaKOH BHJL:

Ho})m = LllaCT & Enonﬂ + EqaCT o2y Ll‘[().}'[ﬂ + 2(67, (/7),

rne Enomn M Eyaer — €IMHUUHBIE OMepaTopbl (MO MOJIO WJIH 10 UYaCTHLE),
a A(q, p) — onepaTop yMHOKeHHsI Ha (DYHKIIHIO

o0
Ag.p)=e § § plx—g-)er(x)dxdr.
—00 R4
Mbi ellle He JIOULIH 10 OCHOBHOH cBoeil 1iesid. O603HAUNM y2Ke MOCTPOeH-
Hylo Hamu Mepy M x G uepe3d Py. 1o 1151 Hac Kak Obl cBOGOAHASI Mepa; OHa
OTHCHIBAET JIBUYKEHHE UACTHIIbI U 0JIS HE3aBUCHMO JIPYT OT Jipyra. A ocHOBHasI
Hallla 11eJib — MOCTPOUTh Mepy P, KOTopasi y»Ke CBsI3aHa CO B3aUMOJIEHCTBHEM
noJist W yactuibl. Kak s1o Hy:kHO caenatb? HykHo onsiTh 3anath, Kak M Mo-
Jlarajiocb, Mepy Pr, st Kotopo#

T

—e p(x—gr)pr(x)dxdr
apr _ 1 83

dPy  Zr
B npenbiiyliiem npumepe poJsib Mepbl Py urpasa mepa Bunepa. B nannom
c/yuyae OHa OTJMuaercss oT Mepbl Bunepa. DTo — BeposiTHOCTHAsi Mepa; He
CUrMa-KoHeuHasi, a KOHeuHasl.

Tenepn, Mo anasoruu ¢ Tem, 4To JeJaju paHblie, MOCTPOUM TaKylo Mepy
JUist KoHeuHoro T’ (OHa CylIeCTBYeT, KaK HETPyJIHO MokaszaTh). OkasbiBaeTcs,
YTO BepHA CJeMyIollas TeopeMa, 10Ka3aTebCTBO KOTOPOH HEMpoCTo.

Teopewma. Mepa Py cxodumcs k Hekomopotl mepe P npu T — oc.

Mepa P — 310 Kak pa3 Ta mepa, KoTopasi HaM Hy»KHa. DTa Mepa CHOBa
ornpesesisieT MapkoBckuil mpotiecc. COOTBETCTBYIONLYIO CTALMOHAPHYIO MEpy
Mbl 0003HAUUM Tr.
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[To noBojy pagmepHoctu d s Tpebyto, UTOObI OHA Oblja He MeHblle 3; s
1-MepHOTrO W 2-MepHOro cJjydast 3Ta KOHCTPYKLMS HE MPOXOJIUT.
Y Hac ecTb MepBOHAUaJbHOE THALOEPTOBO MPOCTPAHCTBO

Lo(R? x S"(RY)) ¢ mepoit px y=m

U HOBOE T'HJbOEpPTOBO MPOCTPAHCTBO HA TOM K€ CAMOM [POCTPAHCTBE, HO
C APyrod mMepomu:
Lo(RY x S'(RY)) ¢ mepoii .

B nepsom npoctpanctse ecth onepatop Heyys. Bo Bropom npoctpancTse Toxke
ecTb OIepaTop: MOCKOJIbKY 3TO MapKOBCKHI Ipoliecc, TO y HEro ecTb re-
HepaTop, M BO3HHMKAeT HOBbLIH oreparop, KOTOPbIi 1 0603HaAUy Hepgy. IDTOT
onepaTtop HUUeM He XyxKe onepatopa Hg,,. Bosnukin asa oneparopa, Kotopbie
NPeTeH/lyl0T Ha OMMCaHUe HePruu 3Tok cucTembl. CripalllMBaeTcs: Korja 3TH
ornepaTopbl (pakTHUECKH 3SKBUBAJIEHTHbl, a KOrja He SKBHMBaJieHTHbI? OTBeT
Tako#: npu d >4 3TH onepaTopbl YHUTAPHO 5KBMBAJEHTHbI (C TOUHOCTBIO 10
C/IBMra Ha KOHCTAHTY), a NpU d =3 — HeT. DTO OCHOBHOH pe3yJbTat paboThl,
0 KOTOPOH 51 paccKasblBalo.

5l HEMHOXKKO MOSICHIO, B 4eM TyT JeJ10, XOTd J0Ka3aTe/JbCTBO, KOHEUHO,
OueHb cJoxKHoe. Y onepatopa Hepgy =L, MOCKOJbKY OH COBMajaeT C re-
HepaTopoM Mpoliecca, BCErjla ecTb OCHOBHOE COCTOSIHHE. ¥ CTOXaCTHUeCKOH
NoJIyrpynnbl edHula coxpansiercst: Ty 1=1. A pa3 eauHuIa CoXpaHsieTcs,
TO reHeparop npespaulaer eauHuuy B HyJdb: L1=0. To ectb 1 — 310 Bcerna
coOCTBEHHBIH BEKTOp JUIsl reHepaTopa L ¢ coOcTBeHHbIM 3HaueHuem 0. A Tak
KaK orepaTtop L M0JIOXKHTeJIEH, TO 3TO €CTb OCHOBHOe cocTosiHue. MoxKHO
JI0Ka3aTb, UTO B JJAHHOM CJlyuyae 3T0 COOCTBEHHOEe 3HaueHue oflHOKpaTHo. Mrak,
y oneparopa Heg; OCHOBHOE cocTosiHMe Bceraa ecTb. OkasblBaeTcs, UTO y
onepatopa Hyy; npu d =3 0cHOBHOTO cocTosIHUA HeT. Ero cnektp Haunnaercs
¢ Kakoi-1o Touku. st onepatopa Hepg, CreKTp HauumHaercst ¢ Touku 0 W He
umeer wwesn. Ho 3710 yxke Gosee ToHKMI pesyJbraT. B ciyuae ke oneparopa
Hgys neno o6CTOMT Tak, UTO €CTh KaKasfi-TO TOYKA, ¢ KOTOPOH HauyMHaerTcst
CIEKTp, HO caMma 3Ta TOuKa He siB/IseTcsl COOCTBEHHbIM 3HaueHueM. [lyis ore-
paropa Heggy TOUKA, ¢ KOTOPOH HAUMHAGTCSl CHEKTP, SIBJSETCS] COOCTBEHHBIM
3HaueHueM, a s oneparopa H gy, — Her.

Kak 310 nokaswiBaercsi? [leso B ToMm, uto ecau Obl y onepatopa gy,

CYLIECTBOBAJIO OCHOBHOE COCTOSIHME ), TO MOXKHO Obl10 Obl MOKa3aTb, UTO

d
P = ﬁ (mpousBoaHasi Panona—Hukonuma mepbl m 1o mMepe 7). B cayuae,
0

KOTJla OCHOBHOE COCTOsIHME €CTh, 9T0 Beeria Tak. M nao6opot. Takum o6pasom,
€CJIM 3TH Mepbl aGCOJIIOTHO HEMPePbIBHbI OTHOCHTEJILHO JIPYT IPyra, TO OCHOB-
HOE COCTOSIHME BCerja ecTh. Ec/ii 2Ke 0CHOBHOTO COCTOSIHUS HET, TO OHH JPYT
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OTHOCHTEJIBHO JIpyra CUHIYJsipHbl. M 31eck npsiMo B J1o6 J10Ka3bIBAETCS, UTO
9TH JIBe MePbl (B OJIHOM U TOM K€ MPOCTPAHCTBE) CHHIYJISIPHBI JIPYT OTHOCH-
TEJILHO JIpyra B c/yuae pagmepHocTd 3. CjieoBaTeIbHO, OCHOBHOTO COCTOSTHUS
ObITb HE MOXKET, a M03TOMY 3TH OMepPaTOpbl HE YHUTAPHO SKBUBAJIEHTHBI.

PesysibTar HeoxKuAaHHBIH, TOTOMY 4TO Bcerjaa (PU3WKM CUMTaJsHd, uTo o0a
crnioco6a ONMMCaHHst CUCTeMbI (C110cob HEMOCPEICTBEHHOTO 3a/laHusl oreparopa
M crnoco® MOCTPOEHHS MAapKOBCKOTO Mpollecca) MPUBOAAT C TOUHOCTBIO [0
C/IBUra K YHHTapHO SKBHUBAJEHTHBIM FaMUJIbTOHMAHAM. DTOT MPUMEpP MOKa3bl-
BaeT, UTO 3TO He BCeria Tak.

12 cenrsiops 2002 .



[JI. JIlurBuHOB

JEKBAHTOBAHUE MATEMATUKU U BBEJAEHUE
B UJEMMNOTEHTHbIN AHAJIU3

[IpensiaraeMblii TEKCT OCHOBAH Ha CJierka OTPeIaKTHPOBAHHOW W OGHOB-
JIEHHOH CTeHorpamMme Jlokjaja, npejcrasientoro 10 okrsiops 2002 r. B uacrt-
HOCTH, OGHOBJIEH CITMCOK JiMTepaTypbl. HedopMaabHblll CTUIb H3/I0KEHHS TI0
BO3MOXKHOCTH coxpaHeH. ABTop Bbipaxkaet ropsiuyto 6iaronapaoctsb A. H. Co-
60JIEBCKOMY 32 TOMOIIIb 1 KOMIbIOTEPHbIE BEPCHH PUCYHKOB.

BBenenue

51 xouy onucaTbh HEKOTOPbBIH HOBBIH B3NJIsiL HA HECKOJBKO pPa3JieloB MaTe-
MaTHueckoil Hayku. C Haillell *) Touku 3peHust oObluHasi TPaJUIIMOHHAS MaTe-
MaTHKa HaJl YNCJIOBBIMH TMOJIIMH — 3TO HayKa KBaHToBasi. M y 3T0# KBaHTOBOM
HAayKW €CThb KJACCHYECKHH aHaJjor. DTOT KJIacCHUeCKHi aHaJlor HasblBaeTcs
celuac u0emMnomermuas MamemnamuKa uWii mponu4ecKkas Mamemamura.
OO6bIuHO B MocJ/IeHEe BpeMsl B MaTeMaTHUECKOH HayKe CJIOBO KBAHMOBAHUE
MOHUMAETCsl B MHKBUKCKOM cMbic/e. Ecain ecTh Kakasi-to aedopmauis, eCTb
Kakie-To (opMaJibHble aHaJOrHH, TO TOTAA 3TO HA3bIBAETCS KBAHTOBAHHEM.
KBanToBanue, o KOTOpoM §1 Xody pacckKasaTh, CBfI3aHO C CaMbIM HacCTOs-
LIMM KBaHTOBaHHeM (M3 KBaHTOBOH (u3uku). OOuiasi cxemMa NpUMEPHO TaKasi.
TpaauunonHasi MmaTemaTvka Haj UMCJAOBLIMU TMOJISIMM COOTBETCTBYET BOBCE He
KJIACCHUECKOH MeXxaHHKe, a KBAHTOBON MexaHuKe. ECTh ellle o/iHa MaTeMaTHKa,
rie poJib MOJIeH UrpalT HIEMIOTEHTHbIE MOJYNOJs U MOJNYKOJIblA, 0 KOTO-
pbIX 51 BCKope 6yly FOBOPUTh. DTa MaTeMaTHKa COOTBETCTBYET KJ1aCCHUECKOH
MexaHuke. Kak u3BecTHo, ecTb npuHuun cootBerctBus Husbca Bopa o Towm,
UTO KBAHTOBAsl MeXaHUKA JI0JKHA B MpeJie/ie 1aBaTh KJIaCCUUYECKYI0 MEXAHHKY.
OkasbiBaeTcsi, UTO aHAJOTHUHbBIA TPUHLIMIT COOTBETCTBUS JIEHCTBYET MEXKIY
TPaJIMIIMOHHON MaTeMaTHKOH M WJIeMIOTEHTHOH MaTeMaTHKOH (cMm. puc. 1).

Ecau B TpaMlIMOHHON MaTeMaTHKe YTO-TO 0C000 UHTEPECHO, TO €CTh OUEHb
XOpOLIXe MIAHChl, YTO B MapaJjjiesibHOH MaTeMaTHKe 3TO ToxKe OyleT OoueHb
uHTepecHo [7]—[9].

*) Sl umeto B BULy HEKOTOPYIO HedhopMasibHYto rpyriny B MocKBe, KoTopasi KOHUEHTPUPYETCs
BOKpyr Bukropa [1aBnosuuya Macsosa. §1 6y1y pacckasbiBaTb B OCHOBHOM O TOM, YTO BO3HHKJIO
B paboTax y4aCTHUKOB 3TOH IPYIIIbI.
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Hoemnomenmmotil

TPAJULUMUOHHASA NPUHYUN COOMBEMCMEus UJEMIIOTEHTHAA
MATEMATHUKA MATEMATHUKA
[Tosis1 neACTBUTENBHBIX Wpemnorenthbie
M KOMITJIEKCHBIX MOJIyKOJIbLA
uucels U 110JIYII0JIs1

11,
KBAHTOBAA | ™ om0 [ KJIACCHUYECKAS
MEXAHMKA  [* " MEXAHHKA
Puc. l. le’lHLU’lnbl COOTBETCTBHA B HﬂeMﬂOTeHTHOﬁ MareMaTuke u Cbl’l3l/IKe

Bor npumep, KOTOpPBIH HY)KHO MOCTOSIHHO JepKaTb B roJsoBe. Mbl Hc-
noJib3yeM oOblUHbIE UKc/a, HO Ga30Bble OrMepalyi Mbl BBIGHPAEM T10-JPYTOMY.
Cawmblil BaxKHbBIH pUMep — 3TO Tak HasbiBaemasi aircebpa Max Plus. dra an-
re6pa COCTOUT U3 OOBIUHBIX J€HCTBUTE/ILHBIX UUCET U CUMBOJIA —00, KOTOPBIH
Urpaet B He# poJib HyJIs, B TO BpeMsl KaK 0ObIUHbIH HYJIb HTPAeT POJib €IUHHLIbI:
0=—o00 u 1=0. Onepaunn B 3T0i anrebpe ciaenywoume: a @b =max{a, b}
(HOBOe cJioxKeHHe) U a ® b =a + b (HoBoe yMHOXKeHUe). VneMnoTeHTHbIX MO-
JiyrnoJiedt U anrebp — orpoMHOE KOJIMUECTBO, HO 3TOT MPUMEP CaMblil BaxKHbIN.
meHHO OH cBsi3aH ¢ (hU3UKOH.

Anasiornuno ectb W asnre6pa Min Plus, Korna MakcumyMm 3ameHsieTcsi Ha
muHuMyM. B 3T0# anredbpe 0= +oo u 1=0. Onepaunu B Hel Takue: a G b =
=min{a, b} ua®b=a+b.

Ycsi0BHe HIEMITOTEHTHOCTH COCTOUT B TOM, UTO X b X =x. 5] He Mory cka-
3aTh, UTO Ha3BaHHe — MEMITOTEHTHAsl MaTeMaTHKa (MJ1 TporMueckasi MaTeMa-
THKa) — yJauHoe; TaK CJI0XKHUJI0Ch HCTopHueckH. bosee npaBuibHOe Ha3BaHHe
npuayMaJs OJIMH U3 MpeaTed 3TOH HayKH, a MUMEHHO JIEHHHIPAJCKUH MaTeMaTHK
H. H. Bopo6beB, crnielua/aucT no Teopuu Urp U MaTeMaTHueCKOH SKOHOMHKE.
OH npeaBues nosiBieHHe TaKOW HayKH, U HA3BaJsl ee IKCTpeMasibHONH MaTtema-
Tukoi. Ho ero uzeu, Kak u ujaen MHOTUX JPYTHX Mpeared, He OblIH 3aMeUeHbl.

[TocmoTpum, Kak MoxkHO TosTyunTh anre6py Max Plus (uacto o6o3nauae-
myio yepe3 Rp.x) B pesyJibTate ectecTBeHHOH jnedopmalyu. JlaBarite BMecTo
MoJist BCeX BEIIECTBEHHBIX UMCE] (MJH J1aXKe TO0Jis BCeX KOMIJIEKCHBIX YHCeT)
paccMOTpUM MHOXKecTBO R HeOTpHLATeNbHBIX YUCEs W TMPOJeNaeM Cley-
IOLIYI0 3aMeHy TepeMeHHbIX: u+— @ =h In u (puc. 2). Ilpu stom mnosayochb
R, oroOpakaeTcsi Ha OCb BCeX BellleCTBEHHbIX uuces, 0 mepexoauT B —oo.
[Tonyocs Ry — mogynosie (9T0 03HAuaeT, 4To TaM €CTb BCE CBOHCTBA TMOJIsI
32 OJIHUM €JMHCTBEHHBIM HMCKJIOYEHHEM: OTCYTCTByeT Bbluutanue). [lepene-
CeM orepaluy YMHOXKEHHs] M CJI0:KeHHs W3 Ry Ha BCIO BeIlleCTBEHHYIO OCh
C TMOMOUIBIO 3TOTO Jorapupmuueckoro npeo6pazoBanus. $lcHO, UTO HOBOE
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Puc. 2. 3amena MepeMeHHbIX: Ha BCTaBKEe — Cnyqaﬁ MaJIoro 3HaueHusi /1

YMHOXKeHHE OYJIET CJI0YKEHUEM: U] - Uo — W] O We = W| + @9, a HOBOE CJI0XKe-
Hue OyJIeT BblpaxkaThesl cieytolei hopmyo:
U +ugr—w Dwo=nh ln(ew‘/h + er/h).
h

SIcHO, 4TO MK PaA3JIMUHBIX /1 BCE 3TH MOJYTIOJsT H30MOP(MHBL. ¥ HAC eCTh ceMei-
CTBO MoJiyroJiei, 3aBucsitiee ot A. Terepb, Kak 00bIUHO, YCTPEMUM A K HYJIIO
cnpaBa. Torna c/oxKeHHe Mepeijier B orepaiio B3siTHs MakKCHMyMa M3 JIBYX
ypces: W Gh}zwg — max{w,, we} npu A — +0. dror napamerp h >0 u ecTb

Hawa nocrosiiHasi [lnanka. Briepsble norapudmnueckoe npeo6pasoBaHue B
MHTEpeCYIollleM HAc KOHTeKCTe rosiBujioch B 20-e rojbl B paboTax DpBHHA
[ pénunrepa, KOTOpbIA H3yuasa Mepexoi OT KBAHTOBOH MeXaHMKH K KJjac-
CHUecKo#. ¥ Hero 3To rnpeoOpazoBaHue OblIO, HO MPHU 3TOM BMeCTO A OH
MCI0JIb30BaJ BbIpaxkeHue if, riae i1 — oOblunas nocrosinuas [lnanka. Ecau no-
crosiiHasi [lnanka BellecTBeHHast, To HUKaKoro nepexoja k anredpe Max Plus
MOJIYUUTCSl He MOXKET, HHKAKUX MpesiesioB He OyzeT. DTO — yrnpaxKHeHHe /s
CTYJ/IEHTOB MepPBOro Kypca. A ec/id 3acTaBuTh nocrostHuyto [lnanka npuHuMaTh
UMCTO MHHUMblE 3HAU€HHE, TO TOTJIA OKAa3bIBAETCS], UTO HEOTPHULIATE IbHbIE UMC/Ia
nepeiilyT B JIOBOJIbHO JIIOOOMbBITHYIO anrebpy, KoTopasi M SIBJSIETCS HalllUM
OCHOBHBIM 0G'bEKTOM.

Kakoii rnaBHbIil pellenT Haulero jaekBaHToBaHus? Hamo mnocrosiHHyio
[lnanka cpenaTh UMCTO MHHMOH, a 3aTeM YCTpeMHTb ee K Hysio. JlaBaiite
3Ty OOLLyI0 MJEI0 3aMOMHUM /1 Gyayliero. YKasaHHylo MpoUeaypy MpUHSITO
HasbiBaTh deksanmosanuem Macarosa. 3anumasncs TakuMu aeopMalusiMu
u Db6eprapa Xond B Hauase H50-X rogoB. Y Hero Obl1 MeTOJ| Mcue3arolllel
BSI3KOCTH, W 3Ta Mcue3aiolliasi B3KOCTb KaK pa3 W Oblja Halllell MOCTOSHHOH
[lnanka, onHako anre6pa Max Plus B siBHOM Bujle He 00Cy:K1aaacCh.
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[ToHsITHO, YTO COOTBETCTBYIOLIMH MEPeXoJ] OT MOJsl BELIeCTBEHHBIX WJH
KOMIIJIEKCHBIX umces K anrebpe Max Plus ocyiiecTsisiercst pu nomoluiu je-
KBaHTOBaHusi MacsioBa U oToGpaxkenust x — |x|. Takoil nepexoa Mbl Takxke
Ha3oBeM JeKBaHTOBaHHeM Maciiosa.

JI1060MBITHO, UTO 3/1eCh MOXKHO C/Ie/1aTh ellle U BTOPUUHOE JIeKBAaHTOBAHHUE.
Ecan npouenypy nekaHtoBanusi MacjioBa npojenatbs BTOpo# pas (onsiTh
BBIICJIUTh T10JIOXKUTEJIbHYIO T0JIyOCh M OMSITh MPOJIOrapuMUpoBaTh), TO Mbl
nosiyuum anre6py Min-Max, Korja cjoxeHue — 3T0 MHHUMYM, a YMHOXKe-
HUe — 9TO MakKCcUMyM (1 HaoOopoT). To, UTO MOJyUUTCSl B pe3yJibTate, yiKe
He Oyner noJymnoJem, a GyleT TOJNbKO MoJyKoJblloM. OHO He Takoe BaKHOe,
HO B IPUJIOKEHHUAX OHO TOXKE BbIIJIbIBAET.

l/l}leMﬂOTeHTHble NoJqyKoJibla U noJynoJis

Uro ke Takoe MOJYKOJbLA W MOJYNoJsa? DTO — ajareOpbl ¢ ornepauusMu
CJIO2KEHHSI M YMHOXKEHHS, KOTOPbIe YIOBJIETBOPSIIOT CTAHAAPTHBIM AKCHOMAM.
Oo6wwas uies Takopa: ecTb Bce, Kpome BbluMTaHus. Obe onepauuu accouu-
aTHUBHbI, €CTb JiBe JMCTPUOYTHBHOCTH (7eBast W mnpasasi). CJoxKeHue y Hac
KOMMYTaTHBHO Bcerjga. Eciu ymMHOXKeHHE KOMMYTaTHBHO, TO OOBEKT Ha3bl-
BaeTcs KOMMyTaTHBHbIM. Camoe rjlaBHOe — YCJIOBHE MAEMIOTeHTHOCTH. Ecin
9TO YCJIOBHME BBIMOJHEHO, TO MOJIYKOJbIO (MJIK MOJIyToJ€e) Ha3blBaeTcst udem-
nomenmmroin. VIneMnoTeHTHbIE MOJMYKOJIbLA ¢ HyJeM W eIMHHLEeH (2 UMEeHHO
Takue 0ObeKTbl Mbl U OyjieM 06CYXK/IaTh) MHOTJIA HA3bIBAIOT MPONUYEeCKUMU
areebpanu. B mocnenHee BpeMsi TPOMHUECKoH asreGpoil yalle Ha3bBAIOT
anre6py Max Plus nan uzomopdmnyio eit anreopy Min Plus.

[TosykoJiblLlo sIBJISIETCS 10OAYNOACM, €CIM OHO KOMMYTAaTHBHO M J11060MH
HeHyJIeBOH 3JieMeHT 00paTHM MO OTHOLLEHHI0 K yMHOxKeHHI0. Ho mocKoJbKy,
Harpumep, B aireope Max Plus yMHOXKeHHe — 3TO CJl02KeHHe, a y CJI0XKeHHs
eCTb BblUHTaHHWe, TO sICHO, uTo ajarebpa Max Plus Gyner nosynosem. BooGie
€CTh TaKOH SKCIepUMeHTasbHbIA (hakT. AccolaTiBHasi orepalusi siBJseTCs
0CcOOEHHO UHTEPECHON U Xopollel B IBYX cJ/ydasx: MO0 Korja oHa o6paTuMa,
J160 Korza oHa naemnoteHtHa. [1o KpaiiHeii Mepe, Ipyrux HHTEPECHBIX CJyyaes
51 He 3Hal0.

Uro Gyiet, ecsin 06e onepatyn obpatimbl? Toryia 6y1er oO6bIUHOE MOJIE; STO
Oy1eT TpajuLMOHHas MaTeMaTHka. Ecin o0e onepauny HIeMIIOTEHTHBI, TO 3Ta
00J1aCTh TO’Ke OU€Hb XOPOLIO M3ydeHa: 3To OyJieBbl anredpbl, TEOPUS PeLIETOK.
CaoBowm, unrafite kuury I. Bupkroga «Teopus petierok». A BoT cayuai, Korja
OJIHA omnepauus sIBJASETCSI MIEMIIOTEHTHOH, a Apyrasi oOpaTUMOH, T. €. cJiyyant
noJynoJisi, Obl MporyliieH. A OH OKa3blBaeTCsl OUeHb MHTepecHbIM. B stom
MecTe B Hayke Oblia O0JiblLIasi JbIPKa.
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[To noBojy K1accudUKalMK HIEMITOTEHTHBIX MOJIYNOJIEH H3BECTHBI HEKOTO-
pble peadyJsibTaThl. MIeMIOTEHTHBIX MOJYMOJeN OueHb MHOTO. EC/in BbI cyloxKuTe
oObluHbIe TI0JIs1 (MpsiMasi CymMa), TO TIOJIsi He MOJyuuTcsl. A ecsid npaBU/ib-
HO CKJIaJblBaTh WJEMIIOTEHTHbIE MOJIYNOJs, TO GyJeT CHOBA HAEMIIOTEHTHOE
nosiyrodie. [To moBojy KaaccuduKalnu MOJyKOJEl eCTh pasHble Pe3yJ/bTaThl,
HO, Harpumep, yxKe KaaccuduKalys KOHEUHbIX MIEMIOTEHTHBIX TOJNYKOJIel —
JIeJI0 CoBepleHHO Ge3HaexHoe. XOTs 9TO OueHb HHTEPECHO C TOUKH 3PeHHs
MareMaTHuyecKo# JIOTMKH. Ho 3aTo ecTb TOJIbKO OJIHO KOHEUHOEe MeMIOTEHT-
Hoe moJiyroJie: 310 anre6pa byssi (cocTosiias U3 ABYX 3JeMeHTOB). Muxaun
Aunekcannposuu 1lly6un omucas Bce KOHeUHble KOMMYTAaTHBHbIE TTOJIYKOJIbLA,
y KOTOPbIX 3 WK 4 ssnemenTa, cm. [21].

[To noBojy vcTopun Bonpoca W TEPMUHOJIOTHH CM., Harpumep, [7].

KaHoHnyeckuil nopaaok u anredpanueckue KOHCTPYKLUHU

OTmeTHM, 4TO Halla TEOPHsT UCKJIOUHTENbHO TMOJOKHUTENbHAS (MU XOTs
Obl HeoTpulUaTesbHast). [leJo B TOM, UTO eCJM Yy HAac eCTb WJEMIIOTEHTHOE
MOJIYKOJILLO HJIH JIaXKe UJIEMIIOTEHTHAs! TIOJIyrpy1ia, TO BOSHUKAET KAHOHU e
ckuil wacmuunolll nopsadok. 1o onpenenenuio a < b Toraa v ToJbKO TOr/a,
Korna a ®b=>0. Onarb XKe, B roJioBe HYXKHO JepxkaTb anrebpy Max Plus;
B 9TOM CJlyuae KaHOHHUECKHH MOPSJIOK COBMAajJaeT ¢ OObIUHBLIM TOPSIIKOM Ha
BellleCTBEHHOH ocH. B ob1iem ciyuae a ¢ b — TouHast BepXHsisi rpaHb MHOXKe-
CTBa M3 JIBYX 3JieMeHTOB. EcTecTBeHHO, 3Ta TOUHAs BEPXHSsl TPaHb MOXKET He
COBMAJaTh HU C @, HU ¢ b. SlcHo, uTo a = 0 nyis J060ro s/1eMeHTa a, Tak Kak
0® a =a. CioxeHue pakTHueCcKH MOPOXKIAeTCs MopsiakoM: a & b =sup{a, b}.
Tak uto nMpuMep ¢ MAaKCHMYMOM B 3TOM CMbICJIE OUeHb TUITHUHbIH.

Ectb ellle ofiHa upe3BblyaiiHo BaxkHast rnpoueaypa. Eciu y Hac ecTh npous-
BOJIbHOE UACTHUHO YNOPSIIOUEHHOE MHOXKECTBO, TO €r0 MOXKHO MOMOJHUTh. DTO
JIeJIA€TCSl C TOMOLIbBIO JI€EKHH/IOBBIX CEUEHHH, B TOUHOCTH TaK 2Ke, KaK CTPOUT-
¢ MOMOJIHEHWE MHOYKECTBA pallMoHabHbIX unces. [ToapoGHOCTH MOXKHO HAWTH
B kHure I. bupkrodga. [Tostomy Bosuukator noansie noaykoavya. Ilpasna,
OT MOJIHOTO TMOJIYKOJIblA TpebyeTcsi, uToObl ero ornepaiuu OblJIM COBMECTHMbI
¢ 3TuM nornoJsiHeHneM. Ho 06 3ToM — uyTh mnos:xe.

N ecTb ellle ojiHa upe3BblUAHO BakHasi Orepalusi — onepalus «3Be3-
JIOUKa», WJIH BbIUUCJIEHHE K8A3U0OOpaAmm1o20 dsemernma (HasbiBaeMast TakxkKe
onepayuel 3aMbLKAHUL). DTO — CyMMa reOMETPHUECKOH MPOrpecCcHu:

aHa*:l@aeBaQ@...:sup{l, a,a®, ...}

$lcHo, 4uTO ecsM Hallle MOJIYKOJbLO TOJHOE, TO pPe3yJbTaT BCerja Haijaercs.
10 uro-to Bpose (1 —a)~!, 1. e. uto-To Bpoje pesosbBeHTHL. BooGiie-To,
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pe3oJibBeHTa BaxkHee, yeM 0OpaTHbIH 3JIeMEHT, U B WAEMIIOTEHTHOH HayKe 3TO
SICHO BHJIHO.

Kpome Toro, mnoJiesHo eule paccMaTpuBaTh 02paHUUEHHOE NONOAHEHUE
U 02PAHUYCHHO NOAHbLE NOAYKOAbYA. B TaKMX MOJYKOJbLAX CYLIeCTBYIOT
CYMMBbI JIIOOBIX OrpaHHUEHHbIX MHOKECTB.

MmetoTes ctaHaapTHble KOHCTPYKLMH MPSIMOTO NIPOU3BE/IeHUS (CYMMBbI) MO-
JiyKoJiell. 1o — 0ObIUHOE TPSIMOe MPOU3Be/IeHHe U npasuLbHoe (W mponu-
yeckoe) npsimoe npoussesienre. OOGbluHOE MpsiMoe npoussenenue K; n Ko —
3TO J€KapTOBO INpousBesieHne K| X Ko ¢ notoueuHblMH onepauusmu. [logy-
yaeTcsi TOJIYKOJIbLO. A eC/ii Bbl CJIOXKUTE JIBA MOJYNOJIs,, TO TIOJYNOJsS He
noJsiyurre. [IpaBusibHOe npsiMoe Npon3BeleHHe UEMITOTEHTHBIX MoJynoJei K|
u Ky ornpenensieTcs Tak:

(K1 \{0}) x (K2 \ {0}) U{0}.

Torna nostyuaercsi, uTo Tporuueckoe MpsiMoe MPoU3BeieHHe JIOObIX ABYX IM0-
JIyroJiell CHOBA eCTh TMOJIyToJie.

MoxHo OpaTh HempepbiBHble MpsiMble TpousBenenus. Hampumep, ecau
y Bac ecTb 6oJiee UM MeHee MPOU3BOJIbHOE JIOKAJbHO BbIMTYKJI0€ MPOCTPAHCTBO
¢yukupi Hax R, To 910 — nosynosie. Ha ¢yHKIMSX eCTb UaCTHUHBINA MOpsi-
JIOK (0jiHa (hyHKIMST MeHbllle MJIM PaBHA JPYroi) U eCcThb cJioyKeHHe (0OblUHOE
cJoXKeHHe (QYHKUUH). DTO cjoKeHHe OyJIeT HOBbIM YMHOXKEHHEM, a HOBOE
CJI02KEHHE TTOPOXKIEHO TTOPSIKOM.

Bce cranmaprhbie 6aHaXOBbl PELLIETKH — 3TO TOXKe NPUMEpPbl HeMPePbIBHBIX
cymm aqre6pel Max Plus. Hanpumep, npoctpancersa L”. 9To — UHTepecHble
(byHKIIMOHAJIbHBIE TPOCTPAHCTBA (M OJJTHOBPEMEHHO TOJIYNOJIs) B UAEMITOTEHT-
HOM Hayke.

Kpome Toro, ecsiu ecTb KOMMYTaTHBHOE MOJIYKOJbLIO K, TO BCerja MOKHO
0ObIYHBIM 00Pa3oM MOCTPOUTh ToJyKoJbllo Mat, (K) maTtpull pagmepa n x n
¢ saeMeHTamMu U3 K. 1o OyaeT XOpOLIMH NMpUMep HEKOMMYTAaTHBHOTO MIEM-
MOTEHTHOTO MOJYKOJIbIIA.

HoBbie npumepbi

Tenepb ecTb cMbICs pacckazaTb HECKOJBKO MPUMEPOB.

[Tpumep 1. K=|a,b] c onepauusimu & =max u @ =min. Torna 0 =a
U 1=>0. D10 — noJiHOE MOJYKOJbBIIO C JHHEHHBIM MOPSJIKOM <.

[Tpumep 2. K=R, ¢ onepauusimu €& =max U © =- (0ObIUHOE YMHO-
xenue). Torma 0=0u 1= 1. [Tosyuaem uaemnoreHTHOE MoJyKoJibI0. Ho ecou
ero IMpoJiorapumMUpoBaTh, TO Mbl YBHIHUM, UTO HHUEro OCOOEHHO HOBOTO He
MOJTYUHM.



38 [.JI. JurBunos

Hano ckasartb, uto so6as KoMOHMHALMS MAaKCUMyMa (MM MHUHMMyMa) C
apuMeTHUeCKUMH OMepalrsiMi TOPOKIAAET UHCJIOBYIO HJIEMIOTEHTHYIO aJi-
re6py.

Hawm onepauuu siBasiiotest aHajoramu 6yJieBbiX onepauuid. Mimenno tak
OHM Y MHOTHX TpeaTed i Bo3HUKaJsHU. K cBS3aHO 3TO OMAATh Ke ¢ KBAHTOBOM Te-
OpHeil U KBAHTOBOM JIOTHKOMH. $SICHO, UTO Jli0Oast IMCTpUOYTHBHAST pellieTKa — 3T
HEKOTOPOE HAEMIOTEHTHOE MOJYKOJbLO OTHOCHTEJBHO Ofepallil B3STHS TOU-
HbIX HHXKHHX M BEPXHUX TPaHeil MOJAMHOXKECTB, COCTOSILIMX U3 JIBYX JIEMEHTOB.

[Tpumep 3. Bynesa anrebpa: V=& =max, ©=min=A u K ={0, 1}.

[Tpumep 4. K={0, 1, a} — uaemMnoreHTHOE KOJIbIIO U3 TPEX 3JEMEHTOB.
31ech 2JEMEHT a Hrpaet poJib «6eCKOHEYHOCTH», TaAKUTo a da=a,a > a=a,
00a=0,10a=a,0pa=1%a=a.

ATo — HeTpaAULMOHHAS JIOTHKA (MHOTO3HAUHAs!
Jorvka). Boo0lie Ha/lo cKasaTh, UTO JIOTHKH BHECJIH
JIOCTOHMHBIN BKJIAJL B MPEIMET.

OueHb MHTEpeCEH ellle TAKOH MpHUMep (OH y Hac B
pasHbIX BUjax elile BCJbiBeT). OObIUHO OH MCIOJb-
3yeTcsl B MareMaTHuecKoi 3KOHOMHKE, B TEOPUH
sBOJIIOLIMM MHOXKecTB [lapero.

[ITpumep 5. OO6beKT 3TOr0 MoJyKoJbLA —
Puc. 3. TonykoibLo KOMITAKTHOE BBITNYKJIO€ MOJAMHOXKECTBO (0ObIUHO B
BBIYKJIbIX KOMIIAKTOB. apudmerrueckom npoctpanctse). Hysmb — s1o my-
CrlouHoi JIMHUEH NoKasaH
- ——— CTOe MHOXKeCTBO. EnMHHIA — MHOXKECTBO, COCTOSI-
cymMbl @ @ B 1tee u3 HyJs. Onepauuu Takue: o @ [ — 3TO BbIMyK-

Jast ob6osiouka o ¥ 3 (cM. puc. 3), a yMHOXKeHHe —
3TO CJIOXKeHHe 1Mo MHHKOBCKOMY:

a@pf={a+b:aca, bep}

DTo oueHb BaxkHOe MoJiyKoJsibllo. OHo paboTaer W B anreOpanueckoil reo-
MEeTPHH. 3/1eChb, KOHEUHO, MOPSI0K He JIMHEHHbIH.

[ITpumep 6. Ecin R — KOMMyTaTHBHOE KOJIbIIO, TO MPOCTPAHCTBO €ro
JIByCTOPOHHMX HJI€aJI0B — UAEMIIOTEHTHOE MOJyKoJbllo. CymMMa HeasoB Co-
CTOMT M3 TONAPHBIX CYMM HX 3JIEMEHTOB, a MPOU3BE/IeHHEe HIealoB COCTOUT U3
CYMM BCEBO3MOXKHBIX TPOM3BEJICHHI.

Ele omuH npumep, KOTOpbI Mbl BCe 3HAaeM M3 CpelHeH WIKOJbl, HO Mbl
He 3HaJIk, 4TO roBOpuM 1po3oi. OKa3biBaeTcsi, UYTO HaTypaJsibHble UMCIa — ITO
TOXKE 3aMeuaTeibHOe MOJYKOJIbIIO.

[ITpumep 7. Harypanbubie uncna 1, 2, 3, ... co cienyloliumu ornepa-
MAMH: a @ b — HauMeHblllee o0lilee KpaTHoe a U b, a a ® b — HauGoJbIINI
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obumi fenutenb a v b (nam Hao6opor). Toraa Bce akCMOMBI MOJYKOJIbIA Bbl-
TMOJIHSIIOTCS: MOXKHO PACKpPbIBAaTh CKOOKH W T. M. 3]1eChb Jaxke OoJibliie MpaBuJ,
MOTOMY UTO He OJiHA AUCTPUOYTHBHOCTD, a ABe. UTOObI 3TO MOJYKOJBLO HMEJO
HYJIb M €IMHMLLY, HY?KHO 100aBHTb €llle OJMH 3JIEMEHT.

[Toxkanyii, mepBbIil HHTEPECHBIN TPUMEpP WAEMIOTEHTHOTO MOJYKOJIblla BO3-
HuK B 1956 1. B pa6oTte snamenutoro sorvuka Ctusena Konn. OH ke 3a/10:KHJ
OCHOBBI HJIEMIOTEHTHOH JIMHEHHOH asre6pbl. TaM MoJyKoJsbllo TaKoe.

[ITpumep 8 DyeMeHT MOJNYKOJblA — sI3bIK HaJl (DHKCUPOBAHHBLIM KO-
HEUHbIM asihaBUTOM. $I3bIK — 3TO NMPOCTO cjoBapb. Onepaiu cjeiylolme:

AOB={x:x=yz, yecA, zeB}, A®B=AUB.

OkasbiBaeTcst, UTO 3TO MOJYKOJbLO HMeeT JO0BOJbHO BaxKHOE 3HaueHHe
B KOMIIbIOTEPHBIX §13bIKAX; OHO AKTUBHO MPHUMEHSIETCSl U ceryac.

Elle o/1MH BaxKHbIf IpUMep BO3HUK B KBAHTOBOH Teopuu namepenust. [1pu-
uem paboThl HA 3Ty TeMy KpakHe MaJsoloCTynHbl (BO Bcex cmbicaax). Ho no
KpalHel mMepe onpejle/ieHHst U3BECTHBI.

[Tpumep 9. Eciu ecth C*-anreGpa, To 0Ka3bIBAETCS, UTO MHOYKECTBO
3aMKHYThIX TIPaBbIX Hl€a0B B Hell 06pasyeT BaxkHylo peletky. M 3ta peunierka
SIBISIETCS HIAEMIOTEHTHBIM MOJYKOJbLOM OTHOCHTE/bHO onepauuit [ ©J =1 -/
u l®J=1+] (3ambikanne Gepercsi B Tonosorun C*-anreGpel, M0 HOpME).
OkasbIBaeTcsi, 4TO 3TO MOJYKOJbLO KOMMYTaTHBHO TOTJia M TOJbBKO TOrJa,
Koryia ucxoauasi C*-anre6pa KommyTaTuBHA. JIBycTOpoHHME HjleaJibl ToKe 06-
pasyloT MoJIyKOJIbll0, HO OHO He TaKOW UHTEPECHBbIH 0ObEKT.

OODbeKTbl TAKOT0 pojia Ha3bIBAKTCS KBaHmMaaamy 6aarojgaps CBoeMy 1po-
UCX0oXKAeHHI0. Ho Ha camoM jiesie KBaHTaJ b — 3TO MPOCTO MOJHOE HAEMITOTEHT-
HOE MO0JIYKOJIbLLO.

[TonHbIE HIAEMINIOTEHTHbLIE MOJYKOJbLaA

[lyctb K — npeMnoTeHTHOE MOJYKOJbLO C KAHOHHUECKHM YaCTHUHBIM
nopsiikoM. Ecin X — noamuoxkectso B K, To uepes €D X oGosnauum
TOUHYIO BEPXHIOIO TPaHb 3TOTO MOAMHOXKECTBA, €CJH OHA CYLIECTBYET, T. €.
D X =sup X =sup,cy{x}. [onyxkonbuo K HazoBeMm a-noanoim (M aseed-
paudecku noAHbIM), eci K MOJIHO KaK YaCTHYHO YIOPsII0UeHHOe MHOKECTBO
(TO ecTb JI0O0€ MOJAMHOYKECTBO B K UMeET TOUHblE BEPXHIOI W HUXKHIOIO TPaHH)
1 CTpaBe/VIUBbl «OeCKOHEUHbIe» TUCTPUOYTHBHBIE 3aKOHbI:

ko (@ X)=P(koX), @B X)ok=EBxOk)

IUIsT JII0OBIX 3J1eMeHToB 2 € K u noaMuoxkects X C K.
Kak y»ke OblJI0 CKa3aHOo, KBAHTAJH — TO B TOUHOCTH Q-TIOJIHbIE HJIEMITO-
TEHTHbIE TOJIYKOJIbLIA.
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[Tonykosibiio K siBssieTcst b-noanoim (WIH 0epaHUYeHHO NOAHbIM), €CIHT
Jio0oe orpaHHueHHoOe MOAMHOXKecTBO X B K HMeeT TOUHYI0 BEpXHIOI0 IpPaHb
P X u «GeckoHeuHble» JUCTPUOYTHBHbBIE 3aKOHbBI CMPABELIUBbBI /s JHOOBLIX
3JIeMEHTOB R € K 1 orpaHHuyeHHbIX NoaMHOKecTB X C K.

Pasymeercsi, J1060e a-noJHOe HAEMIOTEHTHOE TOJYKOJbLO SBJSIETCS
1 b-nosubim. [Tosykosblia, onucanHble B npumepax 1, 3, 4, 7—9, aBasioTes
a-nosHbiMU. Asnre6pa Max Plus, o603Hauaemast Takxke ueped Ry, sBJsIETCS
b-nosnoi. Ecan K Ryjax 100aBUTh 3/1€eMEHT +00 U J0ONPEeIUTb Orepauuu
OUEBH/IHBIM 06Pa30M, TO BO3HHKAET A-TOJHOE HAEMIIOTEHTHOE MOJIyKOJIbLO
Rmax—RmaXU{+oo} OnHako Rmax He sBJisercs noJgyrnoJsieM. boJjee Toro,
moboe a-1MoJiHoe HWAEMIIOTEHTHOE MoJynoJe coBnajgaer ¢ anrebpoil Byns
(mpumep 3). C Jpyro# CTOPOHbBI, HJIEMIIOTEHTHOE TOJYNoJe OyleT b-TNoJHbIM
(KaK MoJiyKoJbl10), €CJIH OHO OrPaHHUEHHO MOJHO KaK YaCTHUHO YIOPsiI0UYeH-
HOE MHOKECTBO.

le/lHl.ll/l[l COOTBETCTBUSA U l/llleMﬂOTeHTHblﬁ aHaJu3

Tenepn naBaiiTe MOCMOTPUM Ha HAEMIOTEHTHbBIH MPUHIMI COOTBETCTBHUS
[8], [9]. [Tpunuun stoT Takoi. Ecan B KjaccHueckoil TeOpuH ecTh KakKHe-TO
MHTepeCHble KOHCTPYKIIUH, MOHSTHS, TEOPEMBI U T. J., TO €CTh OUeHb XOPOILIHe
IIAHCBI, UTO UM B MJEMIOTEHTHOH MaTeMaTHKe COOTBETCTBYET TOXeE UTO-TO
oueHb MHTepecHoe. A nepexoj Takoi. Bmecto moJsist Mbl nuiieM Kakoe-HUOYIb
WIEMIIOTEHTHOE TOJYKOJIbIIO ¥ CMOTPHUM, UTO MOJYUHTCS.

[lepBbiii 1mar B 3TOM Harpabsenuu ciaenan Bukrop [laBmoBuu Macsios,

Korjaa HOHpO6OB8JI [NOCTPOUTL TEOPHUIO UAEMIIOTEHTHOI'O MHTETrpupoBaHusi, CM.,
b

Haripumep [6], [16]—[18]. OO6bluHBIH UHTErpan S f(x)dx — 370 mpenen nnHre-

a
rpajbHbIX cyMM » | f(x;)o;. [1o npuHUMIY COOTBETCTBUS 1aBaiTe MOCMOTPHM,

UTO TIOJIYYHTCSI, €CJih 0ObIUHbIE OMepalMi 3aMEHUTh Ha ornepauuu U3 anreopbl
Max Plus. Torna BMecTo cyMMbl MOSIBUTCST MAKCUMYM:

max{/(x;) © o;} = max{f(x;) + o},

npuuem o; — 0. B pesyJibrare noJjiyuum, 4to MAEMIOTEHTHAs BepCUs HHTerpa-
Jla — 3TO TOUHast BEPXHsis IPaHb (DYHKLHH:

xeX

[S5)
§ J(0) dx = sup{f(x)}.
X

Hy»Ho, uTo6bl 3Ta TOUHasi BEPXHSis rpaHb CylllecTBOBasa. A Jjisi 3TOro Mo-
JIYKOJIbLIO JIOJKHO OBbITh @-TIOJIHBIM WJIH, €CJid (DYHKIIMSI OTrpaHHueHHasi, TO
b -TIOJIHBIM.
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3ameuate/ibHO, UTO 3TO OIpeje/ieHre paboTaeT st JI0ObIX HIEMITOTEHTHbIX
noJiykoJiell (M JitoO0ro NpoCTPAHCTBA WM MHOKeCTBA X ), MOTOMY UTO B JItOOOM
MOJIYKOJIbLIE €CTb MOPSII0K U MOXKHO OpaTh TOUHYIO BEPXHIOIO IPaHb.

Ecsin Mbl 3Haem, UTo Takoe UHTerpasl, TO MOKHO ONpeIe/UTh ellle U Mepy
Macaosa. D10 — JUHeNRHDbIH (B CMbICJIe HIEMIIOTEHTHOH MaTeMaTHKH) (yHK-
LIMOHAJ HAa MHOXKECTBE «HHTErPUPYEeMbIX (DYHKIHE», KOTOPBIH ONpeiesnsiercs
KaK cJeflylolee «cKajspHoe NPOU3BeIeHHE:

S

o my(p) = § o(x) ©(x) dx.
X

31ech MHTErpaJl Hy:KHO MOHMMATb Kak MJEeMMOTeHTHbIH uHTerpaJs. Brocnen-
CTBHM ObLIN JI0Ka3aHbl aOCTPAKTHbIE TEOPEMbI, UTO HUKAKUX JIPYTUX JIMHEHHbIX
(hyHKLMOHAJIOB ¢ pa3yMHbIMM CBOHCTBaMH He ObiBaeT. Takum oGpasom, cka-
JIIpHOE MpOM3BeleHHe 3aaeT TUIHUHYI0 Mepy MacJoBa.

dta Mepa, KoHeuHo, riy6oKo nosoxkutenbHa. [Tostomy HeckosbKo hpaH-
Lly3CKUX MaTeMaTHKOB COOOpA3UJ/IH, UTO €CThb CHJIbHASI aHAJIOTHsl C TeopHel
BEPOSITHOCTEH, C BEPOSITHOCTHBIMM MepaMu. Toraa (MpUHLMI COOTBETCTBHS!)
0Ka3aJiocb, YTO MACJIOBCKHE Mepbl COOTBETCTBYIOT BEpOSTHOCTHBIM Mepam,
ypaBHeHHe besuimana coortBercTByeT ypaBHeHHto Yenmena—Kolsimoroposa,
a npuHumMn bensnmana cooTBeTCTByeT TNpHMHLMIY NpUudHHOCTH MapkoBa
B cTOXacTuueckux lensix Mapkosa, cM., Hanpumep [2]. B pesysbrate njeu
M MEeTOJibl TeOPHUH BEPOSITHOCTH YAA€TCs MEPeHeCTH B TEOPHIO ONTHMU3ALIUH.

Tenepb nocmoTpuMm, Kak 00CTOAT Jlesla ¢ TapMOHHUECKMM aHa/u3oM. Eciu
ectb rpynna (G, To MOXKHO MONPoOOBATh MOCTPOUTH IPYNIOBOE KOJbLO (HJH
noJiykosiblo). JlaBaiite, Harnpumep, B KauecTBe TaKOro TMOJyKOJiblla BO3bMEM
NPOCTPAHCTBO BCeX orpannueHHbix Gynkumii B(G, K'). Torna cBepTka onpee-
JISIETCS1 CJACAYIOLUM CIIOCOOOM:

D

(p@ ) () = @y) Oy~ x)dx.

G

Tak mMbl nostyuaem rpymnrnosoe MoJyKoJbLo.

OO6uWMi NPUHIKI TapMOHMYECKOrO aHaju3a COCTOMT B TOM, UTO Kakyio
rpymnroByto ajireOpy Bbl BblOepeTe, TAKOH M BO3HUKHET BAPHAHT rapMOHHUe-
CKOTO aHa/jM3a. 3/leCb — OJiIHa W3 TIPYMIOBBLIX aare6p U OJMH U3 BAPUAHTOB
rapMOHHMUECKOro aHaju3a. EcTecTBEHHO BO3HHKAET BONPOC, HeJb3s JH M0-
CTPOUTb UTO-HUOYIb B Jyxe npeobpaszoBanus Pypbe Tak, uyToObl 3Ta CBEpTKA
npu npeobpasopanun Pypbe nepexoausa B oOblUHOE NpousseleHHe. Takoe
npeoGpa3oBaHue MOCTPOUTb MOKHO. [TocMoTpHM, uTO Takoe MIAEMIOTEHTHOE
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npeoGpasoBanuie Pypbe. Ob6biuHOE MpeobpazoBanne Pypre—Jlaniaca onpe-
JleJIsIeTCsl CJIe/LyIoM 00pa3oMm:

f=T1© = e fx)dx,

X

e X =R", x € X, a £ — qmHeitHblil pyHKUMOHAN X — (x, &) Ha X. [1pu atom
camylo BaxKHYIO pPOJib UIPAeT 9KCIOHEHTa, TO eCThb Xxapakrep rpynmbl X. Uto-
Obl 06001IUTH TIpeoOpasoBanrne Pypbe, ckaxem, Ha aaredbpy Max Plus, Ham
HY>KHO TMOHSITh, YTO TaKOe Xapakrep. Xapakrep — 3T0 pelleHHe QyHKIHOHAIb-
Horo ypaBHeHusi f(x + y) = [(x)[(y). [lpaBuibHblil aHajor 3Toro ypaBHeHHS
Takoi: f(x +y) = [(x) ® f(y) = f(x) + [(y). PasymHbie pelienusi Takoro gyHK-
LIMOHAJILHOTO YpaBHeHUs — JIMHekHble PyHKIMU. Boobille, TMHelHble ¥ KYCOUHO
JIMHEHHble (DYHKLMH UrpaloT B WIEMIIOTEHTHOM aHaJjii3e OU€Hb BayKHYIO POJib.
Crajio ObITh, COOTBETCTBYIOILIEE TPoMHUeckoe npeobpasoBatne Pypbe

D

f=F©)=\{x, & © fx)dx = SUpl - x + ()}

X

— 9T0 TpocTo npeobpaszoBaHue Jlexkanapa ¢ TOUHOCTbIO 10 KOCMETHUECKHX
u3MeHeHnil. A npeo6paszoBanue Jlexanapa oueHb BaXKHOE€, MOCKOJBKY OHO
B KJIaCCHUECKOH MexaHHKe OTBevaeT 3a MepeBojl JarpaHKeBoi KapTHHBI B Kap-
tuHy [amusbToHa u HaoGopot. OkasbiBaercs, uto npeobpazoBanue Jlexan-
pa — 3TO He UTO MHOE, KaK WAeMIIOTeHTHasi Bepcusl rnpeobpasoBanus Pypbe.
B pesyabrare npeo6pasosanue Jlexkanapa craHoBUTCSsl GoJiee MOHATHBIM. DTO
3ameuatesibHoe HabJiofeHue npuHamiexkut Bukropy IlaBnoBuuy Macioy.

B upemMnoTeHTHO!H MaTteMaTHKe MOXKHO CTPOUTh BCEBO3MOXKHbBIE MPOCTPAH-
cTBa (hyHKuMH. BooOlile, H3HAUaIbHO HAEMITOTEHTHAS MaTeMaTHKa Ha3blBalach
UJIEMIIOTEHTHBIM aHalu30M. B Takom aHa/M3e Mbl HHTEpecyemcsi MpoCTpaH-
CTBaMH (DYHKLIMH, KOTOpble MPUHUMAIOT 3HAUYEHHS] B MEMIOTEHTHBIX TMOJy-
MOJISIX MKW WIEMIIOTEHTHBIX MOJIYKOJblaX. A TO MPOCTPaHCTBO, HA KOTOPOM
ornpejiesieHbl HallKM (DYHKIMH, €r0 TeOMETPHUECKYIO CTPYKTYPY, Mbl He Tpora-
eM. Ho 3To Bce-Taku TOJIbKO 4acTb MAEMIOTEHTHOH MaTeMaTHKH. B nocaen-
Hee BpeMmst OJier BUPO oueHb yjlauHO TPOHYJ M T€OMETPHUUECKYIO CTPYKTYPY,
cm. [22].

B uaemMnoTeHTHOM aHa/iM3e BO3HHUKAET GO0JbLIOE KOJMUECTBO BCEBO3MOXK-
HbIX (PYHKUMH, (PYHKIMOHAJIbHBIX TMPOCTPAHCTB U JHHEHHBIX onepatopoB. Ho
(bYHKIIMHM BO3HMKAIOT, KaK MPaBUJIO, HErJIaakue. DTO SICHO, TIOTOMY YTO Ofle-
palMd MakCUMyM W MHHHUMYM TJafkocTh HapywaioT. [lostomy, Boobiie-To,
MJIEMITOTEHTHBIH aHaJ/M3 — 3TO aHaJ/M3 HerVIaJKUX (DYHKLHH U HerJaJIKux pe-
nieHuit quddepeHanbHbIX ypaBHEHHUH.
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[TpuMepamu NPOCTPAHCTB (YHKIMI SIBJASIOTCS: NPOCTPAHCTBO BCEX (DYyHK-
1MH, TPOCTPAHCTBO BCEX OIPAaHHUEHHBIX (DYHKIIMH, TPOCTPAHCTBO BCEX MOJyHE-
NPEPLIBHLIX (CHU3Y WM CBEPXY) (DYHKIMH HA TOMOJOTHUECKOM MPOCTPAHCTBE,
a TakyKe TMPOCTPAHCTBA BBIMYKJbIX M BOTHYTbIX (PYHKIMH Ha JIMHEHHBIX MPO-
CTpPaHCTBAX. DTH MPUMEPDI UIPAIOT BAXKHYIO POJIb B HIEMIIOTEHTHOM aHAJIHU3e.
Boo6lile, B HIeMNOTEHTHOH Hayke OCOOEHHO XOpOIIHe MPOCTPAHCTBA — 3ITO
sillepHble mpoctpaHcTBa. M siepHBIX MPOCTPAHCTB 3/1€Ch ropasao Oodiblile,
yeM B OObIYHOM aHajiu3e. B 0ObIUHOM aHasiM3e siIepHbIX MPOCTPAHCTB JIO-
BOJILHO MaJio, HO BCe OHM 006J1aJIaloT 3HAMEHHUTHIM CBOHCTBOM armnpoKCHMal|H
[poTennnka. B nmemnoreHTHO! Hayke Bce Tpolie: CBOHCTBO amnmpoKCHMalWK
1 §IJIEPHOCTb — TO B TOUHOCTH OJIHO U TO :Ke. [Togpo6HocTr cM. B [15].

Tenepp Ham sicHO, uTO Takoe HHTerpaj, uToO Takoe (YHKIHMOHAILHOE
MPOCTPAHCTBO (MOXKHO CPOPMYJUPOBAThL U MOHSATHE aOCTPAKTHOTO JIMHEHHOTO
MPOCTPAHCTBA B WJIEMIIOTEHTHOM aHasu3e). Camoe ryiaBHOE B 3TOM aHaJsu3e,
YTO MOYKHO OpaTh CyMMbl HEOIPAaHHUEHHOTO CEMEHCTBA CJaraeMbiX, TOTOMY
YTO Ha CaMOM JleJie 3TO MPOCTO TOUHAs BEPXHsis TpaHb STOrO CeMelCTBa:
P x, =sup{x,}. Eciu Hauie npocTpaHcTBO (IMOJYKOJIBIIO) MOJHOE, TO 3TO
MMeeT cMblc/. JIMHeHHOCTh (HaJ MAEMIOTEHTHBIM MOJYKOJbLOM) B 3TOH
HayKe [OHUMAETCs KaK JIMHEHHOCTb OTHOCHTEIbHO OeCKOHEUHOTO uHcJia
caaraembix. OKasbiBaeTcs, 4To Takasi 0000leHHast JIMHEHHOCTb B TOUHOCTH
COOTBETCTBYET TMOJIyHEeNpepbiBHOCTH. TakKkMM 006pa3oM, MOXKHO CTPOUTH UHCTO
anreOpanyecKnil BapuaHT aHaJsu3a, rjie aHaJoroM HENMpepbIBHOCTH SIBJSETCS
caenyioliee paBeHcTBO: [(ED x,) =D [(xy). 3nech [ MoxkeT ObITh QyHKIIHEN,
ornepaTopoM H T. . Onepaiuu Ha3bIBalOTCS a-JHHEHHBIMH, €CJIH 3/1eCh CYMMbI
Jo6ble, U b-JIMHEHHBIMH, €CJIH CyMMbl OTpaHHUEHHbIE.

$lcHoe ne/10, UTO MO MPUHIMITY COOTBETCTBHS BCSIKHI MHTETpaJibHbIN Orle-
patop A uMeeT CJIeyOIIHH BUJL

S7]
AJx) = K(x, y) © [(y) dy = sup{K(x, v) + [(v)}
X yeX

(ecain Mbl nepexoauM K anrebpe Max Plus). OObluHbIi UHTErpas 3aMeHsierTcs
CylpeMyMOM, a IpoM3BeJeHHe 3aMeHsieTcss Ha cymmy. Ho 310 Bblpaxkenue
COBEpLIEHHO CTAHAAPTHO B TEOPUM ONTUMHU3ALMH M UYACTO TaM MCIIOJb3YeTcsl.
Boo0lile, M1eMNoTeHTHBII aHa/IM3 — 3TO, KPOMe BCEro rpouero, elle U o0Lias,
yHuuUIMpytoias, gopmMa TeOpUH ONTHUMH3ALUH.

OkasbiBaeTcs, uto J11060# XOPOLINH JIHHEHHbIH orepaTop (XOpPOLIUi B yKa-
3aHHOM CMbICJI€) B XOPOLIEM MPOCTPAHCTBE (T. €. B SIIEPHOM) SIBJISIETCS MHTe-
rpasbHbIM. To ecTb cripaBeyMBbl aHasord TeopeMbl Jlopana IlBapua o -
pe. boJjiee Toro, nocrpoen ajnre6panuecKuil UAEMIOTEHTHbBIH aHAJIU3, KOTOPbIH
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BKJIIOUAEeT OCHOBHbIE TeopeMbl THNa XaHa— DaHaxa, Teopuio TOMOJOrHUYeCKHUX
TEH30PHBIX MPOU3BENEHHUH, TEOPHIO SJIEPHBIX TPOCTPAHCTB M SIIEPHBIX Orepa-
TOPOB M, B YACTHOCTH, BecbMa 0OIIyl0 TeOpeMy 0 sijipe, KoTopasi U Gbljia 11eH-
TpaJibHbIM NyHKTOM Teopuu [porennuka. [Tonpo6uoctu cm. B [11], [12], [15].

Tponnqecxne NOJUHOMbI U N€KBAHTOBAHHUE T€OMETPUHU

[Ipexxyie uem nepexoauTh K (U3HKe, JaBaiiTe MOCMOTPUM, UTO OYJEeT TPO-
MHYeCKUM anajiorom nojuxoma. Ecan y nac ectb monom x|'...x*, To o
nepener B PyHKUMIO A1 X| + ...+ 1pXp. DTO — uHeNHAst PyHKUMS (B 0ObIUHOM
cmbicsie). [loanHoM — 3T0 cyMMa MOHOMOB; 3/ieCh, CTajo ObITb, BO3HHKHET
MakCcUMyM. Tak BO3HMKAeT KyCOYHO JIMHEHHasi PyHKIHUS, KOTopasi, B10OABOK,
BbIMyKJIasl. DTO HabJoJIeHHe JieKUT B ocHoBe MeTona OJjera Bupo, kKoTopsiit
3aMeTHJ, UTO MEeTOJ, KOTOPbIM OH I10JIb30BaJjICsl MHOrO JIeT Haszaj, Ha ca-
MOM JleJle CBsi3aH C KBaHTOBaHWEM W jekBaHToBaHWeM [22]. M oH roBopun
npo3oil. Ecan 1eKBaHTOBaTh BeleCTBEHHYIO a/re0panyeckyto reoMeTpHio, TO
BO3HUKHYT 3aJaud M3 TEOPUHM MHOrorpaHHUKoB. [TockojibKy MHOTOrpaHHUKH
C HY’KHbIMH CBOHCTBAMM IOCTPOUTH JIETKO, @ TOCTPOUTb COOTBETCTBYIOLIME
asrebpanyeckue MHOrooopasus — TpyaHas npooJsema, To Bupo ctpous cHaua-
Jla MHOTOIPAHHUKH, MOTOM MPOBOJMJ TMPOLELYPY KBAHTOBAHHS W TOJyyaJ To,
uTO €My OblJ10 Hy:KHO. [IpHuem Hcrosib30Baoch HMEHHO TO KBAHTOBaHHE, O
KOTOPOM Mbl CE€HUac rOBOPUM.

Tak W3 MOJMHOMOB MOSIBJISIIOTCSI BbIMYKJIble KYCOUYHO JIMHEHHbIE (DYHKIMH.
A ecau, KpoMe TOTO, yuecTb, KaK BbIMyK/ash (DYHKIMS T0JydaeTcst U3 CBOMX
KaCaTesbHbIX, TO OHA TOXKE€ B HEKOTOPOM CMbIC/Ie KYCOUHO JIMHEeHHas.

Wrak, niemMnoTeHTHasi BepcHsi BeLleCTBEHHON ajre6panyeckoi reoMeTpun
Obly1a OTKpbITa Bupo U npejcTas/ieHa B ero 10kaaje Ha KoHrpecce B bapcesone
[22]. Mcxons U3 MIeMIIOTEHTHOTO MPUHIIMIA COOTBETCTBHs, Bupo nocrpoud
KYCOUHO-JIHHEHHYIO TeOMETPHI0 MHOTOIPAHHUKOB CIelMalbHOTO BUa B KOHeU-
HOMEPHBIX €BKJIMJIOBBIX MPOCTPAHCTBAX KAaK pe3y/bTat JleKBaHToBaHus Macsio-
Ba 0OBIUHOM BellleCTBeHHOH asnreGpanueckor reomerpud. OH TakxKe ykasaJ Ha
BakKHble MPUJIOKEHHUS (Harpumep, B pamkax 16-i npo6semsl [unbbepra o no-
CTPOEHHH BELIeCTBEHHOro asreGpanyeckoro MHOrooO6pasust ¢ MpeanucaHHbIMHU
CBOWCTBAMM) U Ha CBSI3b C KOMIJIEKCHOH ajirebpanueckoil reoMeTpuer 1 ame-
6amu B cMbicie M. M. Teabdanna, M. M. Kanpanosa u A. B. 3eseBuHcKoro
(cMm. ux kuury [3] u cratbu Bupo [22], [23]). 3aTem KomnyiekcHas anrebpanue-
cKasi reoMeTpus Oblia JekBaHToBaHa . MUXaJKHHBIM (C TeM Ke pe3yJibTaToM),
KOTOPBIH yKa3as HOBble BaKHble TMPHUJIOXKEHHsI, CM. jlokjaan Muxajikuua Ha
cemunape «Ino6yc» 10 Hosiops 2005 r. 1 ero jokaaja Ha KoHrpecce B Majpuse
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[20]. DTa HoBasi «MaeMNOTEHTHAS» (MJIM ACUMITOTHUECKAST) FeOMETPHSI Ternephb
06bIUHO Ha3bIBAETCS Mponu4eckoi aieebpauieckoll eeomempueli.

(@) (b) (©)

Puc. 4. «J/lekBantosanue» ameObl

[py6o rosops, nedopmauusi ajnrebpanyeckoro MHoroo6pasusi Mpu Ko-
HEUHbIX 3HAUEHUsX «MOCTOsiHHON [lnanka» A u sBasieTcsi ameGoOi B CMbIC/e
[3]. B npenene npu h— 0 ameba nepexoguT B mponuueckoe aseebpa-
uueckoe mHoeoobpasue (ckejner ameObl). Hanpumep, mas npsmon V =
={(x, y) €C%: x +y + 1 =0} cooTBercTByIOIas Tponuueckas npamas Tro(V)
npencrapjaeHa Ha puc. 4(a). Ameba npencraieHa Ha puc. 4(b), a cooTBer-
ctBytoias gedopmaiys amebbl — Ha puc. 4(c).

JlaBatite mocMOTpUM, OBIBAIOT JIH KAKHE-TO CBSI3H MeKJly OObIUHBIMH KOJIb-
HaMH U MJIEMNOTeHTHbIMU. JlomycTum, y Hac ecTb moJuHoM P(x) oT oaHOH
nepeMeHHOH ¢ HeoTpHLATebHbIMH Ko3(duumnentamu. CornocrtaBum emy ero
crerenb deg P. §1 yrBepxknaio, uto oroOpaxkeHue P(x)+— deg P sBisercs
roMoMopgu3MOM B Tporuyeckoe noJykosbiio Max Plus.

A uro GyJer, ec/i Mbl BO3bMEM MOJHHOM P(x|, ..., X)) OT HECKOJIbKHX Ie-
peMeHHbIX? AHaJIOrOM CTeleHH B 3TOM CJlyuyae siBJIsieTCsl MHOrorpaHHuk Hblo-
ToHa. MHororpanHuk HbloToHa — 310 BBIMYKJIbIA MHOTOTpaHHUK. OH sIBJISIeTCS
yacTblO TOTO TpUMepa, KOTOPbIH 51 yKasdbiBas (CM. mpumep ). S yTBepxKaato,
uTO OTOOpaAXKEHHe MOJHHOMA B CBOH MHOrorpaHHuk HbioTona — romomophusm
OTHOCHTEJIbHO OTepaluil BBIMYKJI0H 060J0UKH IBYX MHOTOIpaHHUKOB HbloToHa
1 MX CyMMbl 0 MHHKOBCKOMY.

Onuuiem 3ToT romomopduam Gosee noapoGHo. Jlns dyHKuuu [, onpe-
nenenHoil Ha R ={(xy, ..., x,) €R": x; >0 nnda Beex i =1, ..., n} uin Ha
obaactu B C", Briouatouiein R | onpenenum yHKIHIO /f\ dhopmyioi

~

) = lim & n]fexp(e/h),

re h>0,axecR"
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Haszosem ¢yHkim0 }‘\(x) dexksanmosanuem GyHKIMU f(x), a npeobpazo-
BaHHe f(x)n—>?(x) — npeobpazosaruem dexksanmosarnus [14]. Pasymeer-
cs1, 9TO MpeoOpa3oBaHKe MOPOXKIEHO 1eKBaHToBaHHeM MacJsioa. CripaBeyinB
CJIIYIOLLMI Pe3yJIbTAaT.

Ecau ¢pynkyus [ asasemcsa noaurnomom, mo cybouggpepenyuan 0//‘\
GPynKkyuu /f\ 8 Hauaie Koopduram cosnadaem ¢ MHO202paHHUKOM Hbro-
moHa noauroma [. as noiykoseua ROAULHOMOB ¢ HEOMPUYAIMEAbHbIMU
Koagpuuuenmamu npeobpasosarnue [ d? AB8ASLCMCS 2OMOMOPPUIMOM
Moo NOAYKOAbUA 8 NOAYKOALUO BOINYKALLY MHO202PDAHHUKOB OMHOCU-
meavHo onepayuii Murkosckoeo (CM. Bbillle, IPUMED D).

Wcnosbayst npeoGpa3oBaHue JeKBAaHTOBAHUS, MOXKHO 0GOOIIUTL TOT pe-
3yJIbTaT Ha HIMPOKHH KJacc (DYHKIHMH U BBIMYKJIbIX MHOYKECTB; TOJPOGHOCTH
cm. B [14], [7]. Pasymeercsi, Bce 3T0 CBS3aHO C TPOMUUECKOH reOMeTpHeN.

CBs3b ¢ (PU3MKON M MPUHLKN CYyNePNnoO3ULUU

IlaBaiite Terepb pazbepemcsi ¢ ¢uankoi. CBsI3aHO JIH 3TO Kak-HUOYIb
¢ Hacrosilell (Gu3nkoi? BcrnomHuM, uTO Takoe BOoOOlle KBAaHTOBaHHE W Jie-
KBaHTOBaHHe. Ecyin y HAcC ecTh Kjaccuyeckasi raMUJIbTOHOBA (PYHKIIHS

n

H=H(p, x)=
i=I
(KoopaHaTh 371ech 0600111eHHbIE, X = (X[, ..., Xy), p =(P1, ..., PN)), TO, UTO-
Obl MOJyUHTb COOTBETCTBYIOILYI0O KBAHTOBYIO CHCTeMY, T. €. ypaBHenue [LIpé-
JIMHrepa, MOXKHO HamucaTh ypaBHeHHe BHJIA
how 5
oY _ g
i ot ¥,
rne H =H (p;, X;). Onepartop suepruu H moJiydaercst CJIeayionmmM 00pasom:
BMECTO KOOPJMHATBI X; HY?KHO MOCTaBUTb OMEPaTOP YMHOXKEHHSI Ha 3Ty KOOp-

—H/()

Qm,

JUHATy, a BMECTO UMIlyJibCca p; — OlepaTop — d TOI‘I[EI MbI [TIOJIYUUM ypaBHE-

Hue [lpénunrepa.
EcTb BaxkHble KyaccHUeCKHe qoyHKLmM. Bo-nepBbix, dyHkuus Jlarpanxa

L= 221 V(x).

i=1
Bo-BTOpbIX, 3HaMeHUTas1 PyHKLUS JeHCTBHUS

t
S(x, )=\ L(x, %, t)dt,
to
rje uHterpaj 6epercsi BAOJb TPAEKTOPHUU CHUCTEMBI.
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[Tpouenypa y Hac Takasi. Mol nesiaem nocrosinuyio [lnanka uncto MHUMOI:

h=ih. Torna Mbl IPUXOJUM K YPaBHEHHIO

(d)_;l =H (_hdixi’ 55,) u,
KOTOpoe fiBJisieTcsl 0000UIEHHbIM ypaBHEHUEM TerJIonpoBoAHOCTH. [Ipu sTom
BellleCTBEHHO3HAUHAs (PYHKIMS (/ COOTBETCTBYET BOJHOBOH (DYHKIIMH (TOUHEe,
ee MOJIyJIt0, UTO UMeeT OUeBM/HbIN PU3UMUECKUI CMBICJ).

Kak u3BecTHO, B KBAHTOBOH TEOPUU JEUCTBYET APUHYUN CYNEPROZULLUL:
€CJIM eCThb JIBa COCTOSIHUSI cHCTeMbl (1Ba pelneHust ypaBHenusi LlIpénunrepa),
TO MX CyMMa CHOBA SIBJISIETCS COCTOSIHMEM. DTO SICHO, I0TOMY UTO ypaBHeHHE
[ pénunrepa JnHelHOE: CyMMa pellieHHi cHoBa GyJIeT peliieHneM. A ypaBHeHHe
TEMNJIONPOBOHOCTH OTJIMUYAETCS OT HErO MOCTOSTHHBIMU MHOKUTeISIMU. OHO TOKe
JuHeltHoe. CTajo ObITh, €CJIM U] U Uy — PELLIeHUs] YPaBHEHHs!, TO UX JIMHeHHas
KOMOUHALMSA U = AjU| + Aolly TaKxKe SIBJISIETCS pellieHHeM 3TOro ypaBHEHHs.

Tenepb naBaiite ciesaeM Hallly CTaHJIapTHYIO 3aMeHy MEpEeMEHHOM, T. e.
Jorapugpmuueckoe npeoGpasoBanue, Koropoe nenan eie [lpémnunrep: S =
=7Fh In u. Toabko nocrosinnasi [lnanka Oyner y Hac UMCTO MHHUMOH; Mbl
yCTpeMUM ee K HyJto. B 3aBUCHMOCTH OT 3HaKa y Hac nosiButcs anrebpa Max
Plus win Min Plus; o6e 31 anre6psl roasites. Eciu Mbl Bce 3T0 aKKypaTHO
MOJICTaBUM, TO MOJYUHUM ypaBHeHHe

N

2 1 9°S

T ot +Z 2m; (dxl) Fh Zl 2m; dx2
i=

i

IT0 NO-TNpeKHEMY YpaBHEHHE TEMJIONPOBOJHOCTH, TOJBLKO B HOBBIX KOOP/IH-
HaTax.

Taxkum o6pa3om, X0Ts Hallle ypaBHEHHE HEJIHHEHHO B 0OBIUHOM CMbICJIE, OHO
JIMHEHHO C TOUHOCTDIO JI0 3aMeHbl repeMeHHol. Ecin S| U So — ero pelienus,
TO (PYHKIHS

S=A0S5 6/119)\2®52,

noJiyueHHasi 3aMeHOH TepeMeHHbIX S =/ In u, Takke sBJsETCS pellleHHeM
ypaBHeHusi. B 3TOM ciyuae 060611eHHOE YMHOXKEHHE (9 COBMAJIAET ¢ OObIUHBIM
CJI02KeHHeM, a 0000LIEeHHOe CJIoKeHHe @ onpesiessieTcsl BbIOPAHHON 3aMeHOH
nepemMeHHo# (cM. Bhbillle, BBejieHue).

Tenepb naBaiite yctpemuM noctosinnyio Ilnanka k nysio. Torna nocaenHui
ujieH B ypaBHEHWH mporajaetr. B pedysbrate Mbl MoJiydum ypaBHenue [aMusib-
ToHa—$IKO6HU, T. €. OCHOBHOE ypaBHEHHE KJACCHUECKOH MeXaHWKH

_+V +22;l<dxl>2:0 WJIH ——i—H( xl>—0.
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$lcHo, uTO 3TH onepalyu (T. e. ® W @) nepeljyT B onepaluu B ajnre6pe Max
h

Plus nau Min Plus. [TosTomy ecTecTBeHHO cuMTaTb, UTO €cid S| U So —
peltieHust ypaBHeHnusi [amuiibToHa— IKoOU, TO U UX JIHHEHHAs KOMOMHALMS

S=MO05dN0S,

CHOBa sBJIsSIeTCSl pelleHHeM 3Toro ypaBHenusi. [losyuaercsi, uto ypaBHeHHe
[amuabrona— lko6u muneiiHo Hax anre6pamu Max Plus u Min Plus. TTosayua-
eTCsl, UTO OCHOBHOE ypaBHEHHe KJIaCCHUECKOH MeXaHUKH, KOTOpoe B 0ObIYHOM
CMbICJIe HEJMHEHHO, JIMHEHHO B WJEMIOTEHTHOH Teopuu. [loatomy K 3ToMy
ypaBHEHHIO MOXKHO TIPUMEHSITh BCe JIMHEHHbIE TPIOKHU: Je/bTa-(PYyHKIMH, QyHK-
uud [puna u 1. . B pesysbrate BosHUKAET npunyun cynepnoduyuu Macao-
8a, KOTOpbIA OH Bnepsble copmynrpoBas [16], [17]. On, npaBna, HauuHamn
He ¢ ypaBHenusi [1Ipénunrepa, a ¢ 06bIYHOTO ypaBHEHHs! TEMJIONPOBOIHOCTH.

OkasbiBaetcs, Kcratd, uto uddepeHlManbHOe ypaBHeHHe DBesiva-
Ha OueHb MOXO0XKe Ha ypaBHeHue l[amuibroHa—$IKOOM W Ui HEro TakKxKe
CrpaBe/UIMB MPUHIUI CYNeprno3dulld. IDTO He YJIUBHUTENbHO, MOTOMY 4YTO
MPUHLMI CYNEpro3ULMH CBSI3aH C BapMalUMOHHBIMM TIPUHLIMIIAMH MeXaHUKH
U 9KCTpeMaJibHbIMH 3aJauamu.

OOG61MI NPUHIMIT CYNEPrO3UIIMK COCTOUT B TOM, UTO MHOUE BAJCHbLE
sadauu (0coObeHHO 8 meopul ONMUMUSAYUL), HEeAUHEHble 8 00blUHOM
cMbLCAe, ABASLIOMCS AUHCLHOIMU HAO NO0X00auwumu udemnomeHnniHolmMu
NOAYKONLYAMLL.

UTto ke Takoe BapuallMOHHble TPUHUMITLI MEXaHUKHU (NMPUHLMIT HAHMEHb-
niero jiedictBusi)? [IpuHIMN HAUMEHbIIEro JIEHCTBUSI TOBOPUT, UTO JIEHCTBHE
JIO/DKHO ObITh MHHHMAaJIbHbIM Ha TPAEKTOPHUSIX JIBUXKEHHSI Halllel CHCTEMbI.
A MHHHMYM — 3TO MacJIOBCKME HHTerpaJ B ajre6pe Min Plus:

o
min S(x, ) = \ S(x, )dT.
T €{npocTpaHcTBO TpaeKTOpHii}
To ecTb 3TO Kak pa3 uHTerpas no tpaekropusiM. Bosiee TouHO, ecnu ¢ 3TUM

H0p836HpaTbCH, TO BbISICHHUTCs1, UTO MPUHUMIT HAUMEHbLIEr o JIEUCTBUS CBOJUT-
@

csl K TOMY, 4TO MHTerpaJ S e~5dT cooTBETCTBYeT MAKCHMA/LHOMY 3HAUECHHIO
BeJMUMHBL e ~°. A 3TO B TOUHOCTH O3HAYaeT, yTo JAeHCTBHE S MHHUMAJLHO.
Takum o6paszom, oKa3bIBAETCS, UTO BApUALIMOHHbIE MTPUHIIMITBI MEXAHUKH — 3TO
BCEro-HaBCero WAeMNOTEHTHbIH BapHaHT (eHHMaHOBCKOro MOAXoJla K KBaH-
TOBOH MexaHHKe uepe3 HHTerpaJbl 1o tpaektopusMm. M 3to TecHo cBsizaHo
¢ popmynoit Jlakca—OJeHHUK W PSIIOM JIPYTHX U3bICKAHWH B TOH 00J1acTH.

Sameuanue. 9 Bac, KoHeUHO, 0OMaHbIBAIO, TOTOMY UTO CyMMa pelile-
HUH — 3TO yKe He riajKas (yHKUHMs. DTO »Ke MAeMIOoTeHTHas cymma. Eciu
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Mbl OyjieM OpaTb MaKCHMYMbI, Ja elle B 0eCKOHEUHOM KOJIMYeCTBe, TO, KOHeU-
HO, (PyHKIMSI OyneT Heraakol. B nueMnoTeHTHOM aHasin3e MOKHO TPaMOTHO
OIpe/IeJIUTh, UTO TAKOe HerJaJlkoe pellieHne ypaBHeHUst 3Toro tuna. st 3Toro
CTPOMTCSI HUJIEMITOTEHTHAST BEPCHSI TeOPUH 000O0IIEHHBIX (PYHKUMHA, U COOTBET-
cTBylolllee 00001leHHOe pelleHHe U OyfeT MPaBUIbHO CHOPMYJTUPOBAHHBIM
MOHsITHEM pelleHusi ypaBHeHusi [amusbTroHa—$Iko6u. To, uTO OHM JIMHENHBbI
(B MIEMIIOTEHTHOM CMbICJI€e), O3HauaeT cJeiytollee. CyllecTByeT orepaTtop
3BOJIIOIMK (KaK Obl MHTErpajibHbIi OrnepaTop), KOTOPbIH SBJSIETCS JHHEHHBIM
U HEMpepbIBHLIM U TIEPEBOJIUT MPOCTPAHCTBO O0OOOUIEHHBIX pelleHHd B ceOsl.

Marpuunble ypaBHeHus Beanmana u ux npuioxeHus

Mexons M3 npuHUMNA CyNeprio3ulii sICHO, UTO camble BaKHble 3aj1aud —
9TO JIMHelHble 3ajauu. JlaBaiiTe MOCMOTPUM, KaK pellaTh CHUCTEMbl ypaBHEHHUH
B 3TOH HJIEMIIOTEHTHOH HayKe. BooO6iie-To, nepBbiM JI0 3TOr0 J0/yMascs TOT,
KTO MpHAyMaJ MeTOJ Moc/eloBaTe/bHbIX MpUb/MKeHuil. [laBaiite paccMoTpum
cucTemy JiHHeHHbIX ypaBHeHu# AX = B. Ecsin 310 cucTeMa Hajl KAKUM-TO T10-
JieM, TO ee Bcerja MoxHO rnpeobpasoBaTh K Buay X = AX + B, e A=1 — A,
a | — epunnunas matpuua. Jlasaiite periats ypasHenve X = AX + B mMeTo10M
nocJeoBaresbHbix npuoamxkenni: Xo=0, X; =B u 1. 1. B KoHeuHoM uTore
HAXOJIUM pellieHHe

X=lim(l+A+A*+..)B=A*B.

3nech A* — cymma reomerpudeckoil nmporpeccun. Y A* ectb onHO hyHIamMeH-
TaJIbHOE CBOKCTBO:

A*=T1+AA" =1+ A%A.

Ec/im Hy)KHO CHJIBHO aKCHMOMATH3HPOBAThb CHUTYallMIO, 9TO CBOHCTBO MOXKHO
B34Tb B KauecTBe akcHoMbl. [ToJyyaercs yHuBepcabHbIi METOM, KOTOPbIH ro-
JUTCS 1 JIIOObIX MoJiyKoJiell. Ec/in ToJIbKO yaacTes «3Be310UKy» ONpelesHUTh
(a B M1EMIIOTEHTHOM CJlyuae ee MOXKHO OIPe/Ie/UTh, MOTOMY UTO 9TO — BEpXHsisl
rpaHb B MOJIHOM MOJIYKOJIbLIE; CM. BbIlLe, pasjies 3), TO Mbl HMeeM COBEpLIEHHO
YHHMBEPCaJ/IbHOE pelleHHe CUCTEMbI JIMHEHHBIX YPABHEHUH.

dta cucTeMa JHHEHHbIX YPaBHEHHH, T. e.

X=AX+B,

Ha3bIBACTCA MAMPUUHbIM YypasHeHuem beainana.

IT0 — KOHeUHOMepHasl BepCHsi CTallMoHapHbIX ypaBHeHuil bennmana. Ceii-
yac Mbl YBHJIMM, KaK OHa CBsidaHa C onTuMu3auuei Ha rpadax. Bel nonuma-
eTe, 4To Jtobast 3ajaua npudJHKaeTCsl KOHEYHOMEPHOH; HeJIMHeHHast 3ajaua
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npubJankaercs JuHerHoi. [Tostomy camoe ryiaBHoe — pa3oOpaThbCsl ¢ KOHeU-
HOMEpHBIMH JIMHEHHBIMU 3a/iauamu. Ternepb Mbl 3HaeM OTBET, MIPHUUEM B SIBHOM
BUJLE.

91 3a0bl1 ckasatb, UTO onepalusl «3Be3J10UKa» BO BCeX KOHKPETHLIX «3Je-
MEHTapHbIX» HAEMIIOTEHTHbIX ajrebpax MCKIOUNTeNbHO npocrta. Hanpumep,
ecain x <1, 10 x*=x, a ecsm x = 1, T0 x* =00 wim x* =0. 1o oueHb Xopo-
lIee ynpaKHeHue, MOCMOTPETb B KaXKJI0M MOJIYKOJIblIE, UTO TAKOE «3BE3/10UKa».
Jlerko y6emuTbesl, UTO BBIUMC/JAMTENbHAS TPYAHOCTb OMepalny «3Be310UKa»
paBHa HyJ10. JTa orepawust HCKJIIOUUTENbHO yaauHo padoraeT. MoKHO Obl10
Obl MPSIMO yKa3aTh aJrOPUTM BbIUUCJIEHHST MATPHLIbl A*.

Pellienne cucteMbl He €IMHCTBEHHO, HO 3TOT METO/I IaeT HAM MUHUMAaJIbHOE
pelieHre. DTO UMEHHO TO pellieHHe, KOTOPoe HYXKHO B MPUJI0KEHHSIX.

[TepBbIM uesoBekoM, KoTopblit Hanucan opmyay A*B, 6bu1, BuauMo, Ctu-
e Kumnu [5]. O Hanucan ee jjisi CBOEro WJIEMIOTEHTHOTO MOJYKOJbLIA,
COCTOSIIIEr0 M3 SI3bIKOB HaJl (DUKCHPOBaHHBIM asihaBUTOM. OH TepBbIM Ha-
YUHJICSl pelllaTb 9TH CHUCTeMbl JIMHEHHBbIX ypaBHeHuH. M ero meron okasascs
o4eHb MOUIHBbIM. Ho nepBbiM uesioBeKoM, KOTOPbIH JEHCTBUTENBLHO pa3obpadicst
B cutyaluu, 6bl1 b. Kappe (B. Carré, 1971), cm. [1]. OH 3arajiouHbiii uesoBex.
D10 (hpaHlily3, KOTOPBIF KU1 B AHIJIMKM M TaM MeuaTascs, U J1axKe ero CoaBTopbl
He 3HAIOT, UTO C HUM celuac, Kyjaa oH aescsi. OH MepBbli YesOBEK, KOTOPbIH
MOHSIJI, YTO BCE CTAHAApPTHbIE ONTHMHM3ALMOHHBIE 3a/1aul Ha rpadax CBOAATCS
K pellieHHI0 MAaTPUUHbIX ypaBHeHHuil BessiMana 1/1st pasinuHbiX M1eMIOTEHTHbIX
nogykoJiell. [To nopore 6bi1a pabora npumepro 1961 r. y H. H. Bopo6béna,
KOTOPBIH pelliaj HEMHOXKKO JIpyrue 3ajauyu, HO MPOSIBUJ OUeHb OOJbILYIO TPO-
HULLATENbHOCTb.

Kappe nepBbIM 3amMeTHJ1, UTO pPas/iuuHble ONTHMHU3ALMOHHbBIE aJITOPUTMbI Ha
CaMoM Jiesle COOTBETCTBYIOT Pa3/IMUHbIM METOJIAM pelleHHs CUCTeM JIMHEHHbIX
ypaBHeHu#. OH 3amMeTuJ1, HanpuMep, 4To aaroput™ bessmana /st npoGsembl
KpaTua#iiero nyTH — 3T0 UJeMNOTeHTHbINH MeTo S1KoGH, a anroput™ Popra —
9TO WJIEMITOTEHTHBIH HWTepalMOHHbIE aaroputM laycca—3aiijiens (B MoJHOM
COIJIACHU C TPUHLMIIOM COOTBETCTBHSI).

D10 OblL1 CJEAYIOUMI Upe3BbIYaiiHO BaXKHBIF 11ar, ¥ Mbl celuac Mornpo-
Oyem 310 pazobpaTb. UTo 31ech BakHO? Bo-nepBbiX, KaK Mbl BHJEIH Ha
npuMepe pelleHnsl CHCTeMbl YpaBHEHUH METOIOM MOC/e10BaTeNbHbIX MPUOJIH-
YKEeHUH, MeTOJIbl aOCOJIOTHO yHUBepcalibHble. OHU roadaTest Jyist JOObIX MOJIy-
Koutell. M 310 BazkHO ¢ TOUKM 3peHust, HanpumMep, nporpammupoBanust. Mimeercs
crieliMaibHasi TEXHUKA MPOTpaMMMPOBAHUS, KOTOpasi HA3blBAETCS TEXHUKOH
abcmpakmuolx munos OQHHbLX W TIO3BOJSIET OJHUM aJrOPUTMOM peliaTh
60JIblII0e KOJIMUECTBO 3ajau, cM., Hanpumep, [8], [9], [13]. A Bo-BTOpHIX,
Ba’KHO, UTO aJITOPUTMbl — JIMHEHHble (Haa MoJiyKoJbliamMu). A 3HAuuT, Bce
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OCHOBHbIE€ MEeTOJIbl pacnapaJsiie/IMBaHus JUHEHHbIX aJrOPUTMOB MPOXoasT. OT
TOT0, YTO Mbl MOHSJIH MPUHIMI CYTEPrIO3ULIMH, U OCO3HAJH, UTO 3a1aua siBJsi-
€TCsl JIMHEHHOH HaJl MOJIYKOJIbLIAMHU, Mbl CPa3y MOJYYUJIH HOBBIH aJrOPUTM.

Har ocHOBHOII MpUHIMI, TPUHIIKT UEMITIOTEHTHOTO COOTBETCTBHS, Crpa-
BEJUIMB JI/Is1 aJiTOPUTMOB U JlazKe JUIsl KOMIMbIOTEPHBIX YCTPOHUCTB (Mpoliecco-
poB). [Totomy uT0, COGCTBEHHO TOBOPSI, AJTOPUTM, MPOTPAMMa M KOMIbIOTEp-
HBIH MPOLLECCOP — 3TO, B CYLIHOCTH, OJIHO U TO 2Ke. DTO MPOCTO pasHble CTal1H
peajusalMM ajropuTMa: Ha Oymare, B Nporpamme, B MaMsITH MalIMHbl HJIH
B 2kesie3e. M3 storo, kaszasnock 6bl, BMOJIHE HEBUHHOTO TIPUHIIUIA COOTBETCTBHS
MO2KHO JIe/aTh BbIBOJIbI OOJIbILION MPAKTHUECKON CHJIBI.

Cefiuac 51 monpo6yto 06bsICHUTD, TOYEMY HEKOTOPbIE BayKHbIe ONTHMH3ALH -
OHHBIE 3aJ1aU SIBJSIIOTCS JIMHEHHBIMU HaJl MOAXOJSALIMMH TTONYKOJIbIAMH. DTH
ONTHMH3AalLMOHHbIE 3a7aud (POPMYJIMPYIOTCS HA TaK HA3bIBAeMbIX B3BEIlIEHHbIX
HarpaBJ/ieHHbIX Tpadax. ¥ Hac ecTb TOUYkd M ayr. [lpu sTom y ayru ectb
HarpaBJ/ieHHe: OHAa WJIET W3 OJHOH TOUKH B JPYryl0. TepMHH «B3BellIEHHbIN»
03HayaeT, 4To Kax<Jo¥ Jyre MpUrucaH Bec; 0ObIYHO 3TO BelleCTBEHHOE UMCJIO.
OkasbiBaeTcsi, UTO €CJIM Y Hac eCTh KaKoe-HUOYIb UMCJIOBOE HIEMIOTEHTHOE
MOJIYKOJIbLIO, TO Mbl BCErJa CMOXKEM TMOCTPOUTb C MOMOLIbI0 Takoro rpada
matpully. Marpuua crpoutcest Tak: A = (a;;), rie a;; =0, eciu HeT ayr i — j,
a ecy 1yra [ — j €CTh, TO @;j — BeC Jyru i — j. $lcHO, uTO y HAC 1oJIyyaercs
B3aWMHO OJIHO3HAUYHOE COOTBETCTBHE MEXK/Ly B3BeLIEHHbIMHU rpaaMu U MaTpH-
IaMH HaJl UJIEMITOTEHTHBIM MOJYKOJBLOM, JHIb Obl OHO ObIO UMCIOBBIM.

JlaBaiiTe cHauasa paccMOTPUM 3ajady M3 JMHAMHUECKOTO MPOrpaMMHpPO-
BaHUsl. DTO HeKasi BepCcHsi 3a7lauid 0 KOMMHUBOsDKepe. ¥ Hac ecthb rpad. [Ipen-
MOJIOZKHM, UTO JyTM — 3TO KaKHe-TO MyTH B CeJbCKOH riyOuHke. Pasbeskaer
KOMMHBOSIZKEP, © OT KaxKJI0M TI0€3JIKH 10 MapuIpyTy U3 TOUKH [ B TOUKY j OH
10JIy4aeT KaKoi-To JIOXO/ @;j. DTO U €CThb Bec cooTBeTcTBYlowlel ayru. Kpome
TOr0, KOTJIa OH MOKUJAET 3Ty 00/1aCTh B TOUKE iy, TO TOJyYaeT TePMUHAbHbIN
npu3 f[i,, KOTOPbIH MOKET ObITb MOJOKUTEIbHBIM (OTKYIHbIE OT MECTHBIX KyI-
LIOB) WJH OTPHULIATEJIbHLIM (Hajior oT MecTHOH Maduu). OcHoBHas npobJema
COCTOMT B TOM, YTOObI MOJYUYHTh MaKCHMaJbHbIH JIOXOJ B pe3yJbTate 3TOro
nyTelecTBUs. JTO — TUMHUHAS 3a7aya JHHAMMUECKOrO MPOrpaMMHUpPOBaAHHS.

O6wwmit noxon M Bbipaxkaercst hopmyJioi

M= aiyiy + Qiiy -+ Qi + iy

C npyroil cTOpoHbl, ec/ii Mbl OyJeM CUHTATh, UTO Beca — 3TO 3JEMEHTbl aJl-
re6pol Max Plus, To M ecTb caejyioliiee BblpaKeHHe:

Aijiy O Aiyis ©...O a4, i, © ]c,‘n.

JlaBaiiTe cHauasa nocuMTaeM MakKCHMyM J0X0J1a, €CJIH CJIeJJaHO POBHO /1 1IAT0B,
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HauKHasi ¢ TOuKH i. JIerko pokaszatb, uto tTorna max M= (A" [); (i-s1 Koopan-
HaTa). Mbl y:ke BUIMM, UTO 3TO — JIMHEHHAsl 3aada. DTO NPSIMO CJeIyeT U3
3Toi hopMyJibl. A ec/ii Mbl HE XOTHM OIPaHMUMBATbL YHCJIO 1LIATOB, TO HY2KHO
CJIOXKHUTh HYJIEBYIO MOIBITKY, MOMBITKY, KOTJA OH NpoexaJj OJHH pa3 U Ha 3TOM
3aKOHUMJI, U T. . A 3T0 U OyIyT CyMMbl reomeTpuueckoil nporpeccuu. Cie-
JIOBaTeJIbHO, OKOHUATEbHBIH OTBET TaKoi: MakcumyM paBeH (A*f);. [Tostomy
MAKCUMyM — 3TO pelleHHe COOTBETCTBYIOLLEH CUCTEMbl JIMHEHHBIX YPABHEHUH
Haj anre6por Max Plus.

MHorue npyrue onTuMH3alMoHHble 3a7aud Ha rpadax (Hanpumep, 3ajaaua
0 MUHHMMaJIbHOM TYTH W 3ajada o MyTH HauOoJblIel ILIMPHHbI) CBOASTCS K pe-
I1IEHHI0 MATPUUHBIX ypaBHeHHH BessiMana Hal MOAXOAAIIMMH UIE€MITOTEHTHBIMH
noJykoJibiamu. [loapo6Hoctu cm., Hanpumep, B [1], [6], [8], [9], [18].

Kparkuii 0630p H1eMIOTEeHTHOl/TPONHUECKONH MAaTEeMAaTHKU B LIEJIOM H JIO-
MOJIHUTENLHYI0 OUGaHorpaduio MOXKHO HalTH, Hanpumep, B [7]. CoBpemMeHHOe
COCTOSIHHE TTpe/MeTa XOPOLIO MPeACTaBAeHO B cTaThsix U3 cOopHuka [10].
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M. B. Punkeabrbepr

KOMNAKTU®PUKALUUSA YJIEHBEK U A®®UHHDBIE AJITEBPbLI JIU
(no pa6ore A. bpaBepmana u J1. laiiuropmu)

Camo npocTtpaHcTBO MojyJiedl (G-pacc/ioeHUH U ero KOMIaKTH(HUKaLWs
BO3HUKJ/M M3 MaTeMaTHUeCKOH (DU3HKH, TO3TOMY sl OUeHb KPaTKO HATOMHIO,
OTKYy/la OHM BO3HHUKJIH, HO B JlaJIbHEMIlIeM 3TO HUKAK HUCI0Jb30BaThCsl He OyjieT.
Y Hac ecTh ueTelpexMepHoe TpocTpaHcTBo R*, a Takske KomnakTHas rpynna
JIn K; moutu Bce Bpemsi y Hac Oyner K = SU(n). M3yuaercsi K -cBsizHocTb A
B K -paccaoenun. Ilns K = SU(n) 310 6yaer n1pocTo 3pMHUTOBA CBSI3HOCTD B 11—
MEPHOM KOMITJIEKCHOM PACCJIOEHUH C YHHTAPHOH CTPYKTYPHOH TPyNIoi. ¥ 3ToH
CBSIBHOCTH A eCTb KpuBH3HA F 4, KoTopas siBjsietcsi 2-hopMoii ¢ KoshdHuiMeH-
Tamu B anrebpe JIu su(n) KocoapMUTOBBIX MaTpHil. YpaBHeHue SfInra—Muiiica
(Yang—M:ills) Ha 3Ty CBSI3HOCTb TJIACHT, UTO KPHUBH3HA AHTHABTOJyaJbHa:

Fj=—x[,; oneparop * — 310 «3Be3ji0uka» Xomka. Kpome Toro, Tpebyercs,
KaK rOBOPST, KOHe4HOCHb dHepaull, T. €. TpeOyeTcsl, UToObl HHTerpaJl S |Fal?
R4

Obl1 KoHeueH. B Takom ciiyuae u3BecTHO, uTO STOT MHTErpaJl NPHHHMAeT JHC-
KpeTHOe MHOXKECTBO 3HAUeHHi, a HMEHHO, ) S |F4|? =k €N. 310 uncno k
R4
Ha3bIBAIOT UHCMAHMOHHbIM YUCAOM WK MONOAO2UYECKUM 3aPA0OM, A ellle
MO2KHO CKa3aTb, UTO 3T0 — 8mopotl Kiacc Yeprna. HyxKHO TosbKO cKasath,
BTOpOii Kiace Uepua uero umenno. [Tpoctpanctso R? Biaoxeno B chepy S?.
Haue paccsioenre MOXKHO TMPOJO/IKUTL B OECKOHEUHO YyIaJeHHYI0 TOUKY. A
ec/M ecTh paccaoenue Ha S* To y Hero ecThb ToOMoJIOrMUeCKHII HHBAPHAHT —
BTOpOiil Knace Yepna. 1o snement rpynnel H*(S*; Z) = 7Z, 1. e. nenoe uncio.
CBsI3HOCTEN 0YeHb MHOTO (TaK »Ke, Kak (OYHKIHH Ha YeTbIpeXMEPHOM MPO-
CTPaHCTBe cO 3HaueHussMH B asreOpe JIu). Pellenuit ypaBHeHusi aHTHABTOYy -
aJbHOCTH TOXKE MHOTO, HO 3aTO HA HUX JIEHCTBYET OueHb Oo0Jiblliasi Tpyria
KaJIMOPOBOUHBIX Mpeobpa3oBatuil (PyHKUMHA CO 3HAUEHHSIMU B TPYIIe, KO-
Topble comnpsiraloT cBsidHocTH). CylleCTBEHHO pasJiMuHble pelleHre — 3TO Te,
KOTOpbIe He MePeBOJIITCS JIPYT B JPyra HUKAKOH 3aMeHOH KaJuOPOBKH. DTO —
npocTpancTso MoayJei pewennii {YM}*/C®(R*, K). 1o yxe nonyuaercs
KOHEUHOMepHOe MHOrooOpasue, KoTopoe JitoOsIT M3yuaTb B UeTbpeXMepHOH
Tonosiorun. Ero 4acto HasbBalOT MHO2006pasuem uHcmanmonos Ha R*.
Tyt BaxKHO, UTO Mbl (PUKCHPOBAJIH TOMOJOTHUECKHUH 3apsi R = Co.
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Jlonanbacon (S. Donaldson) u3yuas HHCTAHTOHbI HA 4-MepHbIX MHOTO-
o6pazusix. OH naxe (QUIICOBCKYIO MPEMHIO MOJYUHJ 32 M3yUeHHE ITHX MPO-
CTPAHCTB MOJyJell. A KpoMe TOro, OH OTKPbLI, UTO 3TO CBSI3aHO C ajreGpau-
UeCcKoi reoMeTpueil cieaytonuM o6pasoM. [y1aBHoe ero HabJOE€HHE COCTOUT
B ToM, uto R* = C2. TTosToMy Bce 2-opMbl HMEIOT KOMILIEKCHDIII THIT: CKOJIb-
KO TaM dz W CKOJIbKO dZ. B uacTHOCTH, KpUBH3HA pasjiaraercsi B CJeylo-

uyio cymmy: Fy = FO 24 F1 Ly F2 O Torna ypaBHEHHE aHTUABTO/yaJbHOCTH
nepenuchiBaeTest oueHb MPoCTo. OHO 9KBUBAJIEHTHO TOMY, UTO FO2 FQO
=0w Fl "Aw=0, e w=dzy NdZz| +dzo NdZy — cTannapTHasi K3JepoBa
dopma na C?. Urak, ypasnenne Slnra—MuJica MOXKHO Tepenucath B Ta-
KOH KomIieKcHOH dopme. UTo 370 03Hauaer? Camy CBSIBHOCTb TOXKe MOXKHO
paznoxuth: A =A% + A0 Komnonenty A%! MoxxHO BocnipunumaTh Kak ore-
patop 0 mubdepenuposanns o Z. Ha HalleM paccJOeHHH MOXKHO BBECTH
roJIoMOp(HYI0 CTPYKTYpPY, 00BSBUB FOJOMOP(HHBIMU T€ CeueHHsl, KOTopble 3a-
HYJISIIOTCSl 9TUM orepatopoM. Toraa ypaBHeHHsI FAO’2 = Fﬁ’o =0 OynyT ycsoBu-
SIMM HHTErPUPYEMOCTH: JIOKaJIbHAsl KOMIJIEKCHAS CTPYKTYpa HHTErpPUPYeTCsl 110
HacTosIed KOMIJIEKCHOH CTPYKTYpbl. TeM caMbIM Ha HallleM paccJ/JOeHHH BO3-
HUKaeT rosioMopdHas cTpykrypa. loctikenne JloHanbacoHa coCTosIIO B TOM,
yTo €CJH/I BBITMOJIHEHO YCJIOBHE F1 PAw=0, T0 MOXKHO 01HO3HAYHO BOCCTAHO-
BUTb F ! KoTopoe GyieT yI0BAETBOPSATL 5TOMY yei0BHIO. TeM cambiM, Gosblie
HUYEro Tp€6OBaTb He Hajo.

Teopewma | (IonanbicoH). Hmeemcs buexkyus mexndy pewiernuamnu
ypasuernus Slnea—Muarca u pasauuroimu 20L0MOPHHOIMU CMPYKMYpa-
MU 8 HQWeM PACCAOCHUU.

Takum o6pasowm,

Inst? = {G-paccioenus Ha Cc?y:

3nech G — KoMIIeKcHasi rpynna JIn ¢ MakcuMaJsbHOH KOMMAKTHOH MOArpym-
noit K; Hanpumep, B jganHom cjydae, korna K =SU(n), 310 Oyner rpymmna
G =SL(n). Ilpocro, Korja peub WAET O TOJOMOPGHBIX PACCAOEHHUSIX, TJIOXO
ropoputh 0 SU(11)-rosloMopHBIX paccJoeHHsiX, Jiyullle TOBOPUTh O /71-MePHbIX
BEKTOPHBIX pacc/ioentsix. O BeKTOPHBIX paccoennsx Ha C? Toxe M10Xo roBo-
puthb. [IpaBusibHee roBOPUTL O PacCOEHHsX HA KAKOM-TO KOMMAKTHOM IpO-
cTpaHcTBe, Hampumep, Ha P2, HO ¢ (DMKCHPOBAHHON TpUBHMAJHM3ALMeEl BIOJb
Geckoneunoil npsimoit PL C P?. Jlns pacc/ioeHHsi Ha KOMNAKTHOM TPOCTpaH-
CTBE y2Ke MM€eET CMbICJI TOBOPHUTb PO BTOPOIi kKiace UepHa co. Torosornueckoe
ycJioBHe ¢9 =k ocTraetcs.

3HauuT, TPOCTPAHCTBO MOJLYJI€H HHCTAHTOHOB — 3TO TO XK€ CaMoe, UTo Mpo-
CTPAHCTBO HEKOTOPBIX TOJOMOPMHBIX, HJIH aareGpo-reoMeTpHIeCKUX, TaHHbIX.
A MIMEHHO, 11-MepHBIX BEKTOPHBIX pacc/oenuil Ha P? ¢ TpuBHan3almeil BAOIb
NPSIMOH.
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®usuky MO6AT HHTErPUPOBATH MO MPOCTPAHCTBY MOJYJell HHCTAHTOHOB,
a OHO OueHb HEKOMIAKTHO (ceruac Mbl YBUIUM, JI0 KAKOH CTENeHH OHO HEKOM-
naktHo). [TosTomy mosiesHo uMeTh Kakyto-HHOyab KoMnakTHdukauuio. Kapen
Ynen6ek (K. Uhlenbeck) oTkphbiia, uTo B HEKOTOPOM NPOCTpaHCTBE 060011eH-
HBIX CBSI3HOCTEH (T. €. B MPOCTPAHCTBE HEKOTOPBIX pacrnpeieseHnil) nocaeno-

BATEJbHOCTb CBSI3HOCTEN A; MpH i — 00 MOXKET CXOAUThCs K A+ Y 1m0y,
x€ERY
rae my, € N. To ecTb y CBSI3HOCTH MOI'YT BO3HHUKATh Jle/IbTa00pasHble 0CoOeH-

HocTH. Hy»KHO cKazaTh, UTO y 3TOH CBSI3BHOCTH MaJlaeT TOMOJOMMUECKUH 3apsil.
A umento, ecau co(A;) =k, 10 co(A)=k —>_ m,. D10 03HAUAET, YUTO MONKHO
CHAOIUTh TOMOJIOTHEH HeCcBsI3HOe 00beluHeHHe

LJ Inst” x Sym*="(®?).
b<k

MHCTaHTOHBI MMEIOT aJre6po-reoMeTpHuecKyto HHTeprpeTaluio, Mo3To-
My €CTECTBEHHO MOMbITATbCS HAWTH aare6po-reoMeTPHUECKYI0 HHTEPIPeTaluio
9TOH KOMMAKTU(PHUKALMU. DTHM Mbl U OyJleM 3aHUMAaThCs: TIOTbITaeMcs ared-
pauuecKku OrnpeaesuTh

Uhl® 5 Inst® = Bun% (A?).

[pynna G y Hac noka uto SL.(n), a BooGlile 3T0 MOXKeT ObITh JitoGast MOJYNPO-
cTast rpymnma.

Tyt Ha camom nesie Toxke oTsMunIICcs JJoHAIBACOH, KOTOPBII 3aMeTHJI CJle-
nytoiee. Ectb crapasi koHerpykiwst Atbu—/Ipundenbia—XurunHa—Manu-
Ha, KOTOpPble HAyYHJIUCh CTPOUTh pacCJOeHUs Ha 4-MepHOil chepe B TepMHUHAX
JIAaHHbIX JHHeHHOoH asreOpbl. [ToToMm ee GoJiee KpacuBo mepenucanun bapr,
Befinuncon u npyrue. Onucanue BU“%L(n) (A?) B TepMHHAX JIHHEIHOH a/Te6phl
ceyiollee (3/1eCb BaxKHO, UTo rpynna umenHo SL.(n)). ¥ Hac ecTh npocTpaH-

ctBo V =C", ectb npoctpanctBo W = C%, nelCcTBYIOT JIMHENHbIE OMEPaTOPhI
i i By,By
V—-W,W—-VuW-——W. CHauana Mbl paccMaTpuBaeMm MpoCTPaHCTBO

ueTBepok (B, By, i, j). T0 — JIHUHENHHOE NPOCTPAHCTBO
E=Hom(V, W)®Hom(W, V)®End(W)®End(W),

Ha KOTOPOM eCTh CaMOJIBOMCTBEHHOCTD, ToToMYy uTo npoctpancTsa Hom(V, W)
1 Hom(W, V') nBoiictBennbl, a sunomopduambel End(W) npoiicTBeHHbI camu
cebe. ¥ Hac MOJMYUMJIOCh HeKoe JIMHEHHOe MPOCTPAHCTBO MJIIOC IBOHCTBEHHOE,
MO3TOMY TaM MOKHO BBECTH KAHOHMUECKYIO CHMIJIEKTHUECKYI0 (GOopMy w.
Kpome Ttoro, na W jefictByer 3amenamu koopjauuat rpynna GL(W); ona
conpsiraetr B u Bo, U yMHOXKaeT [ cripaBa Ha cebsi, a j cjeBa HAa 0OpaTHBIN.
IT0 JeficTBHE COXpaHseT CHMIIEKTHUecKylo ¢opmy w. B srtoil cutyaumn
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MO2KHO MPOBECTH FAaMHJILTOHOBY PEAYKIHIO. DTO KaK pa3 To, UTO HYKHO CJie-
nath. MertaytBepkienue Takoe: «Bun?(A?) ecThb raMuLTOHOBA penyKims £
otHocutenbHo GL(W)». OkasbiBaercs, UTo B 3aBUCUMOCTH OT TOr0, KakoH
NpUIaBaTh 3TOMY CMbICJ, MOJYYHTCS JIMOO TPOCTPAHCTBO HHCTAHTOHOB, JIHOO
MPOCTPAHCTBO YJieHOEK.

CMBbIC/T 5TOMY HYKHO NpHJABaTh CJeIyloluM o0pa3om. Bo-nepBbix, ecTh
oroGpaxkenue MmomeHToB p: £ — gl(W') (oToOpakeHre MOMEHTOB OTOOpaXKa-
et £ B sBoiicTBeHHY10 anre6Gpy Jlu, Ho anre6Gpa JIu gl camoaBoiicTBeHHa). 1o
otoOpaxkeHue 3ajaercs popmydoit (B, Bo, i, j)+— [By, Bo] +ij. Korna nena-
0T FAMUJILTOHOBY PEJyKLIHMIO, B IEPBYIO OUepe/ib HY»KHO B35ITh HYJIEBOH YPOBEHb
oToOpaykeHusi MOMeHTOB: 11~ (0) C E. Mbl HaJIOXKHJIM Ha 9TH UETBEPKH YCJIOBHE
[B1, Bo]+ij=0. lanbiie Hy:xkHO npodaKToOpu3oBaTh Mo AEHCTBHIO TPYMIbI
GL(W). Ho kak mpoakropusoBath? YTBEpKAAETCS, UTO TaM €CTb 0COOEHHO
XOpOolIHe YeTBEPKH, Ha KOTOpble Tenepb HaJl0KeHO YCJOBHE He 3aMKHYTOE,
a OTKpbITOoe (HeKoTopoe ycJjoBHe obiHocTH). Ha 3ToM MHOXKecTBe Tpymma
GL(W) neficrByer cBOOOJHO, U (PaKTOPU30BATh TaM — OJIHO YJIOBOJIbCTBHE.
A vMeHHO, ecTb yCJIOBHE CTaOMJILHOCTH M YCJIOBHE KOCTAOUJIBHOCTH. YCJIOBHE
CcTabUJIBLHOCTH 3aKJI0uaeTcst B caeytollieM: uersepka (B, Bo, i, j) ctabuibha,
ecsii, Tpy6o roBopsi, o6pa3 i Bce MOPOXKAAeT. A HayuHO BbIPaXKasiCh, €CJH
noanpoctpanctso W' C W takoso, uro i(V)C W' u BiW Cc W > ByW’, to
W’ =W. YenoBue koctabusibHocTH aBoicTBenHo. Uersepka (By, By, i, j) Ko-
cTabuJ/IbHA, €CJIH BBIMOJIHSETCS CJIeIyIollee YCJAOBHE: €C/IH MOMPOCTPAHCTBO
W’ Ker j takoBo, uro i(V)C W' u BiW' Cc W D> BoW’ 1o W =0.

Mwmeer mecTo cJejyiolliee yTBeprKieHHE, KOTOPOE BOCXOJHT, BEPOSITHO,
K Atbe—Xutunny—Jpundenbiy—Manuny (a B Takoll Gopme OHO HamucaHo,
Hanpumep, B kuure [loHasnbacona u Kpouxaitmepa).

1. HetictBue rpynnbl GL(W) Ha MHOXKecTBe cTaGH/IbHBIX U KOCTAOUIBLHbIX
YeTBEPOK CBOOOJIHO, U (DAKTOP MO ITOMY JEHCTBUIO — MPOCTPAHCTBO MOJLyJIeM
Bun§y ) (A%).

2. JloHaNbJCOH 3aMeTHJI, UTO eC/JM BCeX 3THX OrpaHHUeHUH He HakJja-
JIbIBaTh, a MPOCTO B3ATh M HAaUBHO MPO(aKTOPH30BaTh (B3SITb KaTErOPHbIH
(hakTOp — CMEeKTP HMHBAPUAHTHBIX (PYHKLMH), TO MOJYyYHTCs ajreOpanyeckoe
MHOroo6pasue, KOTOpOe UMEET TaKylo »Ke CTpaTH(HUKAIMIO, KAK U MPOCTPaH-
CTBO YieHOeK:

p10) /GL(W) = UhI¢; ) (%) =|_| Bun” x Sym®~"(A%).
b<a

JlapaiiTe 51 Temepb HaMUILY, KaK M0 JJAHHbIM JIMHEHHOH ajrebpbl CTPOUTCS
paccnoenue. lauuwivm (B, Bo, i, ) conocrapsieTcss MoHada

f
HY (W @ Opa(—1)) S (W W& V)@ Op — W @ Op(1),
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rie
e=(z0B1 —z1, 20Ba — 22, 20/), [=(—20B2+ 22, 20B| — 21, 20i),

(20, 21, 22) — OJIHOPOJIHbIE KOOPJIMHATHI Ha P2, a zp =0 — ypaBHeHue GecKo-
Heunofi nipsiMoii PL_. Ha 6eckoneunofi npsiMoii, e 2o = 0, HHUero He npouc-
XOmUT 1 octaercsl ToabKO V & Opz. Tak M J0/KHO ObITh: TaM JI0JKHA ObITh
TPUBHAIU3ALHUS.

[lepBbiii usieH MMeeT KOrOMOJIOTHUECKYIO CTereHb —2, CpPeIHMH uJeH —
KOrOMOJIOTHUeCKylo cTernedb — |, nocsennuii — crenenb 0. YTBepKaaetces, uto
KoOrJla ueTBepka ctabusibHa U KocTabUJIbHA, He GYJIeT HH KOTOMOJIOTHH B TEPBOM
ujieHe (s1Jipa), HU KOTOMOJIOTHH B MOCJIe/IHeM uJjieHe (Kosijipa), a OyayT TOJbKO
KOTOMOJIOTHH B CPEJIHEM UJIEHE, H 3TO M €CTh TO CaMOe BEKTOPHOE pPacCJ/I0eHHe.
ITa KOHCTPYKIHMS BOCXOMUT K ATbe—Xutunny—JIpundensbiy—Manuny.

[IpocTpancTBo MomyJell pacciaoeHuii napameTpusdyer pacciaoenusi (bun-
dles). A mpocTpaHCTBOM MOJyJsiell Uero siBjsieTcst Uhl%L(n)(Az)? JpuHdenb
HeJlaBHO co0GpasuJ, UTo OHO SIBJISIETCS MPOCTpaHcTBOM MojyJel gundles (roc-
CJI0OeHWH) (Ha3BaHWe B UeCTb TOTO, UTO THM 3aHUMaJiMch [MH3Oypr, YieHoOek,
Haxkamxkuma, Jpundenba, ...). Uro takoe gundle? DTo TO, U4TO MOJYyUUT-
Csl, ecJId TMOJICTaBUTh MPou3BoJbHble (B, Bo, i, j). Torna BO3HUKHYT apyrue
KOTOMOJIOTHH, MOJYUYUTCSl KOMIJIeKe. Ho 3TOT Kommjieke nosyuuTesi He npous-
BOJIbHBIH, @ TO, UTO Ha3bIBAETCS U3BPAUYeHHbLIL nYyHOK. JIJsT TIPOM3BOJIBHBIX
(B1, B, i, j) € p~'(0) Monana — usBpauennblii nyyok JF, JOKaJbHO CBOGO/I-
Hbll B KopasmepHocTH . Panbuie 6bl1o paccjioeHue, oHO BOOOLLE BCIOLY
JIOKaJIbHO CBOGOJIHO. A Terepb 0COGEHHOCTH JIOMYCKAIOTCS TOJBKO B TOUKAX;
Ha KPHUBbIX He MOXKeT ObITb 0COOeHHOCTeH. A B TOUKAax 0COOEHHOCTH MOTYT
6bITh, HO KakHe? Ecain ecTh Kakas-To Touka X € A%, To B Hell MOXKHO 6paThb
CXeMHO-TeopeTHueckuil caoit i*(F). B oOuieit Touke oH crtenenn —1. A B
Jo60it Touke i* (F) € DSV(Vect), 1. e. cTernenb J10/KHa ObITh He Bhitie HyJst. To
e camoe BepHo Juis jBoiicTBenHoro o Ceppy nyuka: i*(DF) € DSY(Vect).
OO6BIUHO POBHO TaK OMPENENSIOTCS W3BPAlleHHblE MYUYKH B KOHCTPYKTHBHOM
TEOPUH, HO TO 2Ke CaMoe MOXKHO CKasaTb M B KorepeHTHOH Teopuu. Kpome
TOTO, TY4OK MO-TIPeXXHEMY TPHUBHAJIN30BaH Ha GECKOHEUHOH MpsiMoil. 3HAUMT,
ecain Mbl Bo3bMeM i~ (0) 1 npodakTopuayem 1o aeiictsuio rpynnel GL(W ), To
5T0 GYJIET TO, UTO Ha3bIBAETCS C/meK MOJyJel H3BpallleHHbIX MyYKOB (TaKHX,
KaK CKasaHO Bbllle), TPHBHANN30BAHHLIX HAa PL. u s koTopwix co(F) = a.

Ho Ha camom jesie 3TO ellle HEMHOXKKO CJIMIIKOM TOHKO. A HMEHHO, OHO
MO-TIPEKHEMY TOJILKO O0TOGpaXKaeTcst B MPOCTPAHCTBO YieHOEK:

—1
) o
L — UL,
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Puc. 1. Ilepecrpoiika

To ecTb Hy)KHO JOTOJNHUTENBHO (AKTOPH30BATh MO HEKOTOPOMY OTHOLLIEHHIO
sKkBMBaJieHTHOCTH. Gundle — 3T0 1a)ke He MPOCTO MyUOK, a HEKOTOPBIH KJjacc
9KBHBaJIeHTHOCTH. M 3TO fonoJiHuTeIbHOE OTHOLLIEHHE SKBUBAJEHTHOCTH CJle-
nytoutee. Iga nyuka F; v Fo 3KBHUBAJICHTHbI, €CJM €CThb TPeTHH Myuyok F,
KOTOpPBII oTOoOpaxkaercs B o0a Myuka Tak, 4TO OH MOUTH UM 0OOHUM paBeH, HO
MOCKOJIbKY 3TO BCe-TaKH KOMIIJIEKChl, TO TaM €CTb TaKasl Mepa HepaBeHCTBa,
KaK KoHyc (B romoJiornueckoil ajnreope). Tak BOT, KOHyC cOCpelOTOUEH Ha
KOHEUHOM MHOKeCTBe (HMeeT KOHEUHbIl HOCHTeJb). A Toria y Hero orpejesien

UUKA B CHMMeTqueCKOﬁ CTeIIeHH AQ. IDTH JiBa LIMKJIa JTOJI2KHBI COBITIaJ1aThb, T. €.

! I
]—"—l—>]:1, ]—"—2—>]:Q 1 [Cone [i]=[Cone [o]. Takoii knacc KBUBaJ€HTHOCTH

1 ectb gundle.
—1
p—0)

3abaBHo, uTO GLW) — NPOCTO CTeK, 3TO He asreOpanueckoe MHOT006-
pasue. Ho ecau uyth npodakropuzoBath Mo JAONOJHUTEJILHOMY OTHOLLIEHHIO
9KBHUBAJIEHTHOCTH, TO MOJIYUUTCS y2Ke 3amMeuaresibHoe ajrefpanuyeckoe MHOMO-
obGpasue.

[Ts0x0o TO, uTO BCe 3TO NEHCTBYeT TOJILKO st rpynmbl SL(n), T.e. s
BEKTOPHBIX paccoennil. Ecyn 661 Hac unrepecoBanu SO(n)-paccioeHus ui,
TeM 6oJiee, Eg-paccyoeHus, TO COBEPILIEHHO HEMOHATHO ObLIO Obl, UTO JeJ1aTh.

Tenepb BOIMPOC B TOM, KaK OINpeNeJIUTb aHaJOrMHYHYIO KOMHaKTHCbHKauH}O

Bunf C Uhlf =| | Bung x Sym*~"(A%)
b<a

JUIs TIPOU3BOJIbHOM rnogtynipoctoit rpynnsl JIu G Hap C. g storo cHavasa
NMPOU3BEIeM HEKOTOPYIO mepecTpoiiky. Y Hac 6blio P2, B HeM Gblia Gecko-
Heunas npamas PL . BuiGepem emte nse npsmbie C u X (puc. 1). IIse Touku
nepeceuenus npsmoii PL ¢ npambivu C u X MoxHO pasiyTh. Brielotes ase
npsiMble, HO 3aTo npamyio PL. mMosxno Gyaer cayth. [Tosyuntest mponsseienme
C x X. EcJii, kak paHblile, ObLIO BEKTOPHOE paCCJOeHHe, TPUBUAJIM30BAHHOE
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Puc. 2. Beprukanbhbie npsiMble

BJ0JIb MPSIMON IP’})O, TO €ro MOXKHO TOMHATb B pasdayTHe Blo oo, @ MOTOM

cnyetuth B C X X, MOTOMY U4TO OHO TPUBHAJIM30BAHO BJIOJIb MPSIMOH, KOTOPYIO
Mbl ciyBaeM. Ho mMocKoJibKy Mbl pasjiy/id JiBe TOUKH, B KOTOPbIX OHO ObLI0
TPUBHUAJIHM30BAHO, OHO CTaHET TPUBHAJIM30BAHHBIM Bl0Jb {C X oo} U {co x X}.
Tem cambiM, MMeeTcsl SKBHBAJIEHTHOCTb MeXKJy BEKTOPHBIMH PacC/JOeHUsIMHU
Ha P2, TpuBMANN30BaHHLIMK BIOJAL PL . M BEKTOPHBIMH paccioeHHsIMH Ha
kBajprke C X X, TpUBHAIM30BaHHBIMH BJI0JIb KpecTa {C X oo} U {oo x X}.

Ecau rtenepnb rpynna G npousBoJibHasi, TO uTo Takoe (-paccjoeHue?
Bo-nepBbix, 1Mo KaxKaoMy TpeNCcTaBJeHHI0 Hallel TIPYNbl MOXKHO TMOCTPO-
UTh ACCOLIMHPOBAHHOE BEKTOPHOE pacc/ioeHue. A ecsiv JBa MpeiCTaBJeHHUs
TEH30PHO MePEMHOKAIOTCsI, TO ACCOLMUPOBAHHbBIE PACCJIOEHHST TOXKE TEH30p-
Ho nepemHoxkatorcsl. Tak Bot, G-pacciioeHHe — 3TO POBHO TakWe JaHHbIe,
a UMEHHO, TeH30pHbIH (DYHKTOpP U3 (G-MOJyJieil B BEKTOPHbIE PACCJOEHHs Ha
MOBEPXHOCTH. EC/IM MBICJUTb TaK U MPOM3BECTH 3Ty OMEpalrio ¢ KaxKIbIM ac-
COLIMUPOBAHHBIM BEKTOPHBIM PacCJO0€HHEM, TO Mbl YBHINUM, UuT0 (G -paccyioeHne
na P?, tpusnanmsosannoe Baosb PL | 910 To e camoe, uto paccioenue Ha
kBajpuke C x X, TpuBHasnzoBanHoe B1osb C x coU oo x X. [Tostomy nasnblue
Mbl Oy/IeM MbICJIMTb B TEPMHUHAX PACCJAOEHHH Ha KBajJpHKe. DTO NPOCTO Jpyras
peanusauust Bung; (BTopoit knacc UepHa ocTaercst TeM ke).

Ha 310 Hyx)kHO cMmoTpeTh Tak. Hy»KHO TpoBecTH BepTHKaJbHbIE MpsiMble
(puc. 2). Ha noBepxHocTH y Hac ecTb (-paccjioeHde, HO €C/M ero orpaHd-
UMBaTh Ha npsimble ¢ X X, To GyJeT noJjyuathcst cemeidcTBo (G-pacc/oeHud Ha
NpsIMbIX, NTPHUEM Bce OHM OYAyT TPUBMAJIM30BaHbl B TOUKAX ¢ X 00. Eciu Mbl
OrpaHHuUMMCs Ha TIpsIMyI0 oo X X, To 3TO paccJjoeHue GyjleT TPUBHAJIH30BA-
HO mosiHocThio. Takum o6pasoM, orpaHMuMBasl paccjoeHne Ha BepTHKAJbHbIE
npsimble Buaa ¢ X X, nojyuaem otobpaxkeHue C — Bung(X). Ho uto Takoe
Bung (X), . e. Moy G-paccioenuit Ha X ?

HaBatite pazbepem npumep, korna G =SLo, T. €. Mbl TOBOPUM TPOCTO
npo JBymMepHble paccioenusi crernenn 0 Ha npoexktuBHoil mpsimo#t X. Takux
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paccisioennii 6biBaerT ouedb HemHoro. beiBaer O @ O, 6biBaer O(—1) & O(1),
O(-2)a0(2) u 1. 1. To ectb 310 Nosyuaercst Kak 661 HaGop Touek. Ho Ha
camMoM Jiesie 3TO ONsITh »Ke TO, UTO HasbiBaeTcsl crek. Ha camom nese, ectb
NOHsITHE ceMelicTBa paccjoenuil. KiaccoB n3omopguama Bcero AUCKpeTHOe
MHOXKeCTBO, HO ObIBAlOT ceMeHCTBa.

Taxk uto Bung(X) — 310 crek. A cTek — 3T0 hakrop ajre6Hpanyeckoro
MHOT000pa3usi Mo KaKOMy-TO OTHOLLIEHHIO SKBHBAJIEHTHOCTH. AJsireGpanueckoe
MHOrooGpasue 3jiecb — 310 aUHHBIN rpaccManuan Gy rpynibl G, CBsI3aHHbIH
¢ kpuBoit X. UToObl 00BSICHUTB, UTO TaKOe IrpacCMaHUaH, Hy»KHO, KaK BCeraa
3T0 ObIBAeT, BBECTH JOMOJHHUTEJbHYIO »KecTKocTh. [locse Toro kak »kect-
KOCTb BBeJIEHa, MoJyuaercsi MHoroo6pasue mojyJeii. [TotTom HyxHO mpod-
AKTOPHU30BaThb 10 OTOXKIECTBJEHUSIM C PasHbIMH 2KecTKocTsIMH. YKecTKOCTb
Takasi: paccjoeHHe ¢ TpUBMAJM3alMell B HeKOTOpoil Touke. Ho storo maio.
Ha camom nesie Hy»KHO TpHBHa/IM30BaTh HE MPOCTO B TOUKE, a B (hopMasbHOM
OKPECTHOCTH, T. €. TPUBHA/NM30BaTh BCce CTPyH. TakuM o6Gpasom, acdHHHBINA
rpaccmanuan rpynnel G — 310 MHOrooGpasue mopayneil nap (F, 7), rae F
ectb (-paccsioeHde Ha npsMod X, a 7 — dopmasibHasi TpUBHAJIU3ALMA B
Touke oo. PopmasbHas TpuUBMaNM3alMsl 3TO YyxKe MHoro Bcero. Jisi sto-
ro HY>KHO OTOKJECTBHTb OrpaHMUYeHHe Halllero paccjoeHHst Ha (opMasbHYIO
OKPECTHOCTb TOUKH C TPUBHMAJbHBIM paccioenueM. [Tostomy nosyuaercs Gec-
KOHeuHOoMepHoe MHoroo6pasue. Ecan Ha Hero cMoTpeTb Ha YpOBHE TOUEK,
TO, KaK BCeraa, Hy»KHO BBECTH Tapamerp f, KOTOPbIH B Hauaje KOOpIAHHAT
paBed 0, a B TOUKe 0o paBeH oo, HYKHO B3siTh rpynny nereab G((t~')) u
npoakropuzosatb ee no G[t¢] (nosvHomam ot f). Ha ypoBHe Touek — 370
Hai rpaccmannan Gy. Ha nem npojosmkaer nefictBoBath npoasrebpanyeckas
rpynna popmanbheix pagos G[[£7']] (3amennl Tpusnanusaimu GopmasbHOI
okpecTHOCTH). [pynna opmasbHBIX PsijloB — 3TO Xopoliee oOpazoBanue. OHo
XOTs1 1 GecKOHeYHOMepHoe, HO npoajnrebpanueckoe. Ecsn o Helt npodakro-
PH30BaTh, TO MOJYUMTCS KaK pa3 cTeK MojyJeil paccaoenuit: Gy /G[[17']] =
=Bung. Bce kak 06bluHO: MPOCTO paccjioeHue CKJIeUMBAaeTcsl B MPOKOJOTOH
OKPECTHOCTH TOUKM 00. [OBOpPHTCS, UTO BCSIKOE PACC/IO€HHE TPUBHAJNBLHO Ha
JIOTIOJIHEHUH, TPUBHAJIBHO B JMCKE, HO KaK-TO CKJEHUBAeTCs B MPOKOJOTOM
mucke. CkJefikM B npokojoToM aucke — 310 G((£7')). 3mech Mbl He HH-
Tepecyemcsi JIOTIOJIHEHHeM, Mo3ToMy npodakropusoann no G[t]. Ocraercs
JIefiCTBHE 3aMeH TpUBMAJU3aLMi B opmasbHOM jaucke. Eciy 1o Hemy ToxKe
npoakTopu30BaTh, TO MOJYYHTCS TPOCTPAHCTBO MOJLYJEH BCEX PacC/AOeHHI.
Tounee, He MpOCTPAHCTBO, a CTEK.

OHO oueHb MOXOXKe Ha MPOCTPAHCTBO haaroB. DTO — napaboJHUECKHH
BapHaHT TpOCTpaHcTBa uiaroB rpynnbl nereab. OHO, B 4aCTHOCTH, MMeET
kaetkn bBpioa; Bce xopouiee nmpo Hero BepHo. Tam ecThb OTKpbITasi KjeTka
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Bpioa, koTopasi oTBeuaer TpuBHMaAJbHLIM pacciaoeHusiM. OOllee paccioeHne
na P! tpuBuanbHO. TpaMOTHO HyKHO FOBOPHTL TaK. Ecii ecTh cemeilcTBO
pacc/oeHui, U B HEKOTOPOH TOUKE 3TOr0 CeMelCcTBa pPacC/oeHUe TPUBHUAJIb-
HO, TO B HEKOTOPOH OKPECTHOCTH B TOTMOJIOTHH 3apPHUCCKOTO OHO TOXKe OyJeT
TPUBHAILHO. B 3TOM cMbice obiiiee pacceaoenne Ha P! rpusnaibio. Ho mMoryt
ObITb TOUKH, B KOTOPbIX OHO BbIpoxKaaercst; Ha auBu3ope Tak: O(—1) @ O(1)
(B caiyuae SL(2)). A notom B KopagmepHocTH 3 oHo cranoBuTcst O(—2) & O(2).
3aTteM B KOpaaMepHOCTH O (pPa3MepHOCTH CKauyT uepe3 2) OHO CTaHOBMTCS
O(=3) @ O(3).

Cawmblii mpocToil cnoco6 3To NPEeACTaB/ISATL — NPUMEPHO TaK Ke, Kak Jijis
tha1aroB ¢ kjieTkaMu bproa. DTH Kjacchl paccJoeHnH Kak pas 3aiator pastu-
eHHe Ha KJIeTKH bproa, TouHee, uyTh GoJiee TpyGoe pasduenue. IDTo pasbue-
HHe TTapaMeTpHU3yeTCs IOMUHAHTHBIMH KoBecamu rpynmbl G. MubiMu ciioBamu,
JIBOUHBIM dakTopoM addunHol rpynnbl Belisis no Koneuno# rpynmne Beiis.

To, uto Ham npuroauTcst, — 310 TO, uTo U B Bung (X) u B Gy ecTb OTKPLIThIE
MOJIMHOXKEeCTBA (KaxK/10€ M3 3THX MOAMHOXKECTB — JOMOJHEHHEe K JAUBU30pY),
KOTOpble MapaMeTpu3yloT TpuBHaJbHbIe (G-paccioeHusi. Y Hac ecTb oTobpa-
»Kenue u3 C B 3TOT CTeK, HO B OECKOHEUHOCTH OH MonajaeT Kak pa3 B 3TOT
OTKPBITBIH KYCOK — I10 OMpPeJiesIeHHI0, TOTOMY UTO paccjoeHne TPUBHATU30BAHO
Ha GeCKOHEeUHOM KpecTe, B 4acTHOCTH, Ha oo X X. Ho 370 3Hauut, uto oHO
MOUTH BCIOJY TMOMajaeT B 3TOT KycoK. Mbl noJyyaem, 4To Hallle paccjoeHHe
B OrpaHUYeHHH Ha ¢ X X TPUBHAJbBHO JUIs MOuTH Beex ¢. Kpome Toro, cpasy no-
Jiyqaetcs (3To HaM ToxKe OyJieT MoJ1e3H0) HEKOTOpbIH AuBH30p HA C, a HMEHHO,
o6patHblil 06pa3 IMBH30pa HETPUBHAJbHBIX paccjaoeHui. [Tosyuaem nuBU30p
n(V), tne V — naie pacciioenne. 910 — 3heKTUBHBIN JTMBU30P HA KPUBOK.
OH unmeer creneHb a. Bropoii knacc YepHa pacc/ioeHusi nepenuchbiBaeTcst
takum crioco6om. [Tosyuaem n(V') € Sym®(C) — npoo6pas HeTpUBHAJIBLHOTO
nuBuzopa ¢ Bung (X). Ho Tenepb 3amerum elite, 4To ec/iv MOMEHATb MeCTaMH
X n C, TO noJyuuTcsl, 4To orpaHuueHre Haulero paccjaoenusi V Ha noutu Jio-
Oyl0 TOPU3OHTAJIBbHYIO MPSMYIO TOXKe TPUBHAJBbHO. ECTh HEKOTOPBIH TMBH30D,
B OrpaHHUEHUH Ha COOTBETCTBYIOLIME TOPU3OHTAJbHBIE TMPSIMble pacCJOeHHE
Oy1eT HeTPUBHAJBLHO, HO MOYTH BCerjaa oHO TpuBHaJbHO. CilenoBaTe/bHO, OHO
TPUBHAJIBHO HE TIPOCTO Ha BbIIEJIEHHOH MPSMOM, HO U B LIEJIOH €€ OKPECTHOCTH
no 3apucckomy. B uactHocTH, 0OHO TPUBHAJIBLHO H B (POPMAIbHON OKPECTHOCTH.
A pas pacciioeHne TpUBHAJBHO B pOPMaJIbHONH OKPECTHOCTH, TO Mbl MOJTYUYHJIH
MoJlbeM 0ToOpaXKeHUs

C —— Bun

|

Gx
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T. e. oto6paxkeHne C — Gy. To ecTb paccijioeHne He MPOCTO TPUBHAIU30BA-
HO Ha 3TOH MpsIMOM, HO ellle CHaOXKeHO TPUBMAJM3alMedl B ee popMasbHON
oKpecTHOCTH. Mbl moJtyunsin otobpaxkenne C — Gy, He IPOCTO B CTeK MOJIy el
paccJ/ioeHuH, a B €ro MoKpbITHe, B TpacCMaHUaHn. DTo oToOpakeHue oOJajgaer
TeM CBOHCTBOM, UTO B GecKoHeuHOH Touke C OHO MOMajaer B OTMEUEHHYIO
TOUKY TpaccMaHHaHa. A UMEHHO, TaM paccjioeHHe TPUBHaJIbHOE U ellle cHab-
JKEHO MOCTOSIHHOW TpuBMasnuzauuei. [lonyuaem 6asupoBaHHOe 0TOOparkKeHHe
(C, 00) = (9x., 2.

Hy»KHo ellle BCTOMHUTD, UTO 3a yCJIOBME HMeeTCsl Ha BTOpol Kjaacc YepHa.
Ono nepenucbiBaetcs cienytoimm obpazom. Orodparxenue (C, oo) — (Gy, 9)
UMeeT CTereHb @. DTO 03HAUAEeT cJleflylolilee. Y HAC eCTb MPOEKTUBHAS MpsiMast
(T. e. cdhepa), KoTopasi nornajaer B rpaccMaHuaH. Y Hee ecTb (yHJIAMeHTasb-
HbIH LMK/, a Yy TpaccMaHHaHa ecTb BTopble romoJioruu Ho(Gy, Z) =7 (y rpac-
CMaHWaHa ecTb eJIMHCTBeHHas KjaeTka bpioa kopasmepHocTtu 1). ¥ HUX ecTb
KaHoHHueckasi o6pasytoias. JlomkHo BbinosHATbes yeaoBue [C] =a (dhyHna-
MeHTaJIbHBII KJacc Halllel KpUBOH paBeH a). Elile MoxkHO ckasath Tak. O6pa-
3ylolas BTOPLIX KoromoJioruii H?(Gy, Z) — 310 ¢ (L), e £ — 1eTepMUHAHT-
HOe pacc/ioeHHe Ha rpaccMaHuane. JlerepMuHaHTHOE paccyioeHHe HMeeT MHOTO
pasHbIx onpenenenuii. B yvactnocru, £ = O(Div), rne Div— nuBusop Hetpusu-
aJibHbIX paccyioenuil. [ToaToMy He yMBUTENBHO, UTO KOTa Mbl OpaJid npooOpas
JIMBU30pA HETPUBHAJIbHBIX PACCJOCHHH, OH UMeJI CTelleHb @ HA Hallleid KPUBOH.
DTO M 03HAUAET, UTO B ITOM CMbICJI€ CTeNeHb 0TOOpaAXKEHHUsT paBHa a.

Kopoue roBopsi, 13 Bcero 3Toro cieayer Takoe sabaBHoe yTBep:KIeHHE.

Yreepxaenue 1. [Ipocmpancmso paccioenud Bung (A?) — amo
mo oce camoe, umo npocmparcmso omodpascenuii Map®(C, oo; Gy, g)
(basuposarHble 0MOOPANCEHU CMeneHU A 8 ePpaCcCMAHUA).

10 N0BOJBLHO 3a0aBHO, MoToMy uto Bunf (A%) — 310 HekoTOopoe Komeu-
HOMEepHOe MHOroo0Opasue, a rpacCMaHuaH caM 1o cebe 4yJ0BHLIHO GOJBLIOH.
Ho npoctpaHcTBo 6a3upoBaHHbIX 0TOOPAXKEHUI JAHHOK CTEreHH OMsTh MoJIy-
yaeTcsi KOHEYHOMEPHBIM.

ATO MO3BOJISIET JIETKO ONPeNesUTh KoMnakTHgukaiuio. Uto Takoe oTo6-
paxkeHHe M3 KpuBOH B rpaccManuan? Cam mno cefe rpaccMaHuaH XOTsl U
6eCKOHEUHOMEPHBIH, HO POEKTUBHOE MHOro0Opa3ue. A UMEeHHO, Ha HEM eCTb
o0uJIbHOE pacc/oeHue (1eTepMUHaHTHOe). Ero ceueHnsi U3BeCTHbL:

D(gy, £) = Ve,

— 3TO TO, 4TO HasblBaeTcss OasvcHoe (hyHIAMeHTaJbHOE MpeJicTaBeHHe
cooTBeTCTBYOMIEeH adpdunHoi anre6pbl JIu (anrebpbl nerenb) §. OHO Toxe
OGeckoHeuHoMepHoe. Tem caMbiM noJiydaercst 0OblUHOE POEKTUBHOE BJIOYKEHHE
Gy CP(V}); rpaccManuan BKJIAJIbIBAETCS B IPOCKTHBU3ALNIO ABOHCTBEHHOTO
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npoctpancrBa. Ms-3a Ttoro, uto mpocTpaHcTBO OblI0 OGECKOHEUHOMEpPHOE,
JIBOHCTBEHHOE MPOCTPAHCTBO — IMPOKOHEUHOMEPHOE BEKTOPHOE MPOCTPAHCTBO,
TonoJiornueckoe. Tam rpaccmMaHuaH 3ajaaercsl KAKUMU-TO ypaBHEHHSIMH. ITO
TO, UTO HasblBaeTcsl ypasrerus [1aokkepa. B npaBuibHbIX KOOpAMHATAX JIIS]
SLy 3TH ypaBHeHUs MepenuchiBalOTCs KaK HeJuHelHble auddepeHMaibHble
ypaBHenusi Kagomuera—IlerBuaiiBuiu. 10 HeBaxKHO. [J1aBHOE, UTO KAKUMH-
TO ypaBHEHUSIMH TpacCMaHUaH 3JeCh 3alaeTcsi, XOTsl U 3ITUX YypaBHEHWH
B 6€CKOHEYHOMEPHOM MPOCTPAHCTBE OecKOHeuHoe yuc/a0. Mbl TOJBKO 3THM
1 OyzieM MoJIb30BaThCS.

UTto Takoe oToOpaXkeHue U3 KPUBOH B TaKOe X035UCTBO? DTO 0O3HAUAET, UTO
B Ka)XKJI0l1 TOUKE KPUBOW 3ajaHa HekoTopast mpsivast u3 VJ , kotopast Geraer
BMeCTe C TOUKOH KPHBOMH, HO BCe BPeMsl OCTAEeTCsl BHYTPH TpaccMaHuaHa, T. e.
ya0BJeTBOPsieT ypaBHeHusim [lniokkepa. MubiMu cjoBamu, 3ajaHo JiMHEHHOe
MnojipacciioeHle B TPUBHAJIBLHOM paccyioenuit co cioem V7. Takum oGpasowm,
MPOCTPAHCTBO OTOOpaxkeHHH Maps® — 3T0 MPOCTPaHCTBO JIMHEHHBIX MOpaC-
cioennit LC Vi @ O¢ ¢ notoueutbiMd yesaousiMi [lmiokkepa (B Kaxof
TOUKe OTOOpaKeHue MoMnajaer B rpacCMaHHaH) W ecTb ycJoBHe B 0OecKo-
HEUHOCTH, UTO OO MOMajaeT UMeHHO B Touky g. Tenepb BHAHO, MouemMy 3TO
HeKOMMaKTHOe MHOroo6pasue: MOTOMY UTO Mbl OrPaHHUMBAJIMChL JHHEHHBIMH
nojpaccjoenusiMu. JInHeiiHoe nojpaccoeHe MOXKHO 3a/1aBaTh €ro CeUeHueM;
HY>KHO TOJIbKO 1OTpeGoBaTh, 4TOObI OHO He 00pallanoch B HYJb. A MOXHO
paspelnTb ceueHusiMm oOpalaThesi B HyJb, T. €. paccMaTpuBaTh oOpaTHMble
noanyukd. 3uaunt, Maps® jiexxut B 3ambikanukn Maps®, KoTopoe npuaymal
Jpundesib uisi HeCKOJIbKO MHBIX Liesielt. 31ech Maps® — oGpaTUMble MOy~
KH C TeMHU 2Ke ycoBUsIMU. (91 3a0bl cKazaTh, UTO @ — 3TO YCJIOBHE Ha CTENeHb:
deg L=—a.) Ha camom jsesie, 3T0 TO »Ke camoe, UTO CEUEHHs], OTOMY UTO
Mbl 3Ha€M, UTO TaKOE JIMHEHHOEe PACCJIOeHHEe HAa TPOEKTUBHOU MPSIMOK CTeNeHH
—a: 310 O(—a). Ecam, HaoGopoT, 310 Bce noakpyTUTh Ha O(a), TO NMOJYyYHTCS
OcCV; ®@0(a)c ¢ noroueunbimu yesosusimi Ilmokkepa. Ho noanyuok O —
3T0 OYKBaJIbHO TO K€ CaMoe, UTO ceyeHHe, TOJbKO C TOUHOCTBIO /10 POMOpPLM-
OHaJILHOCTH. Tak 4To peub HJAET O MPOCTPAHCTBE CEYeHHH (He TOXKIECTBEHHO
HYJIEBBIX) C TOYHOCTbIO 10 MPONoplMoHanbHocTH. Ho panbiie 6bli10, UTO OHH
HUTJIe He 3aHyJIIoTCsl, HU B OJIHOH TOUKe, a 3/1eChb Mbl BbIOpAachbiBaeM 3TO
ycaoBue. [Ipocto Gepem Bce ceueHHsi ¢ TOUHOCTBIO JI0 TPOMOPLUOHATBHOCTH.
Tak nosyuaercst KomnakTuhuKams.

[Ipo Hee u3BecTHO, Kak oHa ycTpoena. OHna Ha camoMm nese oGJajnaer
noxoxke#l crpaTuduKaLmer:

Maps®=| | Maps” x Sym*~*(C \ o0).

b<a



Komnakrudukaus Yienbek u addunnbie anred6po! JIu 65

31ech TOJMLKO CHUMMETpHUecKasi CTerleHb He TOBEPXHOCTH, KaK Mbl XOTEJH,
a kpusoil. [TonsiTHO, OTKya 3TO npoucxoauT. Ecaun y Hallero ceuenus: paspe-
IAIOTCS HYJIH, TO Mbl TTOMHUM, KaKie OblIM HYJIM M C KAKUMH KpaTHOCTSIMH. Tak
1 noJstyuaercsi crparucukaums. Ho elie pas noBTopio, 3T0 HECKOJIbKO MeHblLIe,
yeM Mbl X0TeJsIH. Mbl XOTeJsIH MOJyUHTh CHMMETPHUECKYIO CTereHb MOBEPXHOCTH,
a He KpuBOH. M 3T0 mposiBjisieTcs B TOM, UTO TaKoe MPOCTPAHCTBO, XOTSI OHO
M CKJIEEHO M3 KyCOUYKOB BIOJIHE MPUJUUYHBIX, KOHEUHOMEPHBIX, BCE BMECTE OHO
nsioxoe. OHO, UTO HasblBaeTCsl B ajareGpanueckoil TeoMeTpUn OecKOHeUuH020
muna. OHO NMPUMEPHO TAKOro COPTa, KaK €CJIM B3SATb MJOCKOCTb U CTAHYTb
Ha Hel npsMylo. To ecTb, HHaue TOBOPSI, ecyin B3sATh Spec(l @ xk[x, y]). dto
Takoe CTpaHHoe oOpa3oBaHHe, KOTOPOe CTPAaTU(PULHUPOBAHO MJIOCKOCTbIO 6e3
npsiMOR M TOuKOH. XOTs1 OHO CTPATU(HUIIMPOBAHO BIOJHE MPUJIMUHO, HO BCe
BMeCTE 9TO HeUTO y>KacHoe: O€CKOHEUHOro Thrna. Tak M 3To POCTPAHCTBO: XOTH
OHO W CTPaTU(PUUKMPOBAHO MPUJIMYHBIMH BElllaMH, HO BCE BMeCTe CKJIEHBaeTCs
B HEUTO y»KacHoe.

Tpebyetcst ero HEMHOXKKO pas3pelinThb, YTOObI MOJYUHTh KOMIAKTH(UKALIUIO
Ynen6ek. DTo yxKe coBceM MpocTo. A MMEHHO, HY:KHO BCE 3TO IMPOJeJaTh
B TAKOM OTHOCHTEJIbLHOM BapuaHrte. ¥ Hac paHblie OblIH (UKCHPOBAHBI JBE
npsiMble, a Terepb PACCMOTPUM MPOU3BOJIbHbBIE Mapbl MpsMbIX. [1yeTh R — MHO-
»kecTBO nap npsiMeix (X,, C,); o0e npsimble nepecekaioT 6eCKOHEUHYIO MPSIMYIO,
HO B pa3HbIx Toukax. Ato ahduHHoe MHOrooGpasue (Kak Obl MHOXKECTBO KOOP-
JIMHAT Ha nyiockocTH). Mimes oiHy Takyto napy npsiMbiX, MOXKHO TPOJIeJIaTh BCe
TO, UTO Mbl paHbllle TOBOPUJIH. B 4acTHOCTH, MOXKHO 10 PACCJOEHHIO MOJNYUHTD
HEKOTOPbIH JIMBU30P HA OJIHOH M3 3THX KPHUBBIX. Y HAC €CTb OTHOCHTEJIbHblE
npsimble X — R u C — R. 1yl 0J1HOro paccjioeHusl Mbl TIOCTPOUJIH HEKOTOPOE
ceuende. To ecTb /sl KAXKJI0H Mapbl NPSIMbIX Mbl [OJYUHJIH HEKOTOPYIO TOY-
Ky OTHOCHTE/IbHOI CHMMeTpHueckoil cternenu Symjp C. Takum oGpasoMm, Mbl
NoJIyursIn 0ToOparKeHue

n: Bun%(A?) — Sectp C@

M3 BCEX PACCJIOEHUH B MPOCTPAHCTBO BCEX CEUEHUH 3TOH CHMMETPHUECKOH
CTeMNeHH.

Boo6iile, ceueHuii Toxke MHOTO, OHU ObIBAIOT pas3Hbix creneHeil. Ho 3nech
MO2KHO arlpMOPH OLLEHUTb, KY/1a Mbl T10T1Aa€M; 3TO ellle BIOJHE KOHeUHOMEepHOe
npoctpanctso. Bee. Terepb y Hac ecTb Bjoxene Bunf(A?), ¢ oaHofi cTo-
poubl, B Komnaktudukaimo pundeabaa Maps®, Kotopasi CJIMILIKOM MaJia,
a ¢ Jpyroil CTOpPOHbI, B MpocTpaHcTBo ceuenwit Sectp C@. TTostomy MOKHO
B3SITh BJIOJKEHHE

Bun% (A%) — Maps” x Sectp C'@.
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Tenepb Hy»KHO TOJILKO B35ITb 3aMblKaHHe B 9TOM MpousBeneHuH. TyT yxke Bce
Gynet xopotuo. Takum o6pazom, Uhl§; — 910 npocto 3ambikaHie B POU3Be/Ie-
Huu. OHo GyneT UMeTh Takylo cTpaTuHUKaluio, Kak Hano. [laBaiite 51 TobKO
MOSICHIO, KAKOE OTHOLIEHHE UMeeT CUMMETPHUECKast CTeNeHb MJI0CKOCTH K 3THM
ceuenusiM. Ecan ecTb Kakoii-To O-1MKJ HA MJIOCKOCTH M €CTh TaKOe pasJioxKe-
HHE TJIOCKOCTH, TO €r0 MOXKHO CIPOeLMpPOBaTh B0JbL NpsiMoil X Ha npsimyio C.
Torna nmosyuntest kak pa3 O-umks crenend a Ha Kpuoi C. Ho 310 M ecTb
BJIO’KEHHE CHMMETPHUECKOH CTereHH MJOCKOCTH B 9T cedyeHHsl. Tak oHH Tam
JIeXKaT.

Tenepb 51 xouy pacckaszatb, UTO MPO 3TO NMPOCTPAHCTBO YeHOEK U3BECTHO.
[IpocTpancTBo YnenO6ek KoHeuHOMepHoe, Ho ocoboe. EcTb ctanaapTHbIf crio-
co6 ucuncaenust ocobeHHoCTel. DTo — nojicueT cjoeB nyuka [opeckn—Mak-
¢epcona. §1 He 6yny o6bscHATD, uTo 310 TaKoe. [1o KpaiiHel Mepe, OTBET — 3TO
HEKOTOpbIA HabOp uucea U NMPOU3BOJALILAs (DYHKLMS I 3TUX uuces. Hanpu-
Mep, €CJIi B35ITh JIByMEPHbIH KBaJApPAaTHUHbIH KOHYC B TPEXMEPHOM MPOCTpaH-
CTBE, TO y HEro ecTh 0COOEHHOCTb B BepllinMHe, W TaM cJjou [opecku—Mak-
(hepcoHa TpUBHAJIbHBI (MOCTOSHHBIH MYUOK). A €CJid B3SITh TPEXMEPHBINH KOHYC
B UETbIPEXMEPHOM TPOCTPAHCTBE, TaM Y:Ke roJydatorcsi cjou crenenu 0 u
crerenu 2. B takom ciiyuae npuHsiTo nucath 1+ g.

Pasmeprocts Bung; pasua 2af, rie #'— nyanbhoe uncio Kokerepa st
rpynnel G. lna SL, ato 6yner n, a, Hanpumep, Juis Go 310 6yner 4. Urobbl
HanucaTh NPOU3BOJISIIME PYHKLIMU JUIsS STHX 0COOEHHOCTEH, HY2KHO HEMHOXKKO
yrayouThest B agunnble anreopol JIu. [Ipolie Bcero oTBer ckaszaThb B ciiyuae,
korna G tana A, D wiv E (TO, 4TO Ha3bIBAETCS] ¢ MPOCHbIMU CBA3SAMIL).
Ieno B ToMm, uto anrebpa JIu, KoTopasi UMeeT K HaM OTHolleHue, Takas. Mol
6epem cHauasia acduHHylo anrebpy § (KoTopasi y»Ke BO3HHMKaJa: y Hee Obl
rpaccMaHuaH), a rnotoM Mbl GepeM JBOHCTBeHHYIO Mo JleHrsienacy anrebpy g
(no1s1 Hee matpuua Kaprana tpancnonuposanHast). Ho Gena B Tom, uTo eciu
ucxonHas anrebpa Obiia He ADE, To §” Oyner He oObluHasi ajsrebpa mneresib,
a, ckpyueHHasi. Ecan mMbl Haunem ¢ rpynnbl (g, To OyaeT, UTO Ha3blBaeTcs,
Df), v s Hee KoMmOMHaTopuka eule xyxe. [lostomy naBaiite 51 pasGepy
Toabko caydail ADE. B stom ciyuae ajire6pa §, Kotopasi B JJaHHOM CJyyae
6yner uzomopdHa asrebpe, NBOHCTBeHHOH Mo JIeHTJIEHICY, BBIVIAUT Tak:
§=CJ[t, t7'|®g® CK @ CD; nobasaserca oana o6pasyiolas LeHTpaIbHast
¥ ellle ojiHa oOpasylollas — oOpalleHne NeT/d, UK ornepatop sHepruu. B Heil
ectb nojanredpa n=7{C[{] ® g (HUIbNOTEHTHbIH paauKas napaboJUIecKOi).
B cawmoit anre6pe JIu g ectb ryaBHblil HUAbTIOTEHT e. [lasi SL, 370 maTpuua,
B KOTOPOH Ha MOGOYHON JAMAroHaJ/ M CTOSIT €IMHHILbI, a B OCTaJbHbIX MeCTax —
HyJsii. Bo BCSIKOH Tpyrine 0THOCUTEJIbHO MPUCOEIMHEHHOTO JIEUCTBHSI KOHEUHOE
YMCJO HUJILMOTEHTHBIX OPOUT, TOITOMY CPeIM HUX €CTb OJHA OTKphITasl; W3
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Hee Gepercsl MIaBHbIH HUABLNOTEHT. OH MPUCOEIMHEHHO JEHCTBYeT Ha ajre6-
pe JIu W 3ajaer Ha Hell Tak HA3bIBAEMYIO MOHOJPOMHYECKYIO (PUJILTPALHMIO.
Ero neiictBue no teopeme [[zkeko6coHa—Mopo3oBa MOKHO MPOJIOJIKUThL J10
neiictBust SLo, mostomy Bce 370 pacnajercs B cymmy Slo-momyneit. Hac
OyleT HHTepecoBaThb SAPO 3ITOr0 JNEHCTBHs, T. €. CTaplide BEKTOPbl, HO Mbl
Oy/eM TOMHHUTb, Kakdie HMEHHO CTapliue Beca TaM eCTh. J1 Xouy ckasaThb,
YTO MHBAPHAHTBI 3TOTO IVIABHOIO HUJILIIOTEHTA IPalynpoBaHbl HEKOTOPbIM 00-

pazom: g° = @ (g°),. DT0 Ha3bIBaeTcs rpaayupoBKoil KocrtaHta, wiu MOHO-
£>0

JIPOMHUECKON rpajynpoBKoh. Bes anrebpa, crano ObiTh, rpajaynpoBaHa IByMsl

CTeleHsIMHU:

(tC[tl®¢°) = @ ng.
dk

Onna rpaayupoBka GepeTcsi o HUJILIOTEHTY, a JIpyras 1o ornepaTopy SHepruu.
Tenepb MoxkHO copmyanpoBaTh OTBET TakuM obGpa3oM. Paccmorpum

TOUKY
(VeBunb, Z misi>, rie Z m;=a—>b.

31ech Y m;S; — 3TO HECKOJILKO TOUEK TMJIOCKOCTH. BaxKHO, Kak OHH CJiMBa-
toTesi. Ecsin Touku passnunble, 6e3 KpaTHOCTed, To Tam OyJyT NpocTefilive
0COOEHHOCTH. A ecJi TOUKH HAUHHAIOT CJUBATLCS, TO BOBHUKAIOT GOJiee CJI0K-
Hble ocoOeHHocTH. [TosToMy g Hamucas HaGop Touek ¢ KpaTHocTsaMH. Cuioit
nyuka [opecku—MakdepcoHa B 3To# Touke — 370 OyJleT

() ( P Sym<n@>,’;i)[2k1.

i k>0

31ech kR oTBeuaeT 3a CABHUT TOMOJIOTMUECKOH CTEreHH, a BTopasi rpajiyupoBKa
OTBeyaeT 3a TO, CKOJIbKO TOUEK CJIMJIOCh.

JlaBaiiTe 51 ckaxKy 1Ba CJIOBA, OTKyJla BO3HHKAeT KOMOMHATOpPHKA JBOH-
cTBeHHOH 1o Jlenrsiency addunnon anre6pul. Mbl pacecMarpuBas oToOpa-
wenust Maps®(C, ¢; Gx, g) u3 6asupoBaHHOl KPUBOK B rpaccManuan. 1 yxe
FOBOPHJI, UTO IpacCMaHuaH — 3TO Kak Obl MPOCTPAHCTBO (JIaroB Jyisl rPyMIibl
neresb. A y Hee eCTb HacTosillee NPoCTpaHCTBO uiaroB B. M3 Hero ectb
NPOEeKIHs Ha rpaccManuan: B — g; B cJoe CTOSIT KoHeuHoMepHble duaru. Y B
BTOPbBIX TOMOJIOTHE y2Ke MHOTO. OHUM HYMepyIOTCSl He MPOCTO LEJNbIMH UUCTIAMH,
a 11eJ101 peleTkol KokopHeit: Ho(B; Z) =Y — peuietka KokopHelt adduuHok
aareopsl JIu §. 31ech Toxke ecTb KieTkH bpioa, 3aHymepoBaHHble adduHHON
rpynnoii Befins. B uacTHOCTH, cpei HUX €CTb KJETKM KopasmMepHOCTH l:
JuBH30pbl bpioa. MIx cTosibKo 1ITYK, CKOJILKO NPOCTHIX KOpHEH st adyruHHON
TpyIIIbL.
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JIn1st v U3 MOJI0KUTENBLHOTO KOHyCa B Y MOXKHO paccMOTPeThb MPOCTPAHCTBO
6a3upoBaHHbIX 0TOOpaxkeHui crenend «: Maps®(C, ¢; B, b). Ecau ectb Takoe
oToOpakeHue, TO Mbl MOxKeM GpaTh Mpoo6pa3 He OJHOrO eIMHCTBEHHOTO JH-
BH30pa, Kak OblJIO B rpaccMaHuane, a npootpas Jiodoro aususopa llybepra.
DTO MOJIyUuUTCs y:Ke KpallleHblll JIMBU30p Ha Halleldl KpuBoi. Kpacok Gyner
CTOJIbKO, KaKoB paHr Hatiel rpynmbl. [Tostomy ecTh oToOparkeHue

Maps®(C, c; B, b) s, (C\o)*=A".

Ha Maps®(C, c; B, b) ectb cumiiekTuueckasi popma, OTHOCHUTEJNLHO KOTOPO#H
3TO — UHTerpupyemasi cucrema. To ecTb Bce 9TH KOOpJAMHATHI, BCe (PyHKLMH
HaXOJATCSl B MHBOJIIOLMM B COOTBETCTBYIOLLEH TaMHJILTOHOBOMH CTpyKType. Ec-
JM B3AThb CrielHabHblil cioil ¢~ (a-0), To 3T0 GyneT JarpaHKeBo MHOIO-
oOpasue (OTHOCHTEJBHO CHUMIIEKTHUECKOH (opMbl). Jlis KaxK10ro KOKOpHS
Qv TIOSIBUJIOCH HEKOTOPOE MHOKECTBO HENpPHUBOAMMBIX KOMIMOHEHT. KX MoxKHO
00 LeMHNTL BMecTe, T. €. B3aTh B =| | Irr o~ !(a-0). [Tonyunrcs Kpuctasi
(0%

KawmBapel nis anre6pbl §. Kpucrtanan 310 He mMpocTo MHOXKECTBO, a MHO-
’KECTBO C ONepauusiMi e; U [i, T. €. MeXIy MHOXKEeCTBAMH €CTb HEKOTOpbIe
NPUMBIKAHHUS1, KOTOPbIE 51 ceiduac He Oyy ONpenessTh.

31 okra6psa 2002 r.
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PABHOBECHE H3LUA

$1 nomken cpasy Bac MpeaynpeiuTb, U4TO 51 He SIBJSIOCH IKCMEPTOM IO
TEOPUH WTP, W ITOT JIOKJAJ B OCHOBHOM OYJIET HOCHTb MOMYJISIPHO-METO/10-
JIOTUYECKHH M HCTOPUUECKHH XapakTep. HecTHO MpH3HAIOCh, UTO §1 BIJIOTHYIO
3auHTepecoBajcsl Hswem u ero pa6oramu, B YaCTHOCTH, ero paGoTamu 110
TEOPUM UrpP, MOCJe TOro Kak rMosiBUJIach 3ameuaTtesibHasi KHUra O HeM, KOTO-
pasi HasbiBaeTcsi «Beautiful Mind», 1 ¢uIbM, KOTOPBIH MO aHTJIMACKH TOXKe
HasbiBaetcst «Beautiful Mind», a no-pyccku oH HasbiBaercs «rpbl pagymas.
ATOT (hUJIbM, KOHEUHO, TOPa3J10 Xy2Ke, HO UTO-TO B HEM TOXKe eCTh. Bo BcskoM
cJlyuae, OH BbI3BaJl TAKOH a)KHOTaxK BOKPYr UMeHH Hsuia, uto craso Heyno6HO
HHuero 06 3TOM He 3HaTh. 1 pelins ¢ 3THM TMO3HAKOMHMTBLCS M MOJYYHs OT
3TOro 60JIbLLIOE YI0BOJILCTBHE. X0UY 3THM [OJEJIUTHCS.

Hsur ceifuac BnoJsiHe pa6oTtoakTuBeH. HenaBHo s cablllai ero JoKJaaja Ha
MaTeMaTHuecKoM KoHrpecce B [leknHe, rje oH pacckasbiBaj, MeXIy NpouuM,
1 0 TEOPHH UTP TOKe. B uacTHOCTH, PO KaKMe-TO BellH, KOTOPble B HEKOTOPOM
CMbICJIe SIBJISIIOTCA MPOJIOJKEHHEM ero cTapbix padoT. Ho s xoresn paccka-
3aTh MPO €ero crapyto paboTy M ee HEKOTOpoe pasBHUTHe. DTO — paboTa, 3a
KoTopyto OH noJyuns HoGenesckyto npemuto. Paxkrtuuecku, B 370l pabore
oana crpanuua. [lopasurenbHbiM 06pa3om 3Ty paGoTy MOKHO CPaBHUTENLHO
JIErKO MPOYecTb M MOHATb, 4TO s M cjejas. IDTO JA0CTABUJIO MHe O0Jiblloe
Y/I0BOJIbCTBHE.

Hsur xoren, uto6bl 3Ta padora Oblia e€ro KaHAMJATCKOH auccepTaluen
(co6cTBeHHO, B AMepuke apyrux W He 6biBaet) PhD. Ho ero pykoBomutesnb
3acomHeBasicsl, 51 Obl JlazKe cKadaJsl MCIyraJcsl, M cTajl ero yroBapuBaTh Haru-
caTb HEMHOro OoJibliie: 100aBUTb KakHe-To NpuMepbl U T. 1. KoHunsmoch aeso
TeMm, uto Hsur npumyman Hekoe apyroe 10Ka3aTesnbCTBO, KOTOPOE UMEET CBOH
MPEUMYLIECTBA, HO C SCTETHUECKOH TOUKHM 3PEHHS], KAK MHE KayKeTcsl, He TaKoe
MHTepecHoe. DTO Jpyroe A0Ka3aTesJbCTBO Obllo 0nyOJHKOBAHO B ero pabdore
B Annals of Mathematics. B s1o#i paGore yxe 11 crpanull, HO TaM 3aT0 MHOTO

51 rmy6oko 6maronapen Bukropy Bacunbesuuy [lpacosoBy 3a penaktupoBanne W Mmoaro-
TOBKY 3TOH JieKUHH K nevatH, a Takxke Cepreto Mropesnuy Co6GoJieBy 3a BbICOKOKBATU(HUIH-
POBAHHYIO TEXHHYECKYIO TTOMOLLL.
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npumepoB. M sta pabota yxke Oblia ero mucceprauneid. OHa nepeBefeHa Ha
PYCCKHI 513bIK M TIOMEleHa B OJIHOM H3 COOPHHUKOB MO TEOPHU MIP.

Mo2kHO OblJI0 Obl IPOCTO MPOUUTATL 3Ty PabOTy W MOCTapaThCsl YBUIETb,
UTO K€ Mbl B HEH MOXKeM MoHsITb. Ho s mpeamnoury pacckasdbiBaTh 00 3TOM
HezaBucuMo. [ToTom, Koria 1 HEeMHOXKKO 1oJipoOHee paccKazky, Mbl BEpHEMCsI
K 9TOMY TEKCTY M Ha HET0 MOCMOTPHM.

[lepBasi Mos LiesIb COCTOUT B TOM, UTOOBI OOBSCHUTL (DOPMYJIHPOBKY U JI0-
KasaresibeTBO TeopeMbl Hsia. FIMeHHO To 10Ka3aTe/ibeTBO, KOTOpPOe 3aHUMAaeT
OJIHYy cTpaHully. Ho nockosibKy MHe mpujieTcst paccka3aTbh HEKOTOpbIe TIpeiBa-
pUTesIbHBIE CBEJIeHHS U elle OJIHy TeopeMy, Ha KoTopyto Hsu cebliaeres, ee He
JIOKa3bIBasi, TO Y MeHsl 3TO 3aillMeT HEMHOXKKO 6O0Jibllie BPEMEHH M HEMHOXKKO
OoJibllie MecTa, YeM OJIHa CTPaHHLLA.

Peub uner o6 urpax, KoTopble HasblBalOTCS OeckoaauyuorHvimu. HUto
Takoe GeCcKoaJMIMOHHAsI Urpa? ¥ Hee eCTb 1 UIPOKOB. ¥ KaXKJ0ro Mrpoka
€CcTb CBOE KOHEUHOe MHOKECTBO BO3MOXKHbIX cTparteruit S;. Ilycetb |S;|=n;.
Y KaxKJIoro UTPOKa B KaxK/Jbli MOMEHT UTPbl €CTh BO3MOXKHOCTh BbIOOpA OJHON
u3 ctpateruil. [Tocsie TOro Kak Kax<Jplil U3 UTPOKOB BbIOpaJ CTPATErHIO, KarK-
JIbI UTPOK TOJIydaeT HEKOTOPYIO CyMMY JIeHer p; (BBIUIPBILI U/ POUTPHILL).
Takum o6pasom, p; — QyHKIHUS OT S| €Sy, ..., S €Sy, T. €.

pii S| xSy x...xS,—R.

Ecau uncsio p; nosioXKUTe bHOE, TO 3TO BBIMIPHILI, a €CJId OTPULIATENbHOE, TO
npourpbiil. JIpyr ¢ Apyrom Mrpokd HHKaK He COBETYIOTCSl, H Kax<JIblii UTPOK
3aMHTEPeCOBaH BLIMIPATh KakK MOXKHO OoJblie. [Toka Mbl roBOpUM 1poO TO, UTO
MPOUCXOJIUT B JIAHHBIH MOMEHT BpeMeHW. 37eCh, HAa CcaMOM Jiejie, He OueHb
ylauHble 0003HAUEHHS]; Uepe3 HEKOTOPOoe BpeMs s UX TIOMEHSIIO.

B takom Buje TpPyIHO CKasaThb UTO-TO cojlepxKarejbHoe 00 3TOH Hrpe.
[Ipennosioxum Tenepb, UTO 3Ty UrPy MOXKHO MOBTOPSITh. BBeaem cMellaHHble
crparerun. CMellaHHast CTPaTerusi i-ro Urpoka — 3TO KOTJla OH BbIOMPAET uM-
CTble CTpaTeruu, T. €. 3JeMeHTbl MHOXKeCTBa S;, C KAKUMH-TO BEPOSITHOCTSIMH.
Takum oOpazom, cmelliaHHasi cTpaTerusl [-ro Mrpoka — 3TO pacrpejiesieHue
BeposiTHOCTeH Ha MHoxKecTBe S;. [laBaiiTe Tenepb nomeHsieM 0603HAUeHHS.
[Tyctb {mjn} =S; — MHOXKECTBO BCEX UHCTBIX CTPATErui i-ro Urpoka. ATO TO
JKe caMoe MHOXKECTBO, TOJIbKO CTPATEruu Ternepb 3aHyMePOBaHbI IOMOJHUTE/b-
HO MHJIEKCOM «v. Torza cMmellaHHast cTpaTerust 3aaeTest UNCaaMu Ciq = 0, npu-
ueM Y Cjo = l. Takoii BbIGOp (CMellIaHHYIO CTpaTeruio) Mbl GyjieM MpeacTaB-
JTh €ebe ellle Kak HopMaJsIbHYIO JIHHERHYIO KOMOUHALHUIO S; = Y CiaTiq. V1 Mbl

(03

Oy/leM paccMaTpHBaTh €€ KaK TOUKy MHOxKecTBa S; = {s;}, KOTopoe npeacTan-
JsieT co6oi (n; — 1)-MepHbIfl CHMILIEKC ¢ BepLIMHAMU Ti,. Mbl peacTasisiem
cebe T, KaK JIMHEHHO He3aBUCHMble BEKTOPbl B MPOCTPAHCTBE Pa3MEPHOCTH
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n;. Torna ycsoBue, 4To cymMMa KOOpJAMHAT paBHa 1, a caMd KOOpJIMHATBI HEOT-
pHULIaTesbHbI, 3a/1aeT CHMILIEKC.

BbiGop BceMM HMrpOKaMu CMelIaHHbIX CTpaTeruil Ha3oBeM cumyauuell.
CuTyauus — 370 Touka R L

S=(S1, ..., Sp) €S x...xS5,=8.
MHoKeCcTBO CcHUTyallMil — 3TO NpsiMoe Ipou3Be/ieHHe cuMIiekcoB. [Ipsimoe
NPOU3BEJIeHHEe CUMIIJIEKCOB MOXKHO PacCMaTpUBATh KaK BbINYKJIO€ TOJAMHOKe-
CTBO B [POCTPAHCTBE COOTBETCTBYIOLLETO UMCaa U3MEpPEHHH.

Tenepb Mbl JIO/ZKHBI TIPOJIOJ/LKUTD (DYHKIIMIO BBITJIATHI p; HA MHOXKECTBO
CMELIaHHbIX CTPATErHit; OHa OblIa OMpeJiesieHa Ha MHOKECTBE UHCTBIX CTpaTe-
ruil. [Tpoposkum ee cienyroumm obpazom: GyHkuus p;: S — R — 310 mare-
MaTHUeCKOe OKHJaHHe BbIMIPbILIA {-I'0 HIPOKA.

Kak 310 Hy:kHO cebe npezactaBnsath? [Ipeanosioxum, 4To y i-ro urpoka
€CTb POBHO JIB€ CTPATErHH ;| U 79, U OH BBIOUPAET CTPATErHIO 7| C BEPOSITHO-
CTBIO €, @ CTPATErHIO Tj9 C BEPOATHOCTBIO Co, TJie €| + co = 1. [Ipearnonoxum,
YTO MpH BbIOOpE CTPATErHH 7;| OH MOJydaeT Py, a NpU BbIOOpe CTpaTeruu o
OH TIOJIyuaeT po. Torna, ecjnm cTpaTeruu OCTaJbHbIX MIPOKOB (DUKCHPOBAHbI,
CPeJIHUI BLIMIPHILT OYJIeT €| p| + Co po. To ecTb 3T0 OyjeT JiMHelHast (yHKIHS
Ha orpe3ke. A B o0lleM cJjyyae 3T0 OyJeT JHHelHas (YHKIMS HA COOTBET-
CTBYIOLLEM cUMMJIeKce. Mbl npojo/kaeM (QYHKUIMIO TakuM 06pas3oM, 4ToObl
oHa Obly1a JIMHEHHOM 110 KaXKJI0H rpyrire nepeMeHHbIX. B pesysbraTe nosyuntcs
MHOTOUJIEH CTEMEHH 11, TJIe 1l — YHCJI0 HIPOKOB.

B utore mbl nosiyuaem Ha6op pynkuuit p;: S =R, rnei=1, ..., n. Kaxnas
M3 3THX (PYHKIMH JHHERHA MO KaxK[I0H Tpyrre MnepeMeHHbIX, BXOAALUMX B S.
Kakplit MrpoK 3auHTepecoBaH B MAKCHMHU3aLHMH CBOETO BBIMIPbILLA; p| 3a1aeT
€r0 BBIUTPBILI WJIH MPOUTPHILT MPH BbIGOPE CTPATErHH KaXK/IbIM HTPOKOM.

B crarbe Hsma mbl npojaBHHY/NHCh Ha OjaMH ab3all, UTO yXKe HemaJo.
Hsur nuuier, 4To MOXKHO ONpeNe/NUTh MOHSITHE UIPbl 1 UTPOKOB, B KOTOPOH
KaxK/blfl UrpoK 06J1aZlaeT KOHEUHbIM YHUCJOM UMCTBIX CTPaTeruil, U Mpu 3TOM
KaxKJI0My BbIOOPY KaK[blM MIPOKOM OJHOH M3 3THUX UMCTBIX CTpaTeruii co-
OTBETCTBYeT OIpeJlesieHHast BbllJlaTa KaxJoMy HUrpoky. [lotom oH onucbiBaet
cMelIaHHble cTpaTerun: « CMellaHHble CTPATerHu SIBJSIOTCS BEPOSITHOCTHBIMH
pacrnpejie/ieHUsIMH HAa MHOXKECTBE UUCThIX cTpaTeruil. @yHKIMS BbINIATHI BJIsI-
eTcsl MaTeMaTHUeCKHUM OXKHJIAaHHEM 3THX UIPOKOB. TeM caMblM OHa CTaHOBMTCS
MOJIMJIMHERHOH (OPMOI OT BEpPOSITHOCTEH, C KOTOPBIMH pas/HuHble HIPOKH
BbIOMPAIOT CBOM YHUCTbIE CTPATErHH».

Bo Bropom a63aue Hswr nuer, uto kaxkablit HaGop n cTpaTeruil (mno
OJIHO JI/151 KaXK10T0 HTPOKA) MOKHO pacCMaTpUBaTh Kak TOUKY B TPOU3BE/IEHUH
1 TPOCTPAHCTB, MPEACTABJSIOLIMX COOOH CTpaTerHu Kaxkaoro urpoka. Mol
noka JoULIH 70 3Toro mMecta B crathe Hawma. S 6yny nponomxkarts. ladblie
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Hsur nuiier, uto Habopy 7 cTparerdil (T. €. TOMY, UTO sl Ha3BaJ CUTyalueH)
MPOTHBOCTOUT BTOPOH HAOOP 1 CTPATEruil, ecyu CTPAaTerust KaxkJ0ro Mrpoka Bo
BTOPOM Habope jaeT HanboJibliee BO3MOKHOE OyKHJIaHHE BBIUTPhILIA JJ151 STOTO
UrPOKa MpH YCJOBUM, UTO CTPATErHH OCTAJIbHBIX 1 — | HTPOKOB (DUKCHPOBAHBI.

IT0 51 JI0JKEH 0OBSICHATBL YyTh Gosiee noapoCHo. Jlasaiite BbiGepem jse
CHTYalMH S = (S|, ..., Sp) €S U s’ = (s, ..., s;) €S. Mbl GyzieM roBopuTh, UTO
s’ npomusocmoum s, eciu

p1(st, So, ..., sn):n%ax p1(S1, Sg, ...y Sn)
1

M TO K€ camoe BepHO Uil OCTajbHbIX UTPOKOB. To ecTb ecsid Mbl 3aMeHUM
CTpPaTeruio OJIHOrO MrPOKa B CHTYALMH S HA CTPATErHio TOro XKe UrpoKa B Mpo-
THBOCTOSIIIIEH CUTYallUd S', TO 9TO JIACT MAKCUMYyM TOTO, UTO OH MOKET 3apa-
60TaTh, €C/IM CTPATErHH BCeX OCTA/bHBIX HTPOKOB B CHTYaLMH S (PUKCHPOBAHBI.

Pasrosecuem Ha3biBaeTcsl CUTyalMsl, KOTOpasi MPOTHBOCTOUT cama cele.
Ecau Mbl HaxoauMcsi B paBHOBECHH, TO KaXKJIbl HTPOK MOJIyuaeT MaKCHMyM
TOrO, YTO OH MOXKET MOJIyUHTb MpPH (PUKCHPOBAHHBIX CTPATErHsIX OCTAJbHBIX
urpokoB. Ho He HMCK/0U€HO, UTO ONTUMaJIbHBIA BLIOOP HE €IMHCTBEH.

Teopema, 3a xotopyio Hsu nosayuusn HobesneBckylo npemuio, COCTOUT
B CJIEIyIOLLEM.

Teopewma 1. Pagrosecue sceeda cyuiecmsyem.

dta Teopema, pasymeeTcsi, 10BOJBbHO 3jeMeHTapHa. UToObl Bbl He MUTAIN
CJIMILIKOM OOJIbLIMX HaleXKJ, §1 MOy cKasaTb, UTO ceduac BpsL JH MOXKHO
nosiyuntb HobeneBckyio npemuio 3a uTo-HUOY/Ab B 3TOM pojie. 3a Npolleine
50 ser sTa Hayka yuuia oueHb JAajeKo Briepea. B uacTHocTH, efi 3aHHMMa-
JIUCh TaKHe BblAAIOLIMECs MaTeMaTHKH, Kak CMelJ1, KOTOpbIi Hamnucas oKoJio
1000 cTtpanuw pabot Ha 3Ty Temy. Tam noGaBiena auHamuka (teopema Haua
OTHOCHTCSI K CTaTHuecKoi cutyauuu). MoxKHO TakkKe 100aBUTb KPUTEPHH,
KOTOpble ONpeesISoTCsl He OJHUM YHCJIOM, @ MHOTMMHU uncsamu. Hayka yuiia
JlasieKo BIepes, TeM He MeHee KpacoTa 3TOH TeopeMbl ocTaercs. S HeMHOXKKO
OTBJIEKYCb Ha MCTOPHUIO M CKaxy, UTO Teopusi Urp Oblia BrepBble H306peTe-
Ha ¢oH HoillmaHOM M ocHOBaTe/IbHO oONHcaHa B ero kHure ¢ MopreHcrep-
HOM, KOoTopasl HadbiBaercsl «Teopust Urp M SKOHOMHUECKOE MOBeleHHe». ITO
KJlacCHUeCcKoe COuMHeHHe, Ha Kotopoe onupascs Hsu. Ho B ocHoBHOM Tam
paccMaTpUBaJIMCh MIPbI C HYJIEBOH CYMMOM: €CJih KTO-TO UTO-TO MPOUTpall, TO
Jpyroi BeirpaJl. ¥ Hsiua s1o coBeplieHHO He 006513aTesbHO. DTo Obl1a 0J1HA U3
nepBbiX paGoT, rjie paccMaTpUBAIUCh UIPbl C HeHyseBolH cymmoi. Ho Boo6iile
¢on HoitmaH, KoTopblii camM HecoMHeHHO roJyuus 66l HobeseBeKyio npemuto
3a CO3JlaHHe TEOPHUH MIp, ecyu Obl J0KHJ JI0 HY»KHOTO MOMEHTa, OTHeccsl K
pabore Hawa ouenb npoxsaaHo. OH ckaszaJl, 4To 3TO TPUBHAJIbLHOE CJIC/ICTBHE
TEOPEMbl O HEMOJIBHKHOH TOUKeE.
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JlaBaiite g1 Tenepb 06bSACHIO, TTOUEMY 3TO — T€OPEeMa O HEeMOJABUKHON TOUKeE,
M KaK 3TO J0Ka3biBaTb. A MOTOM Mbl MOTOBOPHUM O PA3HbIX JPYrHX acreKkTax
Teopembl Haina.

[Ipuctynum Tenepp K j10Ka3aTesnbLCTBY TeopeMbl Halia, KoTopoe u3J/oxeHo
B OCTaBllieMcsl ab3alle ero cTaTbH. R

Hlokasatenbctso. CONOCTaBUM Kax10i CHTYallliH S € S MHOXKECTBO
®(s) C S, cocrosilee M3 BCeX CHUTyalMi, MPOTHBOCTOSILIMX S. MHOXKecTBO
®(s) 3aMKHYTO€, MOCKOJILKY B Tpejie/ie BCe COXPAaHUTCS, HO KPOMe TOro OHO
ellle W BbIMYKJIOe BBUJY JIMHEHHOCTH KaxKA0H M3 3THUX (DYHKUMH MO KaxKJI0MY
nepemMeHHOMy. Mbl MOXKeM JlaxKe cpasy ckasaTb Oodiblie. Jleso B TOM, UTO 3TO
OYeHb yJauHoe ornpejeseHde. B cuTyaluu, npoTUBOCTOSIIENR S, HAM HE HaJ0
3aMeHsITb Bce cTpaTeruu. HyxKHO 3ameHsITb TOJIbKO OAHY. Mbl MakCHMHU3M-
pyem 1o ojaHo# nepemenHoi. [lo cyTH nena, Mbl MAaKCUMH3HPYeM JIMHEHHYIO
tynkumio. [ne nuHeliHas yHKUMS, 3aaHHAs HA CUMILIEKCe, MOXKET IOCTUTaTh
Makcumyma? MHO2KeCTBO, IJle OHA IOCTUraeT MAaKCHMyMa, — 3TO MOJICUMIIIEKC.
ITO OUEBMHO, MOCKOJBKY JIHHEHHAs (DYHKIMS JA0CTUraeT MakcuMmyma o0s3a-
TeJIbHO B BEpPUIMHE, HO MOXKET IOCTUraTh MAKCUMYyMa Ha HECKOJIbKUX BepIIMHAX
cpagy. CoOTBETCTBEHHO, MAKCHMYM JIOCTHIaeTcsl Ha BBIMYKJI0H 060/10UKe 3THX
BEpLLKH, KOTOpasl NpeicTasJsier coboil cummieke. OTCiofa BbITEKaeT, uTo
®(s) — npousBesieHre MOACUMIIEKCOB cUMILIeKcoB S;. To ecTb 3TO He MpocTo
BBIIYKJ10€ MHO2KECTBO, a 60J1ee KOHKPETHOE BbIIYKJIO€ MHOXKECTBO, YCTPOEHHOE
TakMM 0Opa3om.

[TockosibKy (PyHKIIMS JiMHelHas1, laBailTe pacCMOTPUM rpaduK 3TOH MHO-
rO3HAuHOH (DYHKUMH:

G={(s, s'): s' € D(s)} C S2.

YTBepaKIaeTCsi, UTO MHOXKeCTBO (G 3aMKHYTO. DTO TPUBHAJILHOE YTBEPKIEHHE,
HO XOpOILO MMeTb ero B BHIy. Ero nokaszaTesbCcTB 51 OCTaBJ/SAI0 B KauecTBe
TPUBHAJILHOTO YIIpayKHEHHs. 3aMKHYTOCTb Tpaika 03HAUAET, UTO eCJIH 0 — S
npu k— oo u o, € ®(oy), npuuem o}, —s’, To Torna s’ € ®(s) (npenes Touek
rparka TOKe MPUHAIEXKHT STOMY rpaduky).

Touka s €S HasbiBaercsi HenodsuHCHOU MOUKOL MHOTO3HAUHOH (yHK-
i @, ecan s € P(s). OueBujHOe yTBEpKIEHHE COCTOUT B TOM, UTO PABHO-
BeCHe M HEroJIBMXKHAsi TOUKa — 9TO OJHO W TO Xke. [lelicTBUTesbHO, P(S) —
9TO BCEe CTpATeruu, KOTOpble MPOTUBOCTOSAT S. [loaTomy s € ®(s) B TouHOCTH
03HAUAET, UTO CTPATerdsi S MPOTHBOCTOUT caMoil cebe.

[Tosryuaercsi MHOro3HauHOe 0TOOpPaXKEHHE C 3aMKHYTBIM IpauKoM, 1 Jaxe
BBIIYKJI03HAUHBIM (3HAU€HHE B KaxKJI0H TOUKe — BBINYKJI0€e MHOXKeCTBO). PaB-
HOBECHe — 3TO B TOUHOCTH HErNoJIBHKHAs TOUKa. Dblia u3BecTHa ciemyionias
TeopeMma.
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Teopewma 2 (Kakyrauu, 1941). [lycmeo S — oeparnuuennoe samxmy-
moe 8ulNYyKAOE NOOMHONCECMBO B RY, &: S —S — MHOCO3HAUHASL Boi-
NYKAOBHAUHAAL PYHKYUSL Ha S CO 3HAUEHUAMU 8 S ¢ 3AMKHYMbIM 2pa-
Guron. Toeda ® umeem HenoOBUNICHYIO NMOUKY.

Mcropuuecku, Hain He 3Han 3Tol TeopeMbl; OH ee cam joKaszaJ. Tenepb,
51 yMaio, MOKHO HoJiee uin MeHee jitob6omy ctyaenty HesaBucumoro ynuBep-
cuTeTa MopyuyuTb 3TO Kak JomallHiolo paboty. Ee nokaszaresnbeTBo 3aHHMaeT
noscrpanuukd. Ecan k pabore Hswa nobaButh 3TO 10Ka3aTesbCTBO, BCe
paBHO OHa He OyJIeT MPEBOCXOANTb JABYX CTPAHHIL

JlapaiiTe s1 npuBea1y HECKOJBLKO MPUMEPOB TaKUX MHO-
ro3HauHbIX QyHKwmi, Korna S = [0, 1] — oTpesok. S Hauny
. ¢ Takoro 3ameuanusi. Ecan ¢pynkuust ¢ onHodHaunasi, TO
. 3aMKHYTOCTb Ipacvka W HEMPEPbIBHOCTb — 3TO OJIHO U TO
7 »Ke (MpH YCJI0BHH, UTO 00J1aCTh ONpeiesieH|s] i MHOZKECTBO
. 3HauyeHuil KoMmnakTHbl). B 3ToM ciyuae Teopema Kakyranu
npespataercs B reopemy bpayspa. Takum o6pasom, Teo-
pema Bpayspa ecThb yacTHbiil cayuaii Teopembl Kakyranu.

Puc. 1. Ipapuk  Teopemy bBpayspa s He Oyny nokasbiBaTb. A Teopema

MHorosHauHot  KakyTaHu BbIBOJUTCSI M3 TeopeMbl bpayspa.
ymcuan: 1 Paccemotpum rpaduk MHOTO3HAUHOH (DYHKIMH, H300-
paxkeHHblil Ha puc. 1. CHauasa rpaduk HIeT rOPU30HTAb-
HO, TOTOM BEPTHKAJbHO, NMOTOM CHOBA FOPU30HTaJbHO. Touka, HajJ KOTOPOH
BUCUT BepPTHUKAJbHBIA OTPe30K, OyaeT HernojaBkHOH. M3 sToro xe mpumepa
Bbl BUJIUTE TAKyIO Belllb. Takasi MPUMHUTHBHAS HJlesl, KAK B35Tb Kakylo-HUOY/Ib
OJIHO3HAUHYIO HENpepbIBHYIO BETBb OTOOPaXKEHHUs!, HEe TIPOXOJIUT.

B(s) JlaBaiiTe Terepb paccMOTpPUM TpaduK, KOTOPbIH CHa-
yasia WjeT ropU30HTAJIbHO, TIOTOM BEPTHKAJILHO BHHU3, 3a-

o TeM OH OOpbIBAETCSl M TJIe-TO BO30OHOBJsieTCs (puc. 2).

7 Do npumep QYHKLHUH, KOTOpasi UMeeT 3aMKHYThIH rpaduk,

HO He BbIMyKJ0O3HAUHA (3HaueHHEe OJHOH TOUKH COCTOMT
./ M3 JIByX OTpPe3koB). HemonBuKHOH TOUKM B 3TOM cJydyae

$  Het. Tak uto B TeopeMme KakyTaHu uTto-TO Takoe JOJAKHO

Puc. 2 Tpapux PEATONAraThes.
MHOTO3HAYHOM Mbi jountanu padory Hsma no konua. OH 3jech
dynkumu: 2 0ObSCHSIET, UTO /IS KAXKJIOH CTPaTeruu MHOXKECTBO BCEX
MPOTHBOCTOSILIMX CTPATErHH BbIMYKJO, T. €. 0ToOpaKeHue,
KOTOPO€e KaxKJI0H CTPATEeruu CTaBUT B COOTBETCTBHE MHOXKECTBO BCEX MPOTHBO-
CTOSILIMX CTpaTerui, BbiMykao3HauHoe. Kcnosb3ys HempepbiBHOCTb (PyHKLMH
BBIINJIAThl, OH TOBOPHUT, UTO rPaUK 3TOr0 OTOOParKeHHsl 3AMKHYT, U OH 1M0JP0o6-
HO 0OBSICHSIET, UTO 3HAUMT 3aMKHYTOCTb 3TOro rpaduka. Ilockosnbky rpagpuk
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3aMKHYT M 00pa3 KaxKJ10# TOUKH MPH ITOM OTOOPaXKEHUHU SIBJISIETCS BbITYKJIbIM,
Mbl 3akJ/iouaeM U3 Teopembl Kakyranu, uto 3T0 OTOOpaxKeHHe MMeeT Hero-
JIBUKHYIO TOUKY, T. €. TOUKY, cojJepzallyiocsi B ee oGpase. CJjenoBaresbHo,
MMeeTCsl MoJI02KeHHe paBHOBecHsl. [lajibliie OH TOBOPHUT, UTO B TEOPUH UTP JBYX
UTPOKOB C HYJIEBOH CYMMOH TO, UTO HA3bIBAETCS IJIABHOH TEOPEMOKH B KHHUIe
ton Hoiimana u MopreHcrepHa B ryiaBe 3 (CyllecTBOBaHHE CEIJIOBOH TOUKH)
M CYLLECTBOBAHHE TMOJIOXKEHHSI paBHOBECHs] SKBMBaJeHTHbl. B sTom ciyuae
JioOble 7IBa MOJI0KEHHsT paBHOBECHS TIPUBOJIAT K OJTHOMY H TOMY K€ 0XKMIaHHIO
BBIMTPBILLIA IS UTPOKOB, HO B OOIIEM CJlydae 3TO yXKe He TakK.

JlaBaiiTe 51 Tenepb paccKaxy J0Kas3aTeabCTBO TeopeMbl KakyTranu, noromy
YTO OHO KpacuBoe W royuutesbHoe. [ToToM s BepHych K TE€OpHH HTp, UTOObI
pacckasartb O JuJeMMe 3aKJ/I0UeHHOTO.

[lepsblil war B 1oKazaresibeTBe TeopeMbl KakyTraHu — cBeléHHe K cJiyualo,
korna S — cummnieke. Ecin S He cummiieke, To Hy?KHO MOCTYMHUTh CJEIYIOLHUM
o6pasom. Hyxkuo B3sith cummiekc S’, kotopeiii Bkiwouaer S. [Tocse storo
HY2KHO B3siTh perpakumio ¢: S’ — S (¢|s =1ds). st moctpoenuns: perpakimu
MOKHO B3SITh BHYTPEHHIOI TOUKY MHOXKECTBA S M PACCMOTPETh 1IEHTPaJIbHYIO
MPOEKLMIO M3 Hee, HO MPOELUPOBATh TOJLKO 10 S. Y HAC eCTb MHOrO3HauHOe
otobpaxkenue ®. Paccmorpum Tenepb MHOrogdHauHoe otobpaxkenue ¢ = @ o).
OueBuHo, uTo y @ HENONBHKHBIE TOUKH OyIyT Te 3Ke cambie, 4to 1 y P.
CBOHCTBO BBIMYKJ03HAYHOCTH M 3aMKHYTOCTH rpaduka npu nepexoae ot P
K ® coxpansotcs. Kpome Toro, sicHO, 4TO HEMOABHAKHbIE TOUKH @ Jjexkar
BHYTPH S, MOCKOJILKY 00pa3 0ToOpaKeHnsi ® JeKUT BHYTPH S; 0CTa/bHbIe
CBOMCTBA COXPAHSIOTCS. DTO MPOCTOE 3aMeuaHue CBOJUT CUTYalMIO K CJIydalo,
Korjaa S SIBJSIETCs CUMIJIEKCOM.

[Tycts Tenepnb S siBjseTcs cuMieKcoM. BosbMeM ero nojpassenenne S
Ha 6oJiee MeJKHe cuMIieKehl. MoxKHO, HarpuMep, B3siTh n-e GapulleHTpuue-
CKoe mojipasiesienne. BaxkHo Jniib, 4ToObl MAKCHMAJIbHBIN THAMETP CHUMIIJIEK-
coB S™ crpemusica k 0 npu n— oo. BuifepeM HenpepeiBHOE OJHO3HAUHOE
otoGpaxkeHue ¢,: S — S, Kotopoe GyJeT annpokcumaldedl MHOTO3HAUHOTO
otob6pakennss & u KoTopoe OyleT acCOLMHPOBAHO ¢ TojapasienenueM S,
caenyioumm o6pasom. Ecan s, — kakasi-to Bepiunna noapasaenennst S,
TO B KauecTBe <Z>n(s;n)) Mbl BbIOHpaeM J0OYI0 TOUKY CI)(Si(n)). MHozkecTBO
(I)(sf”)) — 9TO HEeKOe BbIMYKJI0€e MHOKECTBO; Mbl BbIOMpPAeM MPOU3BOJIbHYIO TOU-
Ky M3 9TOTO MHOXKecTBa. TeM caMbiM 0TOOpaKeHHe OMpejiesieH0 Ha BeplIHHax
cumiekca. Ha Bee cummiexenl B S 910 oToGpaxenue mpopo/Kaercs mo
JuHeriHocTH. [losyuaetcest yxke ofHO3HauHOE OTOOpPaXKeHue ¢, S — S. Boibu-
paeM TOUKY X,, KOTOpasi SIBJSIETCS HEMOJBHUKHOKN TOUKOHU 9TOT0 OTOOparKeHusl,
T. €. ¢n(Xy) =X, DTO BO3MOXKHO 1O TeopeMe bBpayspa o HenmoJBHXKHOH TOU-
ke. Tenepb, BbIOpaB Kakylo-HHOY/Ab TMOJNOC/AEI0BATENLHOCTb, CUNTAEM, UTO
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Xp — Xo TIPU 11— 00. YTBEP:KIAAETCs1, UTO X OyJeT Hallla HerMmoABHKHAs TOUKA.
ITO OUeHb eCTeCTBEHHAst KOHCTPYKIMS. EJMHCTBEHHOE, UTO HYKHO TIOHATh, 3TO
KaK 3JIeCb HCIOJIb3YeTCsl 3aMKHYTOCTb rpaduka U Kak 3/1eCh HCIOJb3YeTCsl Bbl-
MyKJOCTh 3HAUEHWH B KaxKJI0H TOuke. DTO TpeOyeT HEKOTOPOH aKKypaTHOCTH.
JlaBaiite 51 npoBey 3TH paccyxaeHus. [Tyctb A, — cUMILIEKC MOipas/ieeHH st
S, COJEPXKALLMA HEMOABUKHYIO TOUKY X,. IlycTh, nanee, x(f, x{, ..., xJj —
ero BepuinHbl. [{namerp cummniekca A, ctpemurcsi K 0 npu 1 — oo, Mo3TOMy

d d
x!—xo nns Beex i IlpencraBum X, B Buge x, =y AN'x!', rie ) AN'=1I,
i=0 i=0
A > 0. Tenepb, ewle pas nepexojis K Mooc/en0BaTe/bHOCTH, Oy1eM CUHTAaTh,
uto A — )\? npu 1 — oo. boJsee Toro, Mbl MOXKeM ellle CUMTaTh, uTO Y;' —>yl.0,

rie y!' = @n(x/') — o6pasbl BepinH. BepHemes K dopmyie x,; = ¢, (x,). 31ech
d
Xn =y, Alx/', a oTo6paxKeHue ¢, JMHENHO Ha Kaxa1oM cumekce. TTostomy
i=0 d d d
Xn=@n(xn) =Y My Ira cymma cxomarest: Y. Nyt — S° AVy9 C npyroii
i=0 i=0 i=0

d
CTOPOHBI, X, — Xg. VI3 3TOTO Clienyer, uto xo = Z)\?y?. [Ipu sTOM y? € ®(xp);
i=0
5TO BBLITEKAET M3 3aMKHYTOCTH rpauka (3ameTbre, uto X/ — X(). Tenepb Mbl
NnoJib3yeMcsl TeM, 4To 00pa3 TOUKH Xy — 3TO BbIMyKJ0e MHOxKecTBO P(x().

d
3Hauut, xo= > )\?yio € ®(xp). 51 nokazad, uto xoy — HenojaBMKHas Touka. Ha

i=0
MoCJIe[HNAX JIBYX lIarax si 0ObsICHUI, KaK HCMOJIb30BaJACh BBIMYKJIOCTb U KaK
MCIO0JIb30Ba/IaCh 3aMKHYTOCTb rpaguKa. O

Ha npumepe, KoTopblil 51 y2Ke puUcoBaJ, 3TO MOXKHO MPOUJIIIOCTPUPOBATh
caenytom oopasom. [Ipencrasbre cebe rpaduk, KOTOPbIH HET FOPU30OHTAJb-
HO, TI0TOM MaJaeT BePTHKAJIbHO BHU3, @ IOTOM CHOBA HJIET
ropusontasbio (puc. 1). B coorBercTBUM ¢ 3TOH KOH-
CTPyKUMEH npejaraeTcss AeHCTBOBATH CJeAyIOIUM 006-
\ pasoM. Pa3OuTb CcHUMILIEKC, O KOTOPOM HJET peub, Ha
\ MeJIKHe TOJICHMIJIEKChl. 3aTeM MOCTPOUTh OJHO3HAUHOE

otobpakeHue Tak. BbiOpaTh ero KakumM yrojHo Ha MeJIKHX
NoJICHMILIEKCAX, YTOObl BEPUIHHBI 0TOOPaAXKAJIUCh B CBOM
o0passbl, T. €. BbIOPATh OJIHO3HAUHYIO BETBb, HO TOJILKO HA

Puc. 3. [papuk STOM KOHEUHOM MHOXKECTBE TOUeK. A JaJibliie MPOBECTH

annpoKCUMalMk  JIUHEHHYI0 MHTEPNoJIsUMI0. DTO JAacT HaM oToOpaKeHue,
rpacuk Kotoporo uzoOpaxkeH Ha puc. 3. OnHO 3BeHO rpaduka HAET KpyTo,
HO BCe-TakW He BepTHKaJbHO. Torza noJyuaeTcsi HelojBHxKHasi Touka. [1pe-
Jle/IbHAsT TOYKA TaKMX HEMOJBHKHBIX TOYEK — 3TO M €CTh Hallla HeroJBHKHast
TOYKa.

D(s)
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51 xouy paccmoTpetsb Ba npumepa urp. OJIMH U3 HUX — CTaHAapTHAs Urpa
C HyJIeBOH CyMMOil, KoTopasi pa3bupaercsi corjacHo ¢don Hofimany. Bropas
Urpa HasblBaercst QuAemMma 3aKA0UeHH020. DTO Urpa C HeHyJeBOH CyMMON.
st Hee He mpuMenuma HUM Teopusi ¢on Hoiimana, Hu teopusi Hswa. Ona

MOKa3blBaeT HEKYIO CJI0KHOCTb TOTO, YTO MPOUCXOIUT B pPeasbHON KU3HH.
Pacemotpum urpy co caenyioliieil Tab/uied BbIaT.

Open | Peuka
Opeu 3 -2

Pelika -2 1

Wrpa coctout B cienyiouiemM. EcTh Ba Urpoka. ¥ KaxKJIOro M3 HUX €CTb
MOHETKa, W Ha KaxJIOM Llare Mrpbl OHM [OKa3blBAIOT JPYr JAPYry opJa HJu
peluky. B Tabsmiie ykasan BbIMTPbILI TIEPBOTO UIPOKA, KOTOPOTO Mbl Ha3oBeM A.
BbIMrpbIll BTOPOro HIPOKa paBeH BbIMIPbILIY MEPBON0 €O 3HAKOM MHHYC, MO-
3TOMY B Ta0JHlle JIOCTAaTOYHO YKa3aTb BBIUTPBILI OJHOro Hrpoka. Ecsn o6a
noKasaJju opJia, TO TepBblii MIPOK BbIMrpbIBaeT 3 y. e. Ecau o6a urpoka
nokasa/i pasHble CTOPOHbI MOHET, TO BTOPOH MIPOK BbIMIpbIBaeT 2. A ecsn
06a nokasaJi pelliky, TO MepBbli UTPOK BbIMIPbIBaET 1.

JlaBatite npoanasu3upyem, KoMy 3ta urpa 6oJjiee BbIrogHa. AMpHOpH 3TO
HesicHo. EcTb s, Hanpumep, B 3Toil urpe paHoBecue? [lo kpaiiHeill mepe,
CpelM UYMCTBIX CTpaTeruii paBHoBecHsi He BUAHO. CKaxkeM, MepBOMY HIPOKY
BBITOJIHO BCEe BpeMsi BblUrpbiBaTh 3. Ho BTOpo# Wrpok Ha 3TO, KOHEUHO, He
noiset. Ec/iu oH yBUAUT, UTO MepBbIA UTPOK BCerja BhibHpaeT opJa, To oH Oy-
JIET MOKa3bIBaTh PelIKY, U BbIMIPbIBaTh 2. To »Ke camoe u ¢ IpYruMHu KJIeTKaMu
TabJIMLbl; HU B OJIHOH U3 KJIETOK MOKOSI He OyJeT.

Uro Oyzet, ecsin KaxK/blil UrpoK OyJeT MOKa3blBaTh OpJia WJH PELLIKY C Be-
positHocTbio 1/2? Kak Jjierko coo6pasuTh, BEPOSITHOCTb KaXKJI0H KJIETKH OyJeT
1/4. CpeHuii BHIMIPBILI MOJMy4aEeTCsl PABHBIM HYJII0. SIBJISIETCS JIH TO ONTH-
mMasibHbIM? OKasbiBaercs, uto HeT. JlaBaiite nonpoGyem B 3TOM pazoOpaThes.
[IycTb nepBbIfi MTPOK BLIOGUPAET OpJla ¢ BEPOSITHOCTBIO P, @ PELIKY C BEPOSITHO-
ctbto 1 — p. IlycTb BTOpO# UrpoK BbIGHPAeET opJia ¢ BEPOSITHOCTBIO ¢, a PeLLKY
¢ BeposiTHocTbio 1 — ¢g. Torna cpenHuil BHIMIPBILI IEPBOrO HIPOKA paBeH

G(p, q)=3pg+ (1 = p)(1 —q)=2[p(l —qg)+ (1= p)g]=
3 3 1
=1+8pq—3(p+q)=8(p—g) (q—§> -3
[TocmoTpeB Ha 3Ty (hOpMyJly, Mbl BHJHM, UTO y BTOPOTO HIPOKa €CTh cJie-

Jyloliasi CTpaTerusi: B3ATh ¢ =g, T. €. BBIOHpATh OpJia C BEpPOSITHOCTbIO 3/8
W peliky ¢ BepositHoctbio 5/8. Torma, uto Obl HH jeas MepBblii UTPOK, OH
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Bcerja B cpejHem Oyjer npourpbiBath 1/8. W Huuero Jiyuiiero oH cienath He
MoxKeT. Ho ecsin BTopoii Hrpok nonbITaercst 310 U3MEHUTh B KAKYI0-TO CTOPOHY,

3 .
BO3bMeT § # g+ TO NEPBbIH HIPOK MOYKET 3MEHHTD CHTYALHIO B CBOIO MOJIb3Y,
3
BbIOpaB p =0 win p =1 B 3aBUCUMOCTH OT 3HAKA MHOXKUTEJIS § — 3 PagHo, u

. 3 . 1
[epBbIM UI'POK, ToJarast g = g, OorpaHuyuBaeT CBOW TPOUTPLILL g He3aBHUCHMO

g g) — 1oJ10’KeHHe paBHOBecus. Ecin
Bbl Hapucyete rpaduk dyHkiumu G(p, g), To 370 OyJleT ceanoBasi Touka.
Tenepn naBaiite paccMOTPUM MPUMEP UTPbI, KOTOpasi Ha3bIBAeTCs JuUAeMMA
3akaouerHoeo. Ecan urpa uMeer HeHyJIeBYIO CyMMY, TO PUCOBATb TaOJHUKY
6oJiee CJI0XKHO, JlaxKe eC/IH UTPOKOB BCErO JIBO€, MOTOMY UTO B KaXKI0M KJeTKe
JIOJIPKHBI CTOSITh JIBAa YHCJIa: BBIMTPHILI EPBOTO M BHIUTPHILI BToporo. Kx yacto

NUUIYT Yepe3 3aMsiTyto, HO 51 HAIUILY 3TO CJeIyIOLMM 00pasoM:

OT JIedcTBHI BTOpOro. 3ech ToUKa

—7\ =7 | =1\ -9
—9\—1 | -3\-3

Ectb nBa urpoka, A u B. B kjaccuueckoil siutepatype 3T0 jiBa rpabuTess
O6anka. B kaxjom KBajpaTe cjeBa 3amnucaH BbIMTPBIL TOTO, KTO BbiOMpaeT
CTPOKY, a CripaBa — TOro, KTo BbiOMpaet crosbell. [IpocTefinas nurepnperaius
3/1eCh BBINIAIUT clelytolmM o6pas3oM. J[Boe HeynauluBbIX rpaduTeneil 6aHka
OblIM TIORMaHbl MPH Mojxojie K 6aHKy U apecToBaHbl. Mx mocamuiu B TIopbMe
B OTJesibHble Kamepbl. [lepepx HUMHU CTOUT cJjeytolnii BbiOOp. JLOJKHBI J1
OHM CO3HATbCSl B TOM, UTO OHM BMecCTe 1M TrpabuTh OaHK, WJIH MOJUYATh,
He CcOo3HaBaThbCsl. Ecs OHM He CO3HAIOTCS, TO OHM MOJyYyaT 3 roja TIOPbMbI
3a He3aKOHHOoe obJiaziaHue opy:xueM. Ecau oHH 00a CO3HAIOTCS, TO KaK/bli
noJiyuut no 7 jet. Ecau onuH co3naetesi, a Apyrok HeT, TO TOT, KTO CO3HaJICH,
3a MOMOLLb CJIACTBUIO TOJMYUUT BCero | roji TIOpbMbI, @ TOT, KTO He CO3HaJICH,
NoJYyuuT 9 JIeT TIOPbMBI.

Hpyrasi untepnperaiusi 3Toro Takas. ECTb JiBe CTpaHbl, y KOTOPbIX €CTb
aTomMHoe opyxkue. OHH peliaiT BOMPOC O TOM, HYXKHO JIM HAHECTH TpeBeH-
TUBHBIH aTOMHBIH yJIap MO CBOeMY MPOTHBHUKY WJIM HET. DTH LHUdPbI (ecsu
K HUM J100aBUTb HYJb) 03HAYaloT 3aTpaThbl (B MpPOLEHTAX) PECypcoB JAHHOH
CTpaHbl, KOTOPbIH MOBJEUET Ta WK HHAsl cuTyauust. Eciu o6e cTopoHbl HAauHYyT
aTaky ojHOBpeMeHHo, To oHu notepsior 1o 70% cBoux pecypcos. Ecim onu
He HauMHAIOT BOiHY, TO y HUX yxoauT 30% pecypcoB Ha TOHKY BOOPYIKEHHI.
Crpana, Kotopast Hauasa Boiiny, Tepsier 10% pecypcos, a apyrasi cTpaHa
tepsier 90% CBOMX pecypcos.

[TocmoTpuM Ha 3Ty TaGJsully ¢ TOUKH 3peHHsl uuces. S yTBepKaar, uTo

KJIeTKa , ¥ TOJILKO OHa, MpeJICTaBysieT co60i paBHOBeCHe. DTa KJeT-
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Ka COOTBETCTBYET TOMY, UTO 00a WrpoKa MPU3HAJIUCh B HAMEPEHHH OorpabuThb
OaHk (Mn o6a pelinv HauaTh aTOMHYIO BOHHY). [1pearnosnoxkum, uTo nepsbii
UIPOK OTKJIOHWJICSI OT 3TOH cTpaTernu. Torna BTOpoil UIPOK MOKET CO3HAThCs,
M TO YMEHBIUUT BbIUTPBILI 1E€pBOro urpoka. [leppomMy UrpoKy 3TO HEBBIFOJHO.
Hao6opot, noJsioxKeHue, Korjaa Hi OJMH U3 HUX He OyJIeT CO3HABAThCS1, KOTOPOe,
KazaJjsochb Obl, UM BBICOJIHO, €CJH OHH MeXJy CcOOOH KaK-TO JOrOBOPHUJIMCH
COTPY/HHUATb, He SIBJSIETCS] M0JIO’KEHHEM paBHOBeCHsl. B 3TOM MOJIOKEHHH
KaXK/Jbli UIPOK MOXKET YBEJMUYMTb CBOW BbIMTPbILI, €CJH JAPYrOd MIPOK He
MEeHsIeT CBOIO CTpaTeruio.

[Tosio2keHMeM paBHOBECHS! sIBJISIETCS] OYeHb HEBBINOJHAsT CTPATErusi B3aUM-
HOTO pa3pylieHust (ecyiM paccMaTprUBaTh 3TO ¢ TOUKHM 3PEHUsT AaTOMHOH BOHHBbI).
Hano ckasatb, uto ¢on HofimaH, yunTbiBasi pasnbie BbIBOJbI (MOXKeT ObITb,
CBSI3aHHbIE C TEOPHEH UIP, HO TOUHO 3TO HE H3BECTHO), yroBapuBaJl NpPe3nujieHTa
Tpymena HauaThb npeBeHTHBHYIO aToMHylo 6omMOapanpoBky Coserckoro Coro-
3a, CUMTasi, UTO 3TO €IMHCTBEHHbIH Ccroco0 CracTH 3anajHylo LMBUJIH3ALHIO.
Cpenu mpouux 3ameuartesbHbIX JIoAel ero mojuepxxkuBan beprpan Paccer,
KOTOPBIH TOTOM 3TO BCSIYECKH OTpHLAJ, Koraa o0 3TOM TOBOPHJ, HO 3TO
XOPOLLO JIOKYMEHTHPOBAHO.

Kak ke ObITb ¢ aueMMO# y3HHKA? DTO He Tak npocto. OKoHUATENLHOTOo
MOHUMAHHSI CUTYalMH C TOH UIPOH JI0 CUX MOp HeT. Ecau 3Ty Urpy MoKHO
MOBTOPSITh MHOTO pa3 (C aTOMHOH BOWHOH 3TO He Tak), TO BbISICHSIETCSI, UTO
nocJie MHOrOKpaTHOTO MOBTOPEHHSI UIPOKH yuaTcsl KAaKUM-TO 00pa3om JIpyr ¢
JpyroM cotpyanuuath. [Tocrenenno B 60% cayuaeB onu BHIGHPAIOT KBAAPATHK
, KOTOPbIH, B KOHLE KOHLOB, UM BbIFOJHEE, YeM TO [O0JIOKEHHE
paBHOBeCHsi, 0 KOTOpoM 3jiech ujaeT peub. B Amepuke B Rand Corporation
Obl1 TAKOH SKCIepUMeEHT elile B H0-M rojty, KOTOPbIH JEHCTBUTENLHO MOKa3all
TaKOH pe3yJibTar.

Ecau M0oxKHO BbIOMpPATh CMellIaHHble CTPATETHH, TO 9TO HUYErO HE MEHSET.
Jlois1 cMellaHHbIX CTpaTerui MoJioyKeHHe PaBHOBECHSI OCTAeTCsl TO XKe CaMoe.
dTa urpa He oueHb XOPOLIO BIHUCHIBAETCS B KECTKHE PAMKH.

5 3akoHuy Tem, UTO CO3HAIOCh, KAKHE KHUIM W CTATbU 51 YUTAJ 10 ITOMY
MOBO/LY.
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5 nexkabpsi 2002 .
[Ipunoxenue: nepeon cratbu | 1]

Toukn paBHOBECKUA B UTpaxX C N y4aCTHUKaMM

Coobuyero C. Jledbweuem, 16 Hosibpst 1949
Mo2KHO Onpee/UTh MOHSATHE UIPbl ¢ A YUACTHHKAMH, B KOTOPOH Y KaxKJ0ro
UIpOKa eCcTb KOHEYHOE MHOXKECTBO UHCTBIX CTpaTeruii U B KOTOPOH omnpese-
JIEHHOE MHOKECTBO BBIMJIAT /I UTPOKAM COOTBETCTBYET KaxKJIOMY HaOoOpy U3 7
UMCTBIX CTPATErUid, M0 OJIHON CTPATEruu WIsl KaxK/10ro urpoka. st cMelaHHbIX
cTpaTeruil, KoTopble 3alaloTcsl pacrnpeeseHHeM BeposiTHOCTEH YHCTBIX CTpa-
Tern#, (PYHKLHMH BBIMJIATHI SIBJSIOTCS MaTeMaTHUECKUMH OXKUJIAHUSIMH BbINJIAT
UrpoKaM, U TaKuM 0Opa3oM CTAHOBSITCS MOJUJIMHEHHBIMU POPMaMHU OT Bepo-
SITHOCTEH, C KOTOPBIMH pasHble MIPOKHM BbIOHPAIOT CBOM UHUCTblE CTpPATEerHH.

Jlio6oi HaGop n cTpaTerui, Mo OJHOH IS KaXKJI0r0 MIPOKa, MOXKHO pac-
cMaTpHUBaTh Kak TOUKY B [IPOM3BEIEHHH IPOCTPAHCTB, MOJYUEHHOM MPH YMHO-
JKEHUH 71 IPOCTPAHCTB cTpaTervit urpokoB. OJIMH Takod HAOOp 1 cTpaTerui
MPOTHBOCTOUT JIPYTOMY, €CJIM CTPaTerust KaxKJIoro Urpoka B MPOTHBOCTOSIIIEM
Habope n cTpaTerui NPUBOJUT K HAUOOJbIIEMY MATEMATHUECKOMY OXKHUIAHUIO
JUISl 3TOTO UTPOKA 10 OTHOLIEHUIO K 71 — 1 cTpaTerusim Apyrux urpokoB B Habope
1 cTpaTeruii, KOTOpoMy OH MpoTuBocTouT. Habop n cTpaTteruii, NpoTHBOCTOS-
Ui camoMy cebe, Ha3bIBAIOT TOUKOK paBHOBECHS.

CornocrapJisisi Kazka10My Habopy 7 CTpaTeruii MHOXKECTBO MPOTHBOCTOSILIMX
eMy HabopoB 7 CTpaTerui, noJyuyaeM MHOTO3HauHOe OTOOparkeHHe MpoH3Be-
JIeHUs! IPOCTPAHCTB B ceOs1. K13 onpeneseHnst poTHBOCTOSIHUST Mbl BUJIMM, UTO
MHOKECTBO TOYEK, MPOTHBOCTOSIIIIMX OJIHOH TOUKe, 8binyKA0. Bocnonb3oBas-
IIMCh HENMpepbIBHOCTbIO (DYHKILMH BBIMJIAT, Mbl MOJy4aeM, UYTO rpaduK 3TOro
oToOpaKeHUs1 3aMKHYT. 3aMKHYTOCTb SKBMBaJIeHTHA CJIE/yIOLIEMY yTBEpK/ie-
Hulo: ecain Py, Py, ... u @, Q9, ... — M0OCJEI0BATENBHOCTH TOYEK B MPOU3-
BEJIEHHH MPOCTPAHCTB, NpuueM @, — Q u P, — P, u ecin (), TPOTHBOCTOUT
P,, To Torna § npoTHBOCTOUT P.

Tak kak rpacuk 3aMKHYT U 00pa3 Kax/od TOUKHM MPH paccMaTpUBAEMOM
oToOpaxKeHHH BBIMYKJbIH, U3 TeopeMbl Kakytanu *) cjeyert, uto oToOpaxkeHue

*) Kakutani S. Duke Math. J. 1941. V. 8. P. 457—459.
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MMeeT HEeMoJABHAKHYIO TOUKY (T. €. TOUKY, KOTOpast COAEPKUTCS B CBOeM o6pase).
CuleloBaTelbHO, CyLLECTBYET TOUKa PaBHOBECHS.

B cJjiydyae urpbl ¢ 1ByMst yUaCTHUKAMM U C HyJIeBOH CyMMOH «OCHOBHast Te0-
pemax» *) W cyllecTBOBaHHE TOUKH PABHOBECHS] KBUBaJIEHTHbI. B 3TOM cayuae
JitoOble JIB€ TOUKH PaBHOBECHS TMPUBOJST K OJHUM M TE€M Ke MaTeMaTHUeCKHM
0XKMJIaHUAM JJIs1 HTPOKOB, HO B 00IIleM CJydae 3TO HeBEpHO.

*) Von Neumann J., Morgenstern O. Theory of Games and Economic Behavior. Ch. 3.
Princeton: Princeton University Press, 1947. (Pycckuii nepeBox: ¢pon Hediman [loc., Mop-
cenwmepr O. Teopusi urp u skoHomuueckoe rosenenre. M.: Hayka, 1970.)

Agrop 6naronapen noxkropy Hssumy [sitsy 3a npeioxkenue npuMeHnthb Teopemy Kakyranu,
yTOObl YIPOCTUTL JloKasaTesnbetBo, U A. E. C. 3a (huHaHCOBYIO TOJLIEPKKY.



B.B. CepraunosBa

TEOPEMA JIOKAJIU3AUWUHU U METOJ, OPBUT
JAJ1s1 CYNNEPAJITEBP JIU

Tomomopdusm Xapuim-Hauapwl

CHauasa s cjleialo KpaTkoe OTCTYIJieHHe Tpo oObluHble anrebpbl JIu:
uTo §1, coOCTBeHHO, cobupatoch 0606uath. [lycth g — nogaynpocrasi anre6-
pa JIn nan C, U =U(g) — ee ynuBepcasbHasi oOepTbiBaioliasi. ¥ Hac ecTb
TPEyroJibHOE pasjoxkenue g=n" +bh-+nT (BepxHue TpeyrosbHble MATPHLIbI,
JMaroHasibHble MaTpULibl, HU2KHHE TpeyroJibHble MaTpulibl). [lepBoe, uto s xouy
HAMOMHUTb, — TO ONHUCAHUE LieHTpa Z yHUBepcasbHOH o6epThiBatollel. LleHTp
MOKHO 0TOOPa3HTb B CUMMETpHUUECKYIo aarebpy ot b, T. e. cyllecTByeT 0To6-
paxkenue h:Z — S(h) (npoekuus). [1poekuust Xapuii-Hauapbl — 370 oToOpa-
wenue U — S(h) =U(h). PaBencrBo S(h) = U(h) Bo3HMKAET H3-3a TOTO, UTO
anreGpa h kommyrtatuBHa. Sapom 31oil npoekumn siBasterest n~ U + Un't,

Teopema | (Xapum-Yaunpa). h(Z)=S(H)Y =Pol(h*)V, ede W —
epynna Belias.

Hy»kHo yuecTb, uTO Korja si roBopio o aeictBud rpynnbl W, To 310 —

. . 1
caBuHyTOe sleficTBue. EcTh crieunanbhbiil sieMent p=5 3 o (noaycym-
aERT

Ma BCeX MOJIOXKHTEJIbHBIX KOpPHEH), W JeHCTBHE 3ajaeTcsi TakoH (opMyJIoii:
A =w\+p) —p.

IMyuok ckpyuyeHHbIX audepeHIMaNbHbIX ONEPATOPOB

Mkl MokeM onpenesuTh LeHTpasbHbil Xapaktep xy: Z — C. On onpe-
nesisiercst BecoM A € h*. LleHTpaJibHbIA Xapakrep — 3TO MPOCTO BblUMCJIEHHE
(evaluation). B Teopuu mpencrapjieHHil H3BECTHO, UTO €CJIM Bbl XOTHTE OINU-
CbIBaTh HEMpPUBOJMMbIE MPeACTaBJEHHs], To LeHTp no Jgemme Lllypa nefictyer
LEHTpa/IbHBIM XapakTepoM. [lostomy nMmeeT cMbic paccmaTpuBaTth hakTop
UA=U/(z — xx(2)). HomycTnm st Hauasa, uto BeC A LEJOUHCIEHHbI. DTO
03HayaeT, uTo OJHOMEpHOEe TIpe/cTaB/eHue f) ¢ BeCOM A\ MHTerpupyercsi Kak
npeJcTaB/eHre COOTBETCTRYIOLEro Topa. PopmasibHoe onpesiesieHne 11eJ10UnC-
JleHHoro Beca Takoe. B b ectb 6asuc llesanne Hy, ..., H,. Bec A uenounc-
JIeHHbIl, ecan A(H;) € Z nns Beex .
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Paccemorpum muorooGpasue duiaros X = G/B (rpynna G 0JHOCBsI3HAsT).
Llesiounciennbliit Bec A onpenensier o6patumbiii mydok O(A) Ha MHOrooOpasuu
daaros. Mbl paccmatpuBaem nyuok DA nuddepeHimaibHBIX ormepaTopos Ha X
¢ kos3duumentamu B nyuke O(N). Beitsinncon u BepHiITelH HAa3bIBAIOT 3TOT
My4YOK NYUKOM CKPYUEeHHbLX OUPPeperyaroHolx onepamopos.

1ot 2Ke 00BEKT MOXKHO OMPENeIUTh J/Is1 JII0OOTO A, He TOJbKO LeJN0UnC-
JgenHoro. EcTb abcTpakTHoe ornpejesieHre CKpyueHHbIX THddepeHinansbHbIX
0repaTopoB. DTO TAKOH MyUYoK, KOTOPbIH JIOKaJLHO H30MOpdeH nmyuky nudde-
peHIIa/bHbIX orepaTopoB. MoXKHO MOKa3aTh, UTO TaKHe Myukd HyMepYIOTCs B
TOUHOCTH Becamu. Ho /s 11e/10uuC/IeHHBIX A 9TH My4YKH UMEIOT reomMeTpuye-
CKUH CMBICJI.

Aure6pa Jlu g neiicTByer BekTOpHbIMH moJisiMu Ha (O(A), MOSTOMY eCTb
otobpakenue g — ['(D?) (B rio6GabHble ceueHns). TOT FOMOMOP(HU3M ecTe-
CTBEHHO TPOJI0JKAeTCss 710 roMomMopduama yHHUBepcasbHOH 00epThiBalolllek
i U—T(D).

Teopema 2. Ker va\=({z—xa(2): 2€Z}).

COOTBETCTBEHHO, MHJIyLMPOBAHHbIA roMoMOpdHu3M dakTopos y: U =
= U /Ker v — I'(D*) — uzomopdusm. To ecTb daxtopasredpa 1o LeHTpab-
HOMY XapakTepy — 3TO B TOUHOCTH Tyio0GajibHble ceueHust myuka auddepeHin-
aJIbHBIX OTIEPaTOPOB.

DTo mepBasi yacTb TeOpeMbl. Y Hee eCTb W BTOpasi yacTh (OHA camasi
BaXKHas).

Teopewma 3. Jlonycmum, umo sec A+ p pecyrsaprolil  OOMUHAHM -
Holi (9mo osnauaem, umo (A+p)(H;) € Zgo 0aa scex i). Mo modcen
paccmompems dse kKamezopuu: kameeopuio UN-modyaeli u kame2opuro
nyukos D -modyaeii. Imu Kameeopuu IKEUBANCHMHYL.

DyHKTOP 5KBMBaJIEHTHOCTH — 3TO MPOCTO B3SITHE IVI0OABHBIX CEUEHHUH.

dta TeopeMa OueHb Ba)KHa JIIsi T€OpUM TpelcTaBjeHuil. Eciu ocraBuTh
TOJIBKO YCJIOBHE PEryJisipHOCTH, TO OyJdeT 3KBMBaJEHTHOCTb MPOU3BOJHBIX
KaTeropu.

IMMpumep 1. Iyers G =SL(2) u P! — dnarosoe MHoroo6pasue. Ipes-
nosioxKum, uto A = 0. Kakue mbl 3Haem tam Moty in? Bo-niepBbix, Mbl 3HaeM TpH-
BHaJIbHBIN MOjtyJ/ib. Kakomy D-monysnio oH cootBeTcTBYeT? OH COOTBETCTBYET
crpykrypHomy nyuky O. Jlpyroii npumep — moay.ib Bepma U(g) @y C, rae
b=h+nT. On coorBercTBYeT D-MOJIYJIIO, TIOPOKIEHHOMY JieJIbTa-(DYHKIKEH.

Jlna SL(2) ectb nBa monynsi Bepma. Omun mojynb Bepma — ato M(0).
Ero Beca oTHocHTesnbHO hh — 370 cTtpyHa 0, —2, —4, ... A ecTb JApyroii MojyJib
Bepma, M(—2). On siBasiercst noamoysem M(0). TpuBuaibHbIH MOy — 3TO
thakrop onaHoro moaysas Bepma mno apyromy. Moayab M(—2) — 3to u 6yner
MOJIyJb JIe/bTa-(hYHKIIUH.
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A B o6uieit Teopun Moy Bepma cBsizanbl ¢ Kiaetkamu LllyGepra mHoro-
o6pasusl.

Uro6bl MOJMyuuTh BTOPOH MOJIy/ib Bepma Mbl BbIKasibiBaeM TOUKY: paccmaT-
puBaeM Bce (DYHKIIMH, TOJIOMOPgHbIE BHE 3TOH TOUKH, U GepeM TpsiMoi o6pas
KaK Tyuka. ¥ Hero oueHb MHOTO CeUYeHHH, B OTJIMYHE OT BCEeX ToJIOMOP(HBIX
(hYHKLHI.

CBs13b ¢ OpOMTAMHM KONPUCOEJAMHEHHBIX MPEACTaBIE€HUI

B Haulem cjiydyae npucoenuHeHHOe M KOMPUCOEIMHEHHOE MpPeICTaBeHUs
n3omopdHbl: g* = g. Pacemorpum g*. Ha Hem ectb cTannaptHasi cko6ka [lyac-
CoHa — To, uTO HasbiBaercsi ckoOkoi Kupumnoa. A umenno, O(g*) =S(g),
a Jaablie kommyratop [, | 3anaer ckoOky Ilyaccona. To ectb 3T0 — nyac-
COHOBO MHOTOOGpasue, U B HEM €CTb CHMIJIEKTHUECKHE JUCTbI. CHUMIIEKTH-
UecKHe JIMCThl — 3TO TO Ke camoe, uTo opOuThl. Paccmotpum opouty obiiero
NoJI0’KEeHHST B g* OTHOCHUTENbHO NeiicTBust rpynnbl G. Torna orpanuueHue Ha
Hee MyacCOHOBOH (DOPMbI JIaeT CUMIJIEKTHUYECKYI0 CTPYKTypy. CKaxeM, ecJu
G =SL,, To 310 HGyner opOUTA HEKOTOPOH AUAroHaJbHONH MAaTPHLLbl, Y KOTOPO#
Bce coOOCTBeHHbIe 3HaueHHst pasHble. OpOUTHI 001LEro MoJ0KEHUsT HyMepPYIOTCSI
TEM K€ CaMbIM MapaMeTpoM; OHH HyMepyloTcsl BecaMu A € h*.

Ha op6ure O Bo3HuKaer cummiiekTHueckasi cTpykrypa. C 1pyroit cTopoHsl,
y Hac ectb anreGpa U?. Tlosyuaercsi, uto U — 970 KBaHTOBAHHE CHMILIEK-
THUECKOH CTPYKTYphl Ha O.

OG6biuHO, ecan y Bac ecTb JuddepeHlMaibHble OMepaTopbl, TO 3TO —
KBaHTOBaHHE CTaHIAPTHOH CHMIIJIEKTHUECKOH CTPYKTYPbl Ha KOKacaTeJbHOM
paccaoennu. TyT cTpyKTypa cKpyueHHasl.

Cynepanre6opsl Jlu

Terepb 1 xouy obeyauTh Bce 370 st cynepadnrebp Jln. Cynepasnre6pa
JIn — 310 Zg-rpaaynpoBaHHOe BEKTOPHOE MPOCTPAHCTBO g =g+ gi, B KOTO-
pom ecTb ckobka [ , |, umetouiast crenenb 0. dta ckobka obsagaer AByMs
CBOMCTBAMHU:

[x, yl=—(=D"y, x],
[x, [y, 21l =1lx, yl, 21+ (=D)"]y, [x, 2]].
3Jlech X U [ — CcTerneHb (IpajlydpoBKa) 3J€MEHTOB X U Y.
[Tpocrasi cynepasnre6bpa JIlu — sto cynepasredbpa JIu, He umerolas uaea-

JoB. [Ipoctbie cynepasrebpel onucanbl B ctathe Kaua. 1 nam nBa npumepa
NPOCThIX cynepanredp, i KOTOPbIX 51 Oyay 0ObsCHATb BCIO CHTYaLHIO.
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[Tpumep 2. Anrebpa gl(m|n). dto — anreGpa aBTOMOPHU3MOB Cy-
MePHpPOCTPAHCTBA OJIOUHBIX MaTPHIL (/Cl g), rie A — kBajpartHasi mMarpuua

nopsiika m (U4eTHble nepemeHHble), a [ — KBajapaTHasi MaTpulia MopsiaKa n
(HeueTHble MepeMenHble). KoMmmyTatop ornpejessiercst cieuyiolniuM oO6pa3om:

[X, V]=XY — (- )X yx.

Kak n B oObluHOM cJayuae, B gl(m|n) ectb nopasnre6pa sl(m|n). Ona
COCTOMT W3 MaTpHlL, y KOTOpbIX cynepesen pasen 0, T. e. tr A —tr D =0.

Ara anrebpa npocra Beerja, 3a UCKJUeHHeM ciayuasi, korjaa m = n. Torna
y 3TOH ajreGpbl eCTh 1IEHTP; M0 HEMY MOXKHO NMPOQaKTOPU30BATh.

B knaccudukaunu Kaua ects tpu tuna anre6p. [lepsbiit THn — 310 anre6-
pbl, KOTOpblE MOXKHO 3ajaBaTh marpulleil Kaprana, kak u oGbluHble anre6pbl
Jlu. Asre6pa gl(m|n) otHocuTcst K 3TOMy THIy. Kpome Toro, ecTb cTpaHHbIe
anre6pbl. A elile ecTb copT ajreGp, MPo KOTOPbIH s CerojiHst He Gyjly TOBOPHTb.
I10 cynepanre6pbl BeKTOPHbIX noJieil. OHU 6epyTcsi U3 OUYeHb MOHSATHON BEllH.
Uro Takoe MoJHHOMHAJLHbIE BEKTOPHBIE MOJSI? DTO NMPocTo AU depeHpo-
BaHUS MOJMHOMHAJBbHON anrebpbl. UTo Takoe cyrnepBeKTOpHble TMOJsA? IDTO
M depeHIMPOBaHHs CYNeproJIMHOMHANLHON anrebpbl, KoTOpast yxKe OJHa.
Ecsin y Bac ToJIbKO HeueTHble TlepeMeHHble, OHA CTaHOBUTCS agarebpoii [pacc-
mana. [lostomy nogydaercs anre6pa auddepenunpoBanuil anredpol [pacc-
MaHa, KOTopasi KOHeYHOMepHa. DTO JlaeT Jpyrue npuMepbl anredp, KOTopble
3ajaioTcst He MaTpullaMu Kaprana, a ctpostest Kak ajare6pbl BEKTOPHBIX TOJIEH.

I ecTb ellle HHTEPECHDIN MTPUMEP, KOTOPBIH 51, COOCTBEHHO, X0Uy 0OCYUTh.
Ota ajnrebpa oObuHO HasbiBaercss P(r). Mbl MoxeM cmoTpeTh Ha gl(m|n)
kak Ha aare6py End V' supomopdusmon cynepnpocrpancrea V =V @ V.
Paccmorpum cayuatii, koraa dim Vo =dim V| =n. Torna moxHo pacemorpersb
HeueTHyl0 CHUMMeTpHueckyto (hopmy w (370 (opma, KoTopasi CrnapuBaeT ueT-
Hble U HeueTHble BekTOpbl). Torna P(n) — anrebpa Jlu, Kotopasi coxpaHsieT
bopmy w.

Bbl MoxKeTe MOCTPOUTL aHAJIOT OPTOrOHANBLHON HJIM CUMIJIEKTHYECKOH aJl-
re6pol JIu, ecin Oynere paccMaTpuBaTh OPTOTOHAJBHYIO WJIM CHMIJIEKTHUE-
ckyto ¢opmy. OO6bluHYyI0, KOTOpasi coxpaHsieT yeTHocTb. Ho BoaHHMKaeT elie
HOBast CTPYKTypa, KOTOpast COXpaHsieT HeueTHyIo (hopmy.

B matpuuHom Buze 3Ta asire6pa MMeeT oueHb MHTEPECHbIH BHJ, a HMEHHO
(é‘ th), rie B'=B n C!' = —C. dra anrebpa Jlu He uMeeT HHBApHAHTHOI
GusHeiHol (opMbl. OHa coCcTOMT U3 MaTpull B gl(m|n), yaOBJIETBOPSIONIX
TaKMM CBOHCTBAM.

$1 xouy nonpo6oBatb 0600LIMTH TO, UTO 5 TOBOPUJIA CHAUAJa, CKAXKEM, /s
TUX JABYX anre6p. 51 Hauny ¢ anreGpol P(n), MOTOMY UTO Jijisi Hee BbIUMCJIEHHS]
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Jerde. Yto Mbl MOxKeM ckasaTh 1po 3Ty ajreOpy? CepreeB jiokasas, 4ToO
LIEHTp ee YHHBepcasJbHOH obGepthiBatollell anrebpol U tpuuaieH. Kaszasnoch
Obl, BCSI TEOpPHsi pacchinaercsi y»ke B 3ToM Mecte. Ho TyT Bo3HHKaeT oueHb
MHTepecHasi Belllb, KOTOPYIO s TOJIbKO HelaBHO 3ameTusia. PaccmoTpum, Tem
He MeHee, yHUBepcasibHylo oOepTbiBatoltyto U. OKasbiBaeTcsl, 4To y Hee pa-
jukan JlxekoO6coHna HerpuBuasieH. (Paankan J[keko6coHa — 3TO aHHyJTOP
BCEX HEMPHUBOJMMBIX MPEICTABJIEHHI: BCE, UTO aHHYJUPYETCs JIOObIM HeNmph-
BOJMMBIM TpejICcTaBjeHneM. B JaHHOM cJjyyae 3TO MPOCTO MaKCHMAaJbHbIH
HUJIBIIOTEHTHBI HeaJl.) Y Hac ecTb pasjioxenre g=n" @ hdnT. Anredpa b

COCTOUT U3 MaTpHULL BUJla ( , [JIe MaTpulia A BEpXHsis TpeyroJibHasi. Mui

k

0 —A

MoxKeM paccmoTpeTh Moayab Bepma M(A) = U(g) ®yp) Ca, e A€ b*.
YrBepxaeunue . Padukaa/locekobcorna J seasemes aHHYALMO-

pom scex modyreil Bepmua:

I=) Ann M.
AEh*

JlokasaTesbCTBO 3TOr0 NPeIoKEHNsT HECI02KHO.

Janblie Mbl genaeM BOT uto. M3HauasbHO 3anaua, KOTOPYlO s XoTesa
peliaTthb, — OMUCAHHE HEMPUBOJIMMBIX TPEICTaBAEHHH, He TOJbKO KOHEUHOMep-
HbIX, a Jo0biX. [lo onpenesennio st Mory mpoakropusoBatb 10 pajuKalsy
Jlkexo6cona. [1pu 9Tom Huuero He uamenutcsi. Pacemorpum U = U/J. Un-
TepecHo, uto y U/ ecTb LIeHTP, NpHUeM J0CTaTOuHO GOJIbLIok. Mbl GyleM ero
OIMUCHIBATD.

Mycth Z — nentp U. S mory noctpouth roMmomopduam Xapuii-Uasaphbl
h: Z — S(h) Tak XKe, Kak 5 370 jenana panblie. [lycts W — rpynna Bedins
UeTHOH yacTH go. B 1aHHOM cJ/lyuae yeTHast 4yacTb — 3TO MPOCTO gl,, M03TOMY
W — cummerpuueckas rpynna S,. Torna

h(Z)=C+S"Y (h)Q,

rne () — MHorousieH crenenu rn(n— 1). B kakomM-To cMmbicsie 3TO aHaJjor
MHorousneHa Bannmepmonna. Asire6pa b cOCTOMT M3 JMaroHaJibHbIX MaTpHIL

diag(Ay, ..., A1). MHorousen ) onpefesnsieTcs: cjeayondM o6pasom:
QM) =TT =x+i—0.
i#]

OH HHBapUaHTEH OTHOCHTEJIbHO CJBMHYTOTO JEHCTBHsI Ipymibl Befisi.

Hasosem Bec A munuunowm, ecan () # 0. Ilast 1060ro THIMYHOTO JIOMH -
HaHTHOTO Beca TeopeMa bBepHiirefiHa—DbelimHCcOHa PO JIoKa/M3alnio BepHa
JIOCJIOBHO Tocie 3aMenbl U Ha U. B Hauem ciyuae

Ur=U/(z = xA(2))zez-
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B wactHocTH, Bbl MOKeTe mucaTh Bce (POpMyJibl HHOUHUTE3UMABHbIX Xa-
paxkTepoB sl JIOObIX MpejacTaBieHuit. JlomycTum, Bbl paccMatprBaete Jioboe
TUITMYHOE BeCOBOE HENpUBOJMMOE MpejcTaBjeHue. Torna oyeHb Jierko Haru-
caTb ero HHPUHHATE3UMAJILHBIH XapakTep.

OJIHO U3 CJEICTBHII 3TOH TeopeMbl 3aKJIouaeTcs B TOM, uto ajire6pa U
ABJISIeTCs MaTpHUHOl asre6poit nan U(gg)™.

Mbl B NpUHLMITE TOHUMAJIH, UTO €CTh THIHUYHbIE BeCa, HO TOJbKO JUIsl KO-
HEYHOMEPHbIX TpeJICTaB/IeHHH, TOTOMY UTO HUKOIJIA paHblle He OblI0 LeHTpa.

Teriepb 51 xouy 0ODBSICHUTL, OTKy/Aa B3SICS 3TOT pajKaj H KAaKOB €ro
reomMeTpuuecKuii cmbica. PaccmoTpum g* Kak cyrnepMHoroobpasue ¢ 1edCTBUEM
cyneprpynmbl G. [lepBoe 3ameuanue 3akJ/iouaercst B TOM, 4To g* He H30MOP]-
HO @ Kak g-MOJyJib. A uTOObl ONMUCHIBATH OPOMTHI, HYy>KHO omucaTb g*. OHo

c A
CYNepKOMMYTaTOpoOM. 3aMeTHM, UTO 3TO — CylepMHOrooOpasue, U B HEM eCThb
noJcTHAaloee MHorooOpasue g C g*. CynepmHoroo6pasie — 3T0 HeKOTopast
cXeMa ¢ HUJIBIIOTEHTaMM Ha 0ObIUHOM MHOroo6pasuu. OO6bIUHOE 3/1eCh — 3TO
npocto g;. Uro Takoe obputa? TyT HauuHaeTcsl Takoi MHTepecHbI (heHoMen
CyrnepreoMeTpHu, uTo cyrnepMHoroo6pasue, BooOlile roBops, He 06513aHO ObITb
oObeauHenreM opOuT. Ec/iv Bbl pacCMOTPUTE TOUKY Ha MOJCTHJIAIONIEM MHO-
roo6pasun, To opOUTa MO JAEHCTBUEM TrpyMbl OYJeT CyrnepMHOrooHpasuem.
OpnHako 3TO BOBCe He 03HAYAET, UTO CaMO BCe CylepMHOrooOpasue (ec/u Bbl
nepeijere K pyHKTOpy Touek) Oyner obbeauHenneM opout. To ecth HeBepHO,
uTo JioGasi MaTpHlla TaKOrO BWJA TI0JyyaeTcsl U3 YeTHOH MaTpulbl MO Jek-
cTBUeM rpynnbl G.

Hanpuwmep, ecan Mbi pacemotpum cynepripoerpanctso RO u pacemorpum
neiicterue R* (ymHOXeHHe), To opOuToil Gyner onHa touka (. PoBHO Takas
CHTyalmsi BeTpeuaercst 3jiech. Ecin Mbl BosbMeM @ = G - g (3aMblKaHue Beex
OpOUT BCEX UETHbIX MaTpHIL), TO 3TO OyJeT cynepMHorooGpasue He MOJHOH
pa3MepHOCTH; OHO He coBnajaaer ¢ g*. ¥ storo cynepMHOroo6pasust ecTb
unean [ (310 — adpdunnoe cynepmuorootpasue). C 1pyrofi CTOpoHbI, HMeETCs
JIPYro#i ujieas, a MMeHHo, pajauKkas J u MoxkHo B3saTh Gr J. EcTb runoresa, uto
lo=Gr J. 51 noka ne mory ee nokasathb. [Toka n0kasaHo To/IbKO clieyiolee
yTBep2KJIeHHE.

Teopema 4. Q —Hnenpusodumas KOMNOHEHMa MHO2000PA3U, AC-
coyuuposarroeo ¢ Gr J.

Ecau Obl g j0Kka3ana, 4To 3T0 MHOrooOpasue HeNnpuBOJIMMO, TO TMIIOTE3a
Obl1a Obl 10Ka3aHa.

Teriepb 51 pacckaxky, 4To Jesnath ¢ JAPYyruM rnpumepoM. MHe kaxercs,
YTO TaK MOXKHO ellle MHOToe TOJIyuMTb, XOTSl 3TO elle §IBHO He J0JeJaHo.

A B .
COCTOMT M3 MaTpHIL ( ), rie Bl =—Bu C'=C. A neficTBue 6yeT TeM e
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<« YeTHbIE KOPHH

|~

Puc. 1. Kopuu anre6pni s[(1]2)

Pacemotpum g=sl(m|n). Ilpexne Bcero Mbl XOTHM MOHSITb, UYTO TaKoe
uentp U. Ectb Teopema Ausekcanigpa CepreeBa, KoTopasi JaeT oOnuca-
Hue, aHasornyHoe onucanuto Xapuui-Yauapel. OnsiTb-Taku, AMaroHajgbHas
nojanreébpa — sro nopanred6pa Kaprana. OmHako ycsoBHe, onucbiBaiolliee
o6pa3 romomopcuama h: Z — S(h), npyroe. [lpexye Bcero, ecth rpynna
W =S5, xS, —rpynna Betns anrebpnl gg = sl(m) & sl(n) & C (g npocToThl
Mbl paccMaTpuBaeM cJjyudail n# m). Jlerko nokasartb, uto o6pa3 06s13aTesIbHO
JIOJKeH ObITh HWHBApUAHTEH OTHOCHUTENbHO 3TOH Tpynmbel. Ho eme ectb
JOTIONIHUTEIbHOE  yesoBHe: h(Z) — 310 Te nosuHoMel p € S(h)Y, kotopeie
YIOBJIETBOPSIIOT ~ CJIEYIOIEeMY YCJIOBHIO. Y 3TOH anrebpbl e€CcTb KOpHEBoe
pasJioxkeHue (pasJsioKeHne Mo COOCTBEHHBIM TOINPOCTPAHCTBAM OTHOCUTENHHO
nedictus h). M tam ectb HeueTHble KOPHU (OHM ellle HA3bIBAIOTCS H30TPOI-
HBIMH), JJIs1 KOTOpbIX (o, @) =0. YcjoBue Ttakoe: ecan (A+p, o) =0, To
p(A+ta) = p(A\) ais moGoro uzotponHoro KopHsi a.. st anre6per s(1|2) cm.
puc. 1. Dra anrebpa uMeeT paHr 2, TOTOMY Mbl MOXKEM HapHUCOBATb KapTHHKY
Ha miockoctH. CucremMa KopHell (DakTHUeCKH He OTJIMYaeTCsl OT CHCTEMBbI
kopHei as1 s[(3). Ho Ha 3Ty cucremy KopHel Hajlo CMOTPETh B CyrepcJ/ydae.
KBanpatuunas dopma, Kotopasi 3/1ecb BO3HMKAeT, UMeeT CUrHatypy (4, —).
EcTb /IBa ueTHBIX KOpHS, a BCe OCTasbHble KOPHH H30TPOITHbIE.

B stom ciyuae ycsoue takoe. LleHTp n3omopeH KoJblly MHOTOUJIEHOB,
KOTOpble, BO-TIePBbIX, CHMMETPHUUYHbI OTHOCUTEJILHO BEPTHKAJHU, a KpPOME TOTO,
OHM TIOCTOSIHHBI Ha KpecTe.

Orclojia BO3HUKAET onpejie/ieHre THIHUHOTO Beca. JI106oii Bec A € h* 3ana-
et xapakrep xx: Z — C. Bec \ TUMUueH, ec/ii OH He JIEXKUT HA 3TOM KpECTe,
a B oOuleM cayuae — ecam (A4 p, o) #0 st 106010 H30TPOMHOTO KOPHSL.

Hexoropble Touku Bceraa 3aiatoT OJIMH U TOT XKe LEHTPaJbHbIA Xapakrep.
Bec A\ tunuuen, ecau ToJibKo opbuta rpymnnbl Bellsis 3amaer oaMH U TOT XKe
LeHTpasibHbINA XapakTep. s TunuuHoro A Teopema bepHiureitna—befnco-
Ha Oblia f0KasaHa (B o0lieM Buje, He ToJIbKO st §((77)) T1eHKOBBIM, 10BOJILHO
naBHO. MIHTepecHO OblI0 6bl TIOHATh, KaK YCTPOEHbI HeTUTIHUHbIE Beca. OueHb
MHOTHE MHTepeCcHble HelPUBOAUMbIE MPEACTABJIEHNST UMEIOT HEeTHITHUHbIE Beca.
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Onun u3 deHomeHoB Teopun cynepanrebp Jlu takoil. Mwmeiorcesi koneu-
HOMepHble He BIOJIHE TPUBOJUMbIE TpeJCcTaBJ/eHus. Tak ke, KaK, HaNpUMep,
B XapakKTepuCTHKe p. DTO CBS3aHO C TeM, UTO B OOBLIUHOM CJlyyae Ha Kaxk-
Joi opOute rpynrnbl Belsisi ecTh TOJNBKO OJIMH CTaplUIM Bec, OTBedatolui
HernpUBOJMMOMY KOHEUHOMEPHOMY TpeJCTaBJ/eHH0, TakuM obpas3oMm, Jioboe
KOHEUHOMEpHOe MpeJCTaB/AeHHEe PaCUIeN/seTcsl B CyMMY HEMPUBOJUMBIX CO-
NJIaCHO JISHCTBHIO LIEHTPa YHUBEPCaIbHOM 06epThiBatollel. A 3/1ech €CTb MHOTO
KOHEUHOMEPHbIX MpeACTaBJACHNH, MEXKLy KOTOPbIMH CYLLECTBYIOT HETPUBHAJb-
Hble paclIMpeHus: B HallleM MpUMepe — BCe LIeJOUYHCJeHHbIe Beca, CUJSLIMe
Ha OJHOM NpsIMOH, 3aal0T KOHEUHOMEpHble rpejcTabjeHus. Lo HenaBHero
BPEMEHH Jlake He OblJI0 M3BECTHO, KaK HamucaTb XapaKTep HENpUBOJMMOTO
KOHEUHOMEPHOI0 aTHITMUYHOIO MpeJCTaBJ/eHH s,

Bynem roBoputh, uTO JBa Beca SKBUBAJIEHTHbI, €CJH OHU 3aJAI0T OJHH
U TOT 2Ke LeHTpaJsbHblil XapakTep. To ectb ecau x: Z — C — ueHTpasbHbIH
Xapakrep "

Sy={eh™ xa=x}

B Haulem npumMepe Becb KpecT OTBeUaeT OJHOMY LIEHTPaJbHOMY Xapakrepy.
Hcnonbsysa teopemy Cepreesa, Jierko onucatb Sy B obuiem Buze. Ecan Bec A
peryJisipet, T. €. (A+ p, o) # 0 U1 HEKOTOPOTO v, TO CYIIECTBYET POBHO & Op-
TOTOHAJIbHBIX MOJIOKUTE/NbHBIX H30TPOIHBIX KOPHEH v, ..., (v, VIS KOTOPBIX
(A+p, o) =0. Ilyerb x = xa. Torna S, — 310 HeKOTOPasH MJIOCKOCTh, Pas3He-

cenHas gefictueM rpynnel Beitna: Sy, = |J [, rae ly, =A+Caj+...+ Cay.
weW
3 KOMOMHATOPUKH KOPHEH BBITEKAET, UTO MOXKHO BblOpaTh OOpeJIeBCKYI0

cUCTeMy MPOCTbIX KOpHEeH, HHaue roBopsi, GopeseBcKyto nojaaredpy b, ns Ko-
TOPO# KOPHH (tq, ..., v TIpocTble. Toraa MOKHO MOCTPOUTH MapabosMuecKyo
nopanre6py

k
p=>b @ O—q;-
i=1
Dra napaboJinueckasi nojajare6pa GyjieT UrpaTh BAXKHYIO POJIb.
COOTBETCTBEHHO, MOXKHO PAaCcCMOTPeTh aHajior MojyJisi Bepma:

F, = U(g) ®U(p) C'u.

A MMeHHO, MOJLYJIH, KOTOpPble HHIYLMPOBAHbI YKe He GOpesieBCKOH nojasreo-
po#i, a napadosnyeckoil. OnHomepHblit Moay.ib C,, 10JKeH ObITh MOJlyJIeM Hajl
napa6oJinuecko nopanre6poit. Boobuie ropopsi, oH cylectTsyer He Beeraa. Ho
OH CylecTBYyeT ulst Jio6oro 4 € [y.. Hanbiue 51 pacemorpio UX =U/(z — x(2)).

OkasbiBaeTcsi, UTO €CJiM Mbl HauyaJjld ¢ HETHIIHUHOTO Beca x, To UX umeer

HeTpUBHaJbHbI pamnkan Jlxkeko6cona JX. A umento, /X = (| Ann F,.
REly
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Jlanblle ecTecTBeHHO paccMoTpeTb UX =UX//X u NpeirnosoXKuTh, uTo
y HEro ecTb LEHTP, U LEHTP JO0BOJbHO Xopollui. B o6iiem Bujie onuchiBaTh
LeHTp 1 ellle He ymelo. EcTh runotesa, uto uentp Z(UX) 10CTAaTOUHO BeJHK.
51 mMory nokasatb HekoTOpble 06lIHe (haKThbl, HATIPUMEP, UTO LEHTP GeCKOHeu-
HOMEpEH.

Pazo6pan cayuaii s[(1]n). Tam uentp onucan. B stom ciyuae k=1, 7. e.
Bce adhUHHbIE MJIOCKOCTH, O KOTOPLIX 51 TOBOPUJIA, — 3TO NpsiMble. OnncaHue
LIEHTPA B 3TOM CJIyuae MoJyuHoCh T10BOJIbHO KpacuBoe. LIeHTp Mbl onucbiBaem
TEM 3Ke caMbiM crnoco6oM. Mbl oToGpaxkaeM IIEHTP B MOJHHOMBI, HO He Ha
BCeM npocTtpaHcTse b, a Tosibko Ha [,. ¥ Hac ecTb romomopduam Xapuii-
Uangpel h: Z(UX) — Pol(l,) =C[{]. Ins kaxaoro xapakrepa x Ha npsaMoi
[\, ecTb Bble/IeHHbIe TOUKH X[, X2, ..., X,—1. PaccmarpuBaemoe otoGpakenue
MHBeKTHBHO. [TosiMHOMBI B 06pa3e onmuchiBaloOTCs TakK:

MZUX) ={p(t): p(xi) = p(xi + 1)}.
[IpaBusbhee ckazaTb Tak: p(A) = p(A+ «); caur Ha 1 — 3To cABUT Ha «.

Boiienennble TOUKH x|, Xo, ..., X,_| 3aBUCAT OT A, C KOTOPOIO Mbl HauM-
Ha/u. DTO, NPUMEPHO TOBOPS, TOUKH, B KOTOPBIX HApyLIaeTcsi PeryJssipHOCTb
Beca (co casurom). MurepecHo, uto uHorna, Hanpumep, xo =x| + 1. Torna
Gy/yT MOJHHOMBI, UMEIOLIHE OJIHO U TO 2Ke 3HaueHHe B Tpex Toukax. Urto Takoe
criekTp? $1 Gepy MpsiMylo U OTOXKJECTBJISIIO KaKHe-TO Toukd. Hanpuwmep, s
s[(1]2) oTBer coBceM npocToil. ¥ Hac ecThb JBe npsiMble. S BHIGHpAlO OJHY K3
HUX. YcsioBre Ha nosuHoMbl Takoe: p(0) = p(1).

Ectb nuioxue touku. BHe aTHX TOouek ecTb Teopema bepHuurteitna—beii-
JuHcoHa. Kaxknas Touka WHIyUMpyeT HOBBLIH Xapakrep. ¥ MeHsi Obll LEHTP,
51 110 HeMy (haKTOpH30BaJIa, MOSIBUJICS pauKal, s 1o HeMy npodaKkTop13oBasa.
[TosiBusicst HOBBIN LieHTp. Terepb 51 6epy HOBBIN LIEHTPAJbHBIH XapaKkTep

®,: Z(UX)—C.
Ecu pu# x;, To UMeeTcs IKBUBaJEHTHOCTL Kateropuii UX/ Ker ®,u Dg/P—
Moy ied.

ATO nomoraet, HarpuMep, Hamucatb GopMyJay xapakrepa JitoO0ro Hernpu-
BOJMMOro MojyJist B kareropuu O.

Boo6uie roBopsi, unest takas. Korna crenenb atunuuHocTH 6oJiblie, 3TOT
npouece, BeposSTHO, HYXKHO MOBTOPSATb HeCKoJbKO pa3. CHauasia crerneHb
aTunuuHocTH 1, W Bbl moctynaere Tak. [lotom OyayT nojyuyathCcsi He TOUKH,
a Kakde-To KpuBble. Ho mnoka HemoHsiTHO, Kak B 00llleM BHJE MOCUMTATh
HOBBIH 11eHTP. TyT OH MOJCUMTAH C TIOMOLILIO HEKOTOPOTO TPIOKA, KOTOPBIH HET
CMbICJIa paccKa3biBaTb B 3TOM JIOKJa/E.

26 nekabps 2002 r.
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BEPTEKCHBIE AJITEBPbI, CBA3AHHbIE C AJITEBPAUYECKUMH
MHOT'OOBPA3USAMHU

MotuBauus Toro, o uem s 6yly pacckasblBaTb, NpULLJIA U3 TEOPHH CTPYH
(kBaHTOBasi pusuKa). Peub HIeT 0 HEKOTOPBIX MOJIEJSIX TaK HAa3bIBAEMOH KOH-
(hOpMHOI TeopHH MOJIsl, CBA3AHHBIX ¢ MHOrooOpasusaMu. Muoroo6pasne — 370
TO, UTO HasblBaeTcs target space. Ilo 3TOMYy, Tak ckasaTb, NPOCTPAHCTBY-
BpeMeHH OeratoT B OOBIYHOH TEOPHM YACTHULbI, & B TEOPUH CTPYH — CTPY-
Hbl. DTO — KBAaHTOBAsi TEOPHS, TOITOMY C TOUKH 3PEHHS MaTeMaTHUyeCKOH
Mbl XOTeJIM Obl ONUCATb HEKOTOPOE JIMHEHHOe MPOCTPAHCTBO C OllepaTopaMmH,
KOTOpble Ha HeM JelicTBytoT. Kpome Toro, 310 — T0, UTO Ha3blBaeTcsl JAByMep-
HOH KOH(DOPMHOU TeopHel MoJisl, TaK UTO 3TO MPOCTPAHCTBO — MpeJICTaB/IeHH e
anreOpbl Bupacopo, 3ameuatesibHoil anrebpol JIn. M 3T oneparopbl camu 1o
cebe 00pasyioT HeKHil copT asreOpbl. DTa ajrebpa Oblia OTKpbITa (DU3UKAMH.
MaremaTuku ee WHOTJIA HA3bIBAIOT BEPTEKCHON asreOpol, onepabesbHON aj-
re6poil. ®U3MKKM HA3bIBAIOT 3TH MOJIEJM CTPYH, Oeralolmx no MHOroo6pasuio,
O -MOJIeJISIMH.

Y Hac ecTb riajkoe Mmuoroo6pasue (y pU3MKOB OHO 4acTO C METPUKOH, HO
51 OyJly HHTepecoBaThCs ajirebpanueckiM caydaeM). Mbl XOTHM accolMMpoBaTh
C HUM TaKOH MHTEPECHBbId MaTeMaTHUeCKHH O0OBbEeKT — BEepPTEKCHYyI0 aJjredpy.
Ona aHajiorMuHa KOromoJiorusiM MHOTooOpasusi, HO 3Ta aHaJoTUsl He MOoJHas.

B nepBoii uactu st Obl XOTes OOCY/AMTb Bellld KOHEUHOMEpHbIE, OueHb
kjgaccuueckue. Peub HueT BOT O yeM: JieJo B TOM, UTO SIBHOE OIUCAHHE o-
MojieJiell He H3BEeCTHO, XOTs (PU3UKH Maccy Bellel 0 HUX 3HAIOT U, COOCTBEHHO,
OHH SIBUJIMCb MCTOYHMKOM TOTO, UTO HA3bIBAETCS1 KBAHTOBBIMH KOTOMOJIOTHSIMH.
Opnnako msi HEKOTOPbIX MHOroo6pasuii (U3UKH MpeaIokKuIu oTBeT. Bo-
MepBbIX, Te MHOrooOpasusi, 0 KOTOPbIX MJET peub, B GOJbLUIMHCTBE CJyuyaeB
cyTb MHoroo6pasusi Kanabu—9$o, ¢ TpuBHAJbHLIM KAaHOHHUECKHM KJACCOM.
M Te Mojesnu, 0 KOTOpbIX MOWJIET peub, CBsI3aHbl C TAK HA3bIBAEMbIMH
runeprioepxHoctsiMu Oepma.

Keuntuka ®epma

51 Xouy HEMHOXKKO I10rOBOPUTb O rurepriopepxHoctn Pepma, u gaxe co-
BepLIEHHO KOHKpPeTHOH runeprosepxHoctu Pepma — kBuntHKe Pepma. Y Hac
ecTb ypaBHeHHe

X5+ )+ x5 + x5 + x5 =0.
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1o runepropepxHocth B P4, 0603naunm ee H. 1o GyneT 3-MepHOe MHOrO-
obpasue. TuneprnoBepxHoct Pepma TOUHO pelllaeMbl He TOJBKO B TOH Hayke,
0 KoTopo# s roBopus. Ha camom nene u s MareMaTHMKOB OHH TOUHO pe-
maembl. A UMeHHo, elile AHape Befsib npHiles K CBOMM THIIOTE3aM O UHCJIe
TOUEK, O UMCJ/Ie pellieHHH ypaBHeHWH HaJl KOHEUHBbIMH TMOJISIMH, BbIUMC/ISIS UMC-
JIO pellleHUH WMEHHO TaKHUX ypaBHEHWH HaJl KOHeUHbIMH roJsisiMu. Jluaronasu
OblIM UyTb-uyTh OoJiee 0OLIEro BUJA, HO, B 00IlleM, MMIIEPIOBEPXHOCTH Obl-
JI1 UMeHHO Takue. B cBolo ouepesb, oH 06061ian Bbluncyaenust [aycca. dta
TUIEPIIOBEPXHOCTb TOUHO pelllaeMa B TOM CMbicje, uTo AHape Beiib siBHO
BBIUMCJINI ee (-(YHKIIMIO KaK asnrebpanueckoro MHorooopasust. OH ycTaHOBHII,
uTo (-(YHKILMS HUMEET TaKOH BHJI, KaK €cJii Obl HAa ee KOMIJIEKCHBIX KOTOMO-
JIOTHSIX IEHCTBOBAJ HEKHH OMepaTop ¢ XapaKTepUCTHUECKUMH MHOTOUJIEHAMM.
B uacTHOCTH, Mbl MOKeM U3 BbluncseHust [aycca—Befinsi yanats uncaa berru
3TO# runeprnoBepxHocTy. JlaBaiiTe HanuileM uncia BeTtu; oun GyayT TaKOBbI:
bo=1, b1 =0, bo=1, b3=204, by=1, b5=0, bg=1. 3necb b3 — camoe
vHTepecHoe. EMMHHUKM TYT BO3HMKalOT Mo Teopeme Jlediena. A cpennsis
rpyrnmna KoromoJioruii — camast HerpuBuaJsibHasi. CripalinBaeTcsi, KakK MoJyuuThb
ymesio 2042 Ouenb mpocto. Pacemotpum rpynny G = (u5)°, rie pus — rpynna
KOpHe# naToi crenenu U3 1. dra rpynna jedcTByeT HA pacCMaTPUBAEMOH TH-
MeproBepXHOCTH, YMHOXKAs! KaXKlyl0o KOOPJIMHATY HAa COOTBETCTBYIOLIMH KOPEHb
u3 1. M nostomy ona neiicTByeT Ha BCeM, UTO CBSI3aHO C MMIEPIIOBEPXHOCTHIO
M, B YaCTHOCTH, Ha ee KoromoJiorusix. ¥ mostomy ee KoromoJioruu, Hampu-
Mep, TPeTbH KOTOMOJIOTHH, pacKJ/ablBalOTCs MO XapakTepam HalleH TpyrIibl.
B uactHoctn, H3(H) BBIMISAIMT c/iemylommm o6pa3oM: 3TO — MPOM3BEIeHHE
COOCTBEHHBIX MOJMPOCTPAHCTB:

H*(H) =P H?(H),.

xXEX

Bo-nepBbix, KakoBbl XapakTepbl 3TOH rpynmbl? J[BolicTBeHHas rpynna — 370,
oueBuaHo, mpocto (Z/5Z)° = (x1, ..., x5). A X — 310 HeKoTOpoe MOJAMHO-
»)KecTBO B Xxapakrepax. CorjiacHo BbluncseHuio Beftnisg X coctout M3 Takmx
nsiTepok (xi, .-, X5), 4to x; #Z1 u xi...x5=1. Takum ob6pasom, H;? — 3T0
noAnpocTpaHcTBo B H? Takux saementos B H3, uto ansi mo6oro g € G jefi-
CTBHE 3JIeMEHTA g Ha JIEMEHT X eCTb yMHOXKeHHe Y (g) Ha x, T. e. gx = x(g)x.

HerpuBHasibHasi TeopeMa COCTOUT B TOM, UTO HMEET MECTO TaKOe PasJjioiKe-
HHe Ha COOCTBEHHbIE MONPOCTPAHCTBA, H KaXK0e COOCTBEHHOE MOANPOCTPaH-
CTBO OJIHOMEPHO (HET HHKAKHX KpaTHOCTEeH, Bce COOCTBEHHbIE MOANPOCTPaH-
CTBa oJHOMepHbI). M0OXKHO B3AThb JI0GYI0 cTaTbio Belsisi uin J06y10 KHHKKY
M0 TEOPHH UYHCEJI, H Bbl YBUJUTE TAKOe Pa3JIOyKeHHE.
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Taxkum oGpas3om, pasMepHOCTb 3TOrO MPOCTPAHCTBA — ITO YUCJIO SJeMeH-
TOB 3TOIO MHOKECTBA; Mbl €r0 MOXKEM OTOXJIECTBUTb C MHOYKECTBOM TaKHX
nsiTepok uucen (aj, ..., as), 4YTo BCe @; pacrojioxkeHbl oT 1 10 4, a UX cymma
cpaBuuma ¢ 0 1o MojyJio 5:

X:{(al, as) 1<a; <4, Y a;=0 (mod 5)}.

[IpusitHoe KOMOHHATOPHOE YMpayKHEHHEe — MOCUMTATh, UTO MOLIHOCTb 3TOTO
MHOXKecTBa paBHa 204.

Cetfiuac Mbl copmysipyeMm elile GoJiee TOHKOe KOMOMHATOPHOE yTBEPK/Ie-
Hue. /laBaiiTe nmonHTepecyemcsi He MPocTo uncaamu bertu, a uncaamu Xoka
Haulero MHorooOpasusi. Bynem cuuraTh, uto Bce 3To npoucxoaut Ham C.
JlaBaiite Hanuiiem uncia Xojpka Hailedl KBUHTHKM. Uepes AP? s o6o3Ha-
uaro pasMmepHocTb npoctpatersa H P (H, Q1 ), rae QF, — nyuok rosomopdHbix
topM. DTo onpejeseHne TOAUTCS B airebpanueckoil cutyaunu. Ecau xoTure,
hP9 — 310 pa3aMepHOCTb MPOCTPAHCTBA FAPMOHHUECKHX opM THNa p, g. Yucna
XoJKa Hallleil THIePIIOBEPXHOCTH BBITVISIAT CJEIYIOIINUM 06pa3oM:

=1
h*! =101
A =1 pll=1 h*2=1 h33=]
h'? =101
ho3 =1
Cymma A9 4 h21 4+ h12 4 B3 papua 204 — cymma no crosibiy. B Momx o6o-
3HaueHusx b;= >, hP? — 310 i-e uncio Bertu. 1o cienyer U3 Teopuu
p+q=i

XoKa, U He 3aBUCUT OT KOHKPETHOTO BMJA Halllero MHOroo6pasusi.

[Ipexne uem 06CYIMTb 3TH uMcJa, 5§ XOUy CKazaTb O TOM, YTO MOXKHO
6bl10 Obl Ha3BaTh coté miroir — 3epkasibHasi CTOpoHA MPoOJEMAaTHKH, TaK
ckazaTb. [lyi 3TOro Mbl pacCMOTpPUM JPYroil HHTEPEeCHbIH aJjreOpaundyecKuit
00BEKT, TOXKE CBSI3aHHBIH C HAlIUM ypaBHeHHeM. A HMEHHO, PacCMOTPHUM
koabllo A =Clxy, x9, X3, X4, X5] (KOJIbILO MHOTOUJIEHOB OT O IMEpPEeMeHHBIX),
1 ellle pacCMOTPUM TakK HasbiBaeMoe KoJsibllo MusHopa M, a uMeHHO, hakTop
KoJiblla A 1o ujeasy, MopoxKaeHHOMY YaCTHBIMH TPOM3BOAHBIMU [. B Haliem
cayuae 310 Oyzer npocto dakrop A 1o uaeany, nMopoxaeHHOMY MOHOMaMH
x}. Ham ouenb nosessio, uto [ auaronasbha. [109ToMy yacTHble POM3BOMHbIE
Oy/yT MPOCTO MOHOMBI. DTO KOJIbLIO HA3bIBAETCS KOJIbLIOM MuJjHopa ocobeH-
HocTH f(x) =0. DT0 KOHEUHOMEePHDIH 00bEeKT (KOHEUHOMePHOE KOJIbL0). Jlerko
BbIMUCATh ero 6asuc. basncom MoxKeT CJ/y’KUTb MHOXKECTBO Y, cocTosiiiee
u3 npoussetenuit x| xg?xy’x) X%, e n; Gymyt ot 0 10 3 BK/IIOUMTEJbHO.
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3aMeTHM, UTO Ha TOM KoJblle TOxKe jeiicTByeT rpynna G = (us)®, Kotopasi
YMHOXKAeT Ha KopeHb W3 | nsitoil crtenend. OHa ToxKe JEHCTBYeT Ha 3TOM
KOJIblle, MOTOMY UYTO 3TOT HJeas coxpansiercs. [laBaiiTe paccmMoTpum aua-
roHaJIbHYI0 MOArPYMIY: Y HAC €CTb OUEBHJHOE BJIOXKEHHWE [i5 B CBOIO MSITYIO
cTeneHb. B ciyuae mpoeKTUBHON TUIEPNOBEPXHOCTH JEHCTBHE JHATOHAJBHOU
rpynnbl GyeT TPUBHAJBHO, TOCKOJbKY €CJIH B MPOEKTMBHOM TPOCTPAHCTBE
Mbl KaXKIbl{l 3J1€eMEHT YMHOKHM Ha OJIHO M TO K€ UMCJO, TO MOJyUHTCsl TOUKa
C TeMH Ke caMbIMK KoopiauHatamu. A Ha M nuaroHajibHasi rpyrnmna JaeicTByeT
COBeplIeHHO HeTpuBHaJsibHO. JlaBaiiTe paccMoTpum uHBapuanthl. Ecau 6azuc
B KOJIblle HHBAapUaHTOB Obl1 Y, TO 31ech OyleT HEKOTOPOe MOJAMHOMKECTBO.
51 ero o603Hauy To# ke GyKBOH X, 4TO M B npejiblylieM cayuyae. MuoxectBo X
COCTOMT U3 MOHOMOB [] X, MOAYHHEHHBIX TOMY K€ YCJIOBHIO, HO TOJIbKO Te-
nepb Y n; =0 (mod 5). D10 GymyT MHBApHAHTBL. K Mbl MOXKEM OTOXKIECTBUTh
HOBOE MHOKeCTBO X ¢ npeblaylliuM MHOxKecTBOM X . TosibKo Tam y Hac Obliu
{ai}, tne 1 <a; <4 u ) a;=0 (mod 5), a Tyt n; ot 0 1o 3. [Tostomy, ecin
Mbl TOJIOXKUM a; =1; + |, TO Mbl coBMecTuM npepyiyliee X ¢ 3tuM. Takum
00pa3om, 0KazaJoch, UTO KOJIbLI0O HHBAPHAHTOB, 110 KpailHel Mepe, Mo pa3mepy
TaKoe 3Ke, KaK MpoCTpaHcTBo /13 Haleli McXoHOil runeproBepxHocTH. Bosee
TOrO, JaBaliTe paccMOTpUM B X mMoaMHOxKecTBa X, Takue, uto ) n; =9p,
rle p — y»Ke HEKOTOpoe KOHKpeTHoe uynco. Kakue 3/1ech eCTb BO3MOXKHOCTH?
Cymma MoxkeT ObiTh paBHa 0 (Takux poBHO 1), a MoxKeT ObIThH paBHa 15 (ecan
BCE TPOEUKH; TaKUX ToxKe 1). D10 coorBercTBYyeT p =01 p =3. A elle cymma
MozkeT ObiTh 5 1 10. Takum o6pazom, > n; moxet Obith 0, 5, 10 1 15, 1 Gosibiie
HHUEro He MOYKET ObITh. JIerko BUIETh, UTO KOJMUECTBO HAOOPOB, /WIS KOTOPbIX
cymma pasha 5 u 10, pasno 101:

p=0 p=5 p=10 p=15
| 101 101 |

Bosiee Toro, Ha mHoxKecTBe X ecTb MHBOJIOLMS, KOTOpasi 1; MEPEBOIUT
B 3—n;. Ona nepesoaut X, B X3_,. M Mbl mosyuusiu Takoe MHTEpeCHOEe
YTBEpP:KJIEHHE: Mbl MOYKEM OMHCATh C MOMOIIbIO TAKOH MPOCTOH KOMOHHATO-
pPUKM He TOJbKO uncja bertu, Ho u uucna XoJpka Halllero MHOroo6pasws.
Ato 3ameuanue (rayboKoe 3aMeuaHue, Ha CaMOM jiefie) MpuHaLIeKuT JIBOpKY,
KOTOPbIH OUYeHb MHOTO M3yuaJs THIeproBepXHOCTH, U npuMepHo 40 JeT Hasan
OH B CBOEM JloKJiajie chopMyaupoBaJ Takoe yreepxkaeHne. O6bsicHeHHe 3TOMY
COCTOUT B TOM, UTO Y 3THUX COOCTBEHHBIX TOJIPOCTPAHCTB MPaBUJIbHBIA THI
Xomxa.

Yro xke 310 3a tauHctBenuble 101 saement? IlousitHo, uTo HOCTATOU-
HO TOCTPOHUTb UTO-HUOYIAb OJHO, a Jpyroe OyJeT cJeloBaTbh H3 TOrO, 4TO
hP9 =h9P. 1 onsaTb-Taku 3TO Jlesaercst oueHb npocto. Keuntuka depma —
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310 MHOroo6pasue Kanabu—So. VM mostomy Ha HeM KaHOHMUYECKHH MyuoK
TpuBHasen, T. e. Q322 0. CTaso GbiTh, Q% MOXKHO OTOMKIECTBHTb C BEKTOPHBIMHU
nonsimu 7. BuiGop dopMel o6bema (BbiGop uzomMopduama O — Q3) uuyLu-
pyeT Takoi n3omoppuaM. CKoJIbKO Y HAC TaKUX BbIOOPOB, CTOJIBKO €CTh TaKHX
uszomopuamos. A npocrpanctso H!(H, T) — sto npoctpanctso aedopma-
LMH Halllero MHoroo6pasusi; 3To KacaTe/JbHOe MPOCTPAHCTBO K MPOCTPAHCTBY
Jeopmatnii Hatel runepriopepxHoctd. KM 101 ssieMeHT 3TOrO MpocTpaHcTBa
JIErKO OIHMCaTh: Mbl MOXKEM TPOCTO K HallleMy MHorousieHy [(x) npu6GaBuUTb
MOHOM € [ | X" — paccMOTpeTb CABHHYTYIO THIEPIIOBEPXHOCTD. TaKHX MOHOMOB
GyJIeT CTOJILKO, CKOJILKO HaJl0: » | 1; JIOJKHA ObITh paBHa S (y HAaC OJHOPOJIHOE
ypaBHeHnue crenenu 5), u 0 < n; < 3. PakT COCTOUT B TOM, UTO BCe fedopmaliii
THM MCUEPIbIBAIOTCS.

Tyt y Hac HeoXMJAHHO TMOSIBUIMCH BEKTOPHBIE MOJISl, U TO3TOMY MOXKET
0Ka3aThbCsl MHTEPECHBIM NepeBepHyTh KpecTuK Ha 90 rpamaycoB, 1 BMECTO KOJIb-
ua € H9(H, 27) Hanucathb cienyolee:

h/3,0:1
h* =1
h/0,0zl h/l,lZIOI h/Q,QZIOI h/33:1.
h'? =1
h/0,3:1

Beenem mrpuxoannbie 479 — nepesepuyThle uncaa Xomka: h'PY = hP3-4;
Ha camMoM jeJjie, 3TO — pasamepHocTb npoctpanctBa HP(H, AY(T)). 1o
o3Hauaet, uro BMecto @ H7P(H, Q7) 3nech paccMaTpuBaeTcsi 3epKasibHO

p.q
cummerpuuHoe KoJibllo @ HP(H, A7) (kxoromosiornu ¢ Ko3hdHuilMeHTaMK
X
B ¢ -TIOJIMBEKTOPHBIX MOJISIX Halllero MHOrooOpasusi). [1ocKo/bKy 3T0 MHOr0-

obpasue Kanabu—Sslo, Q7 (ecaun mbl puxcupyem dopmy o6bema) H30MOPHHO
A3~9T. TloTOMy C TOUKH 3pEHHs Pa3MEpPHOCTH TyT Bce GyjeT OJMHAKOBO.
OpnHako cTpykTypa KoJbla 3aech Oyzer japyras. C mMHorooGpasueM MOXKHO
CBfI3aTb HEKOe JIpyroe KOJbLO, KOTOpPOe 0 pa3MepaM Takoe »Ke, HO B HeM
JIPyroe yMHOXKEeHHe.

Anre6pbl batannna—BuakoBbicckoro

3/1ech MOHIET peub MPO CKPBITYI0 CUMMETPHIO, CBSI3aHHYIO CO CTPYKTYpaMu
baranuna—BusikoBbicckoro (BV-ctpykryphbl). BepHemest k kosibity Munnopa
M=A/(0;]). 3amenum ero Ha KBa3uMM30MOPQHbII 0GHEKT — HaMHUIIEM pe-
30JIbBEHTY, 8 HMEHHO, Ha HEro oueBUIHBIM 06pa3oM oToOpaxkaercsi A, najblie
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Gyner A® — A — yMHOXKEHHe HA YacTHbe NPOM3BOHBIE, U JIETKO 3Ty Pe3oJib-
BEHTY MPOJOJIKHUTD:

(9;1)
0—M=A/0;]) —A—A> A — AN 45> — A —0.

Pasymeercsi, TyT OyyT BHElLIHHE CTeNeHH — OGMHOMHAJbHbIE KOI(DHHUIMEHTDI.
I10 TO, UTO HazbiBaercs Komraekcom Kortynsi. O6o3naunm ero K(A, df).
Kak BekTOpHOe mpocTpaHcTBO 3TO OyeT BHellHsist anreopa T, rae T — 370
npoctpaHcTBo auddepenurpoBatuii A. 1o Oyaer NATUMEpPHbIH CBOOOHbIN
MOJlyJib ¢ TsATbio o6pagytoummu. O6pasyiolime — 310 auddepeHinpoBaHus
no KoopauHatam. Jnddepeniman — 310 npocTo ymHoKeHue Ha df; df — 3to
3JIeMEeHT JBOHCTBEHHOTO MPOCTPAHCTBA, 3TO — l-dopma, U, cTano ObiTh, OH
unaympyer otoopaxenue AH(T) B AI~1(T) — ceprky ¢ 1-dhopmoii.

Pacemorpum A =d +df. 3nech siBnenust pagHoro Buja: d, pasymeercs,
He A-sMHelHO, a yMHOxKeHHe Ha df — oHo A-nuHeiiHo. Takxke, pasymeer-
cs1, A? =0, MOTOMY YTO OMepaTophbl Ha MOJMBEKTOPHBIX MOJIAX (IMBEpPreHItsl
W CBepTKa ¢ d[) KOMMYTUPYIOT, H KBajpaT KaxkJioro paseH (; cjie/loBaTesibHO,
¥ KBajapaT cymMMmbl paBeH (. A Kpome TOro Ha 3TOM MPOCTPAHCTBE Kak Ha
BHeILIHEH anre6pe eCcTb JiBe CTPYKTYPhl: BO-TIEPBBIX, €CTb YMHOXKEHHE — BHElll-
Hee YMHOXKeHHe BEKTOPHBIX MoJIel, MPOCTO KaK BHeLIHsIs anrebpa; BO-BTOPHIX,
Ha 3TOM TNpOCTpaHCTBe ecTb cKoOka JIu. Jleso B Tom, uto 7 — 3T0 anre6pa
JIn (BexropHbix noJieit). Ho no neuerHomy toxaectBy Ilyaccona 3ty ckobky
MOKHO TMPOJOJ/LKHTh Ha BHEIIHIOW anre6py. DTo OyJeT TO, UTO Ha3blBAETCS
ckobka CxoyreHa. 3HAUUT, y HAC eCTh YMHOXKeHHe, TuddepeHiinan U ckooKa
JIM, 1 9TH TP CTPYKTYpbI CONIACOBAHBI CJIEIYIOLIMM 00Pa3oM:

Alxy) — Ax)y — (-D)FxA@y) = (D x, y]. (1)

[Tox |x| 51 nonumalo crenenb ssementa x. Mubimu csoBamu, ecsin Gbl cripaBa
crost 0, 3T0 MpocTo 03Hauano O6bl, uto A sBasercss quddepeHIHpoBaHHEM
3TOro oObekTa Kak cynepanredpbl. OpHako 310 He Tak. M oTk/ionenue ot
Toro, uro 3to OyaeT auddepeHLHpoBaHHEM — 3TO U ecTb cKoOKa CxoyTeHa.

Takum o6paszom, Ha KoJblle MuaHOpa (Ha KOrOMOJIOTHSIX 3TOr0 00bHEKTa)
3Ta CTPYKTypa He3aMeTHa, HO €CJIM Mbl 3aMeHMM KoJibllo MusiHopa pe3oJib-
BEHTOH, TO Mbl YBUIUM CKpPbITYIO CTpyKTypy bBartanmuna—BuskoBbicckoro Ha
9TOH pe3osibBeHTe. CTPyKTypa — 3TO YMHOXKeHHe, cKoOKa U jaudepeHi-
aJl, KOTOpbIil ynoBseTBopsieT ToxaecTBy (1). 3epkasbHO CHMMETPHUHAs YacThb
CKpBITOH cTpyKTYphl baranmina—BuikoBeicckoro takoBa. [laBarite paccmor-
puM Haily runeprioBepxHoctb Pepma (Ha camom Jene — jto6oe MHOroo6pasue
Kanabu—glo) H, u paccMOTpUM IMyuoK roIoOMOpPGHBbIX WM anrebpanueckux
jddepenumnanbubix hopm . Ha QF ) oueBupHo, numeercst naudeperipmal
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ne Pama d : Q§{—>le. Ecau mbl BeiGepeM dopMmy oObema, TO TOTAA y Hac
€2y, OTOXKJIECTBHTCS C A3~IT;. Takum 06pa3om, e/ Mbl PACCMOTPUM a/Ire6py
[OJIMBEKTOPHbBIX T0JIEH HA HalleM MHOrooOpasud, TO Ha HeHd TOXKEe BO3HUKHYT
TPU CTPYKTYpbI: CTPYKTypa a/jreOpbl Kak Ha BHelIHel asrebpe, CTPyKTypa
cynepajire6pbl JIu co cko6koi CxoyteHa u auddeperiman — npocto audde-
perupan ne Pama. 9T1o Bce Bo3HHKaeT nocJie BeiGopa Gopmbl o6bema. M sti
TPH CTPYKTYPbI TOXKe YJI0BJETBOPSIOT ToxaecTBY (1) (31ech A Hy»KHO 3ame-
HUTL npocTo Ha d). Takum oGpazom, ajsred6pa MOJMBEKTOPHBLIX MOJIEH — 3TO
nydok asre6p baramuna—BuskoBbicckoro na mHoroo6paszun Kanabu—S$lo.
Ecsin Mbl paccmaTprBaeM KOroMOJIOTHH 3TOTO MyuKa, TO 3Ta CTPYKTypa Kak Obl
HezamerHa. Ho /10 nmepexona K KOromoJsiorusiM y Hac HMeeTCsl CKpbITasi CHM-
MeTpusi — CTpyKTypa anrebpbl batanuna—Buskoseicckoro. [Tojg cummerpuen
1M0JIpa3yMeBaeTCsl KaKasi-To CKpbITasi CTpyKTypa. B nanHom ciyuae ctpykrypa,
KOTopasi BUJIHA HA KOMIJIeKCax, HO TepecTaeT ObITb BUAHOH HA KOTOMOJIOTHSIX.

Jlanbliie s Xouy HEMHOXKKO TPOJBHHYTHCS K BEPTEKCHBIM Belllam. $1 xouy
chopMyJIMpOBaTh OJHO OUEHb TPOCTOE OIpeseseHne — nepeopmynaupoBath,
uTO, COOCTBEHHO, O3HAUAET HasMUHe (POPMbI 0OBEMA. DTO ONpesiesieHHe UMeeT
CMbICJT 151 J1I060ro raajkoro airebpanueckoro MHoroob6pasusi. Mrak, nyctb
X — rnaakoe anre6panueckoe MHorooopasue. HazoBem 0-BeprekcHbIM asre6-
pousioM (TouHee, CTPYKTypoit O-BepTeKcHOro ajsre6pouia Ha Mmyuke BEKTOPHbIX
noJsiet) orobpaxkenue c: 7y — Oy M3 Mydka BEKTOPHBIX MOJeH B (YHKLHH,
KOTOpOE YJIOBJICTBOPSIET CJIEIYIOLHUM JBYM CBOHCTBAM:

1. c(at)=ac(t)+ 7(a) (31ech T — 3TO BEKTOPHOE MOJIe, a @ — 3TO PyHK-
uust); TakuMm o6pasom 310 ortoOpaxkeHHe ¢ He Oy-JiMHeHHO (MHAuye Mbl Obl
noJiyunsii 1 -opmbl), a BOT ¢ TaKMM MOMPABOUHBIM UJI€HOM — JIEHCTBHE BeK-
TOPHOTO MOJIs1 HA (PYHKIIHIO.

2. Bropast akcroma — ycegsoBre kounkaa: c([7, 7']) =7c(v') — e (7).

Bor Takoe oueHb npoctoe omnpejesneHde. 3aaauMcs BOIPOCOM: a uUToO,
CcOoOCTBEHHO, TAaKoe 3Ta CTPYKTypa? YTBep:KaaeTcsl, UTo Ha CaMOM Jiesie K-
BUBaJIEHTHOE oOIMpesieieHne oueHb npocroe: O-BepTeKCHbIH anre6pou — 3To
CTpPyKTypa npasoro D -mojysist Ha pyHKIMsAX. UTo Takoe cTpykrypa D -moy.isi?
YMHOKeHHe Ha (YHKUMH y Hac yxKe ecTb. Mbl J10/LKHBI BBECTH YMHOXKEHHe
Ha BEKTOPHbIE T0JIs, YIOBJIETBOPSIOIIee HEKOTOPbIM aKCHOMaM. A HMEHHO,
vMesi CTPYKTypy npaBoro D-MojyJsi Ha (PyHKUMSIX, Mbl MOJydyaeM BepTeKc-
HbIHl a/areOpoM/L B CMbICJIE 3TOTO ONpe/e/IeHHs], TPOCTO BBES € M0 TpaBHUJLy
c(t)=—1-7 (y Hac ecTb eIMHHLIA, HA Hee HYXKHO MOJEHCTBOBATH BEKTOPHBIM
noJiemM). YTBepKaaeTcsi, uTo 310 OyjieT npaBbiii D7 -MO/yJib TOTA ¥ TOJIBKO TO-
IJ1a, KOTJla BBIMOJHSIOTCS 9TH JB€ aKCHOMbI. 3ameTuM, uto Ox — KaHOHUYECKH
JeBblit D-monynb. Pasymeercsi, 310 He Bceraa npasblit D-Mojysib; a HMEHHO,
Mbl 3HAaeM, UTO MOHATHS paBoro D-MoyJisi U eBoro D -MojiyJisi TepeBosTCs
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OJIHO B JIpyroe yMHOxKeHHeM Ha ¢opmbl o6bema. Takum o6pazom, 3TO — TO
)Ke camoe, uTo CTpyktypa Jesoro D-monynast Ha A™(7y), rne n — 3to pas-
MEpPHOCTb MHOr00Gpasusi. DTo — 0OpaTHUMbIH MydoK, |-MepHblil. A uTo Takoe
CTPYKTypa JieBoro D-Mojy/19? DTO NPOCTO HHTErpUpyeMast CBA3HOCTb. Takum
o6pasom, Hatl 0-BepTeKCHbIH aareOPOUIL — 3TO UHTErpupyemasi CBSI3HOCTb Ha
nyuke A" (7). JlokanbHo (B TonoJiornu 3apuccKoro) 3To CylIeCTBYeT BCerjia —
y Hac ecTb 6asuc BEKTOPHBIX NoJel. Kak onucath MHOXKECTBO BCeX pas/ivu-
HbIX HHTErPUPYeMbIX CBSI3HOCTEH? PasjiMuHble MHTErpUpyemble CBS3HOCTH —
3TO TO, YTO HA3bIBAETCs TOPCEp, T. €. TJIaBHOE OJHOPOJIHOE TMPOCTPAHCTBO
HaJl 3aMKHYTbIMH 1-copmamu. Ecau y Hac ecTb ofiHa Takasi MHTerpupyemas
CBSI3HOCTb M Mbl K Hel NpubaBUM w, Te w — 3aMKHyTas l-gopma, To Mbl
MOJIYUHUM TOKE MHTErpupyemylo CBSI3HOCTb. M pasHOCTb ABYX HHTErpHpyeMbIX
CBsI3HOCTeH — Beerza 3aMKkHyTast 1-cpopma. Takum o6pasom, Mbl MOKeM pe-
LIMTh 3a/lauy O TOM, KOTrJa, COOCTBEHHO FOBOPS, 3TO CYLIECTBYET. DTO YHUCTO
KOromoJiornueckast 3ajaua. JIokasabHo OHM CYLIECTBYIOT, Ha MOMapPHbIX Tepece-
YeHMSIX Y HAC BO3HHKAET Pa3HOCTb — 3T0 Oy/eT 3aMKHyTasi 1-dopma, u Takum
06pa3oM MpernsTCTBME K CYLIECTBOBAHUIO TAKOH CTPYKTYpPbl — 3TO 3JE€MEHT
rpynnel H (X, QU ¢ kosddunmentamu B nyuke 3aMKHYTHIX 1-chopM. Mbl
MoJlyuaeM 4YeXOBCKMH KOLMKJ, €ro TPUBMAJbHOCTb PaBHOCHJbHA CYIIECTBO-
BAHUIO HHTErpUpyeMoil CBA3HOCTH. YUTO ke 3TO 3a 3JeMeHT? IDTO IMPOCTO
nepsbiit k1acc Yepna ¢ (A"7T). Ero elle MoxkHO 0603HauuTh uepe3 det(7) —
MaKCHMaJbHasl BHelLHsisl cTeneHb 7. DTo ecTh Kaacc Topcépa. Knace Uepna
ci(det(7)) — s1o TO Ke camoe, uto ¢ (7). Jlerko HanucaTh OUEBHHYIO SIBHYIO
(hopMyJsly — 3TO TpOCTO JorapumMuueckne MpoU3Bo/HbIe (PYHKLMI Mepexoja.
DTo nepsblil (haKT —y HAC eCTh TaKoe KoromoJiornueckoe onucanue. C apyro
CTOPOHBI, 3JIeMeHTapHbIil 061l hakT u3 Teopuu D-Moj1yJiell COCTOUT B TOM,
yTo, UMesl mpaBblii D-MoOyJ/b, Mbl MOXKeM 06pa3oBaTh TO, UTO HA3bIBAETCS
komiieke jie Pama (kommseke ne Pama ot Oy). Beirasiaut oH cienyioninm
06pazom:

ATy — ... — A2 (Ty) — Tx — Ox — 0.

DTo BapuaHT 0ObLIUHOTO KoMIJleKca jie Pama, TosibKo st mpaBoro D -MojyJsi.
Kak anre6pa 3710 npocto BHelHsisi ajnrebpa, Kak Mmyuok 3TO MPOCTO BHELIHSIS
anrebpa; a ellle TYT BO3HHUKaeT audepeHlMas M3-3a CTPYKTypbl MPaBoOro
D-mojyaist; 1 Ha camoM Jiedie Juist J11060ro X 3To BCerjia To, UTO Ha3blBaeTCs ajl-
re6pa CxoyTreHa, T. €. y HaC ecTb YMHOKeHHe U cKoOKa JIu, ynoB/aeTBopsitonias
HeueTHOMY ToxjecTBY [lyaccona. A ctpykrypa npaBoro D-MojyJ/isi 1aeT Ham
JudepeHial, U Bce 3TO OKa3bIBAETCS M0 TEM Ke CaMbIM MPUUHHAM ajareGpok
baranuna—Buskoseicckoro. M sty anrebpy bartannna—Buskosbicckoro
MHEe XoueTcsl HasbiBaTb oOepThiBaiolllel anrebpoii sTtoro 0-BepTeKCHOro
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anrebpousia. Ito (-BeprekcHasi anrebpa — oOeprbiBatoliasi anre6pa. Bot
OJIHO onpejiesieHre. DTO HEKOe OMMCAaHHEe SICHOTO MOHSITHS, TOJbKO HEMHOKKO
Ha JPyrom si3bike.

BepTtekcHble anre6poupl

Tenepb s1 xouy BBecTH MoHsATHe |-BepTeKCHOro anreGpouaa, WK MPOCTO
BepTeKcHoro anrebpoujia. BaanmoorHouenne uucia O ¢ uucsoMm 1 Takomo:
unesio 1 — 3To, Tak cKazaTb, UCTOPHUSI TPO CTPYHbI — Y HAC €CTh PUMaHOBDI
MOBEPXHOCTH, KOTOpblE »KMBYT HAa MHOr000pPasuu, KOTOpble (hIyKTYHPYIOT Ha
MHoroo6pasuu. HUucsao 1 oTpakaeT TOT (akT, uTo peub MAET O PUMAHOBBIX
noBepxHocTsax. Ec/in Obl Mbl paccMaTpuBa/M He PUMAHOBbBI TOBEPXHOCTH, a Kak
Obl YaCTHULIbI, TO 3TO cOOTBeTCTBYeT uncy 0; a 310 Oyzet 1. 91 310 onpenenenue
Harnuiy napaJsJesbHo.

[Ipexne 51 caenaio o1HO 3aMeuaHHe: Kakoe OTHOLLIEHHEe HMEIOT BEPTeKCHbIe
aJreGpoOUJIbl K BepTEKCHBIM afreGpam? $1 He orpejiesisyl OHSTHE BEPTEKCHOH
anrebpbl. Ho K Tem BepTekcHbIM asre6pam, KOTOpble TYT CTOSIT 32 KaJpoM,
OTHOLLEHHE CJleflylolllee: TaKoe »Ke, KaK y Mydyka BEKTOPHBIX MoJed K MyuKy
JuddepeHiMaabHBIX orepaTopoB. [py6o rosopsi, nuddepeHiMaibHble onepa-
TOPbl — 9T0 06epThiBalollas ajnredpa OT BEKTOPHBIX MoJ1el. AHAJTOTHUHO MOXKHO
BBECTH MOHSATHE BePTEKCHOH anreGpbl auddepeHuasbHbIX 0nepaTopoB — 3TO
Hekoe OeckoHeuHoMepHoe oGpasoBaHue. Ho y HekoToporo pagymHoro KJjacca
Takux ajrebp, a MMeHHo, anrebp auddepeHIHraNbHbIX 0MepaTopoB, MOKHO
BbIJIC/JIUTh KOHEUHOMEPHOE TOIIPOCTPAHCTBO, KOTOPOE LIEJIHKOM OMpesessieT
3Ty anrebpy, Tak 4uTo Hama ajarebpa siBasiercsi ee obepThiBaiollei. Terepb
51 XOUy OMPEJIe/IUTh MOHSATHE aare6ponia, KOTOPbIH SBJISETCS KOHEUHOMEPHBIM
06pazoBaHUEeM.

BeprekcHbiii anrebpous (3nech mnojapasymeBaetcs uudpa 1) — 310 na-
pa (paHblile Obl1 OJMH omepaTop, a l-BepTeKCHbIH anre6pouj — 3TO napa)
A=((, ), ¢), rie ckob6ka — 310 GuKMHeliHOe oToOpaxenue ( , ): Ty ®c Ty —
— Oy, a ¢ — 9T0 GuMHeiiHoe oTobpaxenne Ty @c Ty — QN (X). Tlpu sTom
otoOpakeHHe CKOOKH CHMMETPHUHO, a OToOpaxKeHHe ¢ KOCOCHMMMETPHUHO.
[Ipuuem 311 otobpaxenuss He Ox-OUJHHEHHDBI, TaK »Ke, KaK paHblle y Hac
6bio He Oy-suHellHoe oToOpaxKeHue. IDTH oToOpakeHWs OyayT Ha caMoM
nee quddepeHtranbHbIMU onepatopamu. Panbliie Gbll 0JIMH JIOKAJAbHO AH(-
thepeHlMaNbLHBIA onepatop nopsaka 1, a 3nech — aBa JauddepeHanbHbIX
orepaTtopa nopsiika 2 W mnopsiika 3, Mo Kaxkjomy M3 nepemeHHbix. M ecisn
paHblile y Hac Obl1 OJMH OMepaTop, YAOBJETBOPSIOUIMH JABYM akcHOMaMm, TO
Tenepb Oy/leT Ba orepaTopa, yAOBJETBOPSIOUIMX TPEM aKCHOMaM. AKCHOMBI
uyTh GoJiee CJI0KHbIE, ueM OblIH paHblIe.
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[TepBas akcuoma:
(at, b7y —a(r, b7y —blar, T') +ab(r, ')y = —7'(a)T(b).

(Kak ckobka Bemer ceOsi NpH YMHOXKEHHM apryMEHTOB Ha (PYyHKLHH.) IDTO
03HauaeT, uTo ckoOKa — GuanuddepeHMaibLHbIA onepatop nopsiaxa 1, 1.

BTopyto M TpeTblo akCHOMY §1 XOUy BbIlIMCaTbh, [NOTOMY 4YTO 3TO OYJeT, M0-
BUJIMMOMY, €/IMHCTBEHHOE KOHKPETHOE OIpejie/ieHre, KOTOPOoe JIeHCTBUTEIbHO
CBSI3aHO C MOHATHEM BepTeKCHOM anrebpbl. OT TaKo# CTPYKTYPbl MOYKHO B3SITh
o0epTbiBatoLLyl0 anrebpy M MOJydUTb BepTeKcHyto anrebpy. I[lotom ux pac-
KJIACCH(UIUPOBATL U T. 1. S 00 3TOM CKaxy JiBa CJoBa.

9l cHauasna 3anuily BTOPYIO akCHOMY, a MOTOM OOBSICHIO 0003HAUYEHHSI:

Lie.(, )(r', 7"y ={(r', c_(r", 7)) + (7", c_ (7', 7)). (2)

[To onpenenenuto npoussoanas JIu ot onepaTopa — 3T0 NPOCTO HACKOJBKO OH
KOMMYTHUPYeT C JIeHCTBHEM BEKTOPHbIX MOJIEH:

LieT(T” T,/) = T(T,v T”) - ([Tv T,]v T”) - (T/, [T, T”]).

Ecau npoussospnast JIu paHa 0, To 3TO 3HAUMT, UTO OMEPATOP KOMMYTHPYeT
C JIeFiCTBHEM BEKTOPHOTO TOJsl. A ¢_ — 3TO HEMHOXKKO MOJIpaBJeHHOe C,
a UMEHHO,

c_(r,Ty=c(r, 7)) — %d<7’, 7'y,

rie d — muddepentman ne Pama. A B hopmyJie (2) cTOUT MpocTo crnapuBaHue
BEKTOPHOTO 1oJist ¢ | -popmoti.

Hakonell, TpeTbst akcnoma onuchiBaet dc (3aech d — aHajior auddepen-
pana [lleBasne; 1 00bsICHIO, UTO 3TO 03Hauaer). Tak wiau uHaue, dc — 31O
¢byHKuus oT 3 nepemenHbiX. M oHa mo/KHa ObITh paBHA CJIELyIOLIEMY:

de(r, 7, ") = —%d{<7’, [, 7" +...}.
Tyt elte nBa ciaraeMbix — BCe TepecTaBJsieTcsi 10 HUKJY. 3/1ech
de(r, 7, 7"y =dyec(r, 7, ") + %d<7‘, c(r!', "y + ...
(moc nepecraHoBka no wukay). M nakoner,
diec(r, 7, 7"y =c([r, 7], 7") — Te(r', 7)

TLJTI0C LIUKJI.

Ecan Bbl 3aX0oTHTe HEMHOXKKO MOWrpaTh C MOHATHEM U depeHirana
Je Pama (HanuiuTe uepe3 BeKTOPHblE MOJsI), Bbl TPUJETE K TAKOMY OTpe-
JIeIEHHI0 — KaK OT (PYHKUMH OT 2 MepeMeHHbIX MOJYyduTh (YHKUHMIO OT 3
nepemeHHbIX. OKa3bIBaeTCsl, UTO 3TO JKYTKOe OlpeJiesieHHe OCMbICJEHHOE.
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Ha camom jnese oHO TpHLIIO M3 COBEPLIEHHO APYrHX aKCHOM, H3 AKCHOM
BEPTEKCHOM aareOpbl, NPH BbleJI€HHH KOHEUHOMEPHOTO KyCKa.

Tenepnb cnpaumBaercsi: kKakoB OyaeT aHaJor Teopembl Kiaccuduka-
uud (Hacuer nepsoro kjaacca Yepua cy)? Murerpupyemble CBSIBHOCTH WJIH
0-anre6poupl  KJIaCcCUPUUIMPYIOTCS KJaccoM ¢j. Kako# ke aHajor 3To#
TeopeMbl Kjaccupukauun 3aech? OKasblBaeTcsi, UTO MMeET MeCTO Teopema
KJIaccuUKalMM, KOTopasi aHaJorMuHa TOMY OYeHb MPOCTOMY YTBEPXKIEHHIO.
dta Teopema uyTouky Gosiee cjoxkHas. Takne 0OBEKTbI TOXKe CYLIECTBYIOT
BCerja JIOKaJbHO; HO €CJIH TaM HaM OblIo yI00HO pacCMaTpUBaTh 3TO MPOCTO
KaK MHOXKECTBO — TOPCEp Hal 3aMKHYTbIMH |-dopmamu, To 1-BepTeKcHble
anreOpouibl 00pasdyloT Kateroputo. 51 yxke He Oyjly BHIITMCBIBATH OINpeie/IeHHE:
MO2KHO BBECTH MOHATHE MOpdU3Ma MeXKy ABYMsl TakMMH oObekTamu. M sta
Kareropusi OyjieT TOpcépoM (B CMbICJe KaTeropuil) Haj cjeyrolleil KaTero-
pueit. O6o03naunm Gr(Q23) (ot cioBa rpynnonn) kareropuio, y KoTopoii
00BEKTbl — 3TO 3aMKHyTble 3-¢opMbl Ha adduHHOM MHOroo6pazuu X,
a Mophu3Mbl onpenensiioTes caeaylondM obpasoM. HyxHo onpenenutsb
MOphH3M U3 0HOI opMbl B Ipyryto. B embicsie stoi kateropun Hom(w, w') —
370 2-hopMbl 77, JUIs1 KOTOPbIX dn=w’ —w. VITak, 06bEeKTbl — 3aMKHYTbIE 3-
dhopMbl, a MOpP(U3M, CBA3bIBAIOIIMHA JBa 00beKkTa, — 3T0 Takas 2-dopma,
uTo ee mupepeHIHant — 9TO UX Pa3HOCTb. DTa KAaTEropus — rpynrous, T. €.
KaK/Ibli MOP(HU3M — U30MOPhHU3M, MOTOMY UTO MOP(U3M CO 3HAKOM MHUHYC —
570 Oyzer obpartHbii Mopduam. Kpome Toro, Ha Hell ecThb ellle CTPyKTypa
abeJsieBOH TPyMMbl B CMbIC/JE KaTeropui, MOTOMY YTO Mbl MOXKEM OOBEKThI
CKJIaJIbIBATh (€C/M eCTb JiBe 3-(POPMbI, Mbl HX MOXKEM CJIOXKHTb). DTO OUEHb
npocTasi KOMMyTaTHBHAs MOHOUJIAJIbHASI KATErOpHs.

Tenepb, ecsu Mbl 0603HAUMM KaTEropHio BepTEKCHBIX alreGpouIOB uepes
Algy, To Teopema rosoput, uto Algy — 310 QI?31-Torseur (topcép). Uro
3T0, COGCTBEHHO TOBOPSI, 0O3HAYAET? DTO 03HAUAET, UTO Y HAC €CTb JIEHCTBHE
kateropun Q1231 ya kateropun anre6pounos. JleficTBre — 5T0 IPOCTO (BYHKTOP
Q231 x Algy — Algy. OGBACHUTL KycoueK 9TOTo JAeiCTBHS oueHb npocto. Jle-
JIO B TOM, UTO asireGpon1— 9TO napa, CocTosiias U3 JByx onepatopos. [1yctb y
Hac ecTh 3aMKHyTast 3-hopma; ocTaBUM ( , ) HEH3MEHHOH, a K ¢ MPUOABUM 3Ty
3aMKHYTYI0 3-chopmy. Heboubliioe uyjio 3ak/ouaercsi B TOM, UTO 9TH IMKHE aK-
CHOMBI coxpaHnsitoTesi. TakuM o6pa3oM Mbl oJyuaeM Jeidcteue. K Gosee Toro,
€CJIH Mbl BO3bMEM JIBA TAKHX 00bEKTa C OJMHAKOBBIMHU (-, -) U JIBYMsl pa3HbIMH
¢ u ¢’, To ux pasHoctb Gyner 3-hopMoii, Ia ellle 3aMKHYTOH (3aMKHYTOCThb
rapaHTHpyeTCsi OJIHOH M3 aKCHOM). 3HAUMT, 3TO — JeHCTBHE. A CJIOBO TOpCEp
03HAuaeT CJejlylollee: ec/id Mbl (UKCHPYyeM Kakoi-HUOyab asirebpoua A, To
nosyunm ynxrop Q31 — Alg; ou sBAsieTcs SKBUBANEHTHOCTBIO KaTeropHii.
DTo nepBasi yacThb TEOPEMbI, KOTOPYIO s1 X0uy cOpMyJTMPOBATh.
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ATy CTPYKTYpPYy MOKHO Ha3BaTb gerbe — cHom. XoTs oObluHOE orpeseneHte
cHoma OoJiee 4acTHOE; HO He BaxkHO. PakT TOT, UTO MMeeTCs OUeHb MpocTas
abcTpakTHas yenyxa (romoJsiornueckasi anre6pa), KoTopast TOBOPHT, UTO, €CJd
eCTb TakKasi CUTyallusi, Kak y Hac — TOpcép, TO NMPensaTCTBUE K CYLLECTBOBAHHIO
Takoro o6bekTa Ha MHOroo6pasuM — 3TO €CTb HEKOTOPbIH KJacc, KOTOPbIH
JIeKUT B Tpynne Koromosoruii H2(X, Qf( 4, Qi’fer). W1 BTOpas uactb Teopemsl,
KOTOpYylo 51 Xxouy c(OpMyJMpPOBaTh, COCTOUT B BBIUHCJEHHHM 3ITOTO KJacca:
yeMy, COOCTBEHHO roBOpsl, OH paBeH. M BOT, UMesl Halll KOHKPETHbIH TOp-
cép, y Hac BO3HHKAeT XapaKTepUCTHUeCKMH KJjacc, KoTopblil paBeH O To-
Ila ¥ TOJbKO TOr/Ja, KOriaa Takod oObeKT CyllecTByeT; ecsd oH paseH 0, To
TaM, COOTBETCTBEHHO, 9TH 00bEKTbl KJaCCH(MULMPYIOTCS NpeblyLLell rpynnoi
KOrOMOJIOTHH ¢ Ko3(dulueHTaMH B TOM »Ke caMOM KOMIIeKce, W rpyrnma
aBTOMOP(HU3MOB — ellle NpeabLylei. Tak BOT, 9TOT K/1acc — 3TO B HEKOTOPOM
NpaBUJILHOM CMbicjie BTopoil xapakrep YUepna chg(Zy), WK, ecjid XOTUTE, 3TO
6oJiee i Menee knacce [lonrpsiruna pi(X).

[Ipo ksace ¢ TyT nmeeTcsl Takoe 3a0aBHOE JIONOJIHEHHE K 3TOH TeopeMe.
OkasbiBaetcst, 0-BepTeKcHble aareOpOUibl HMEIOT OTHOLLIEGHHE K 3THUM JKYTKHM
o6paszoBanusM. OTKyzna Tam ¢ nosisasiercs? Jlapaiite 51 cefiuac npocTo cKaxy
cjaoBamu. Kak s y»Ke roBopuJ, y 3THX BEPTEKCHbIX ajreOpOUIOB MOXKHO
oOpaszoBatb obepThiBalolle aareOpbl U MOJNYUUTh MyYKH BEPTEKCHbIX ajrebp
Ha MHoroo6pasuu. Takol My4yoK cCylecTByeT TOr/la M TOJIbKO TOr/a, KOraa
nepsblil kaace [Toutpsruna pasen 0. [lasbliue Mbl MOXKeM 3a/1aThCsl BOIPOCOM:
a Korja B 3TOM IlyuKe BepTeKCHbIX aJsredp ecTb mnopajnrebpa Bupacopo?
OkasblBaeTcst, UTo JIOKaJbHO BCEBO3MOXKHbIE BJIOXKeHHs1 anre6p Bupacopo —
5T0 B TouHOoCTH (-BepTeKcHble asre6Gpoubl. MHBIME cjoBamu, ecau y Hac
c1 oT MHoroo6pasust pasHo O, To BHYTPH 3TOH BepTeKCHOH asreGpbl eCcTb
nojanrebpa Bupacopo; u GoJiee TOro, TaMm 3TH BCEBO3MOKHbIE MOJAITEOPHI
Bupacopo knaccupuimpyiorcest BCeBO3MOKHBIMH HHTETPUPYEMbIMH CBSISHOCTSI-
MM Ha JeTepMHMHAHTe KacaTeJlbHOro paccJsioeHusi. IHbIMH cJloBaMH, KaxKaoMy
pasyMHOMy BJIOXKEHHIO Moja/reOpsl Bupacopo Mbl MoxeM CONOCTaBUTb
1 depeHLraNbHbIH orepaTop ¢ STUMH CBOHCcTBaMHU. BoT Takoe 3a6aBHoe Kak
Obl HAJIMUHEe KOHPOPMHON CTPYKTYPbl Ha 3TOH BepTEKCHOM ajire0pe U3aMepsieTcst
0-BepTeKCHbIMM a/reOpoUIaMH.

$1 xouy cdopmysupoBaTh oJMH HeGOJBILIOK BONpoc. A UMEHHO, B CBfI3U
C 9TOH TeXHOJIOTHeH BO3HMKAeT KeJlaHHe IOHSATb, UTO TakKoe 2-BepTeKcHas
ajqrebpa u T. J. Hanpumep, noHsTHO, UTO 2-BepTeKCHbIH anreGpouj — 3TO
3 omepartopa yxKe OT Tpex fepeMeHHbIX: OJHH — B (hyHKIMH, Apyroil — B Q1
TpeTHii — B Q. A BLIMHCATL AKCHOMBI, KOTOPHIM OHH YJOBJETBOPSIOT — 3TO
OUeHb HHTepecHasl 3ajaua, ¢ MOell TOUKM 3peHHs; 3ajaua YUCTo ajrebpanue-
ckasi. MoxKHO HanucaTb COOTBETCTBYIOLIMI XapaKTepHCTHUeCKHH Kylace — siB-
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Hble (hopMyJibl; TaM roJydatotest kiaacebl Hepna—CaiiMoHca, CoBepLIeHHO sIB-
HO ONUCbhIBaeMble Kak KouMkJbl. Ho Hamucatb Takoil Topcép — 370 yke Oyner
He gerbe, a 2-gerbe. bblio Obl OUeHb MHTEPECHO MPHIYMaTh TaKOe ONpejiee-
HHEe — YHUCTO U3 ajreOpanueckux cooOpakeHUi. DTo 1asno Obl HETPUBUAJbLHBIN
npuMep 2-BepTeKCHbIX aJjreOp, Mo KpakHed Mepe, aareGpoHioB — 3TO TO,
UTO OIMUCHIBAET NMOBEPXHOCTb, (HJIYKTYHPYIOLLYI0 Ha MHOrooOpasuu. HUro Takoe
2-BeprekcHas asireOpa, He U3BECTHO. ECTh HeKHMe KaHIMAAThl Ha orpeje/eHue,
HO, HACKOJIbKO §1 3Hal0o, HM OJHOTO HETPUBHAJBLHOIO MpUMepa He pa3zoOpaHo.
Y Cauu befisinHCOHA ecTb HeKoe onpejiesieHHe, KOTOPOoe UMeeT MOJIHbIH CMbICJI
U U151 I0OOH pa3MepHOCTH. DTO OJIMH BOIMPOC.

Bropoit Bonpoc Takoii. ¥ Bcell 3ToH Hayku ecTb cynepaHaJor. Bee stu
ornpeiesIeHnsl OYEBUIHO MEPeHOCsTCs Ha cynepcaydail. PacecMoTpum MHOroo6-
pasue X, a KoJbllo (yHKUMI OyneT BHellHsis ajreOpa paccjoenus £, ¢ cy-
neprpajayupoBkoH, rae y £ HeueTHasi rpaayupoBKa. Toraa MOKHO MOCTaBUTh
BOINPOC O CYLLECTBOBAHMH TAKOro COpPTa OOBEKTOB JUIS TAKOTO CyNepMHOro-
o6pasus. OKasblBaeTcsi, UTO COOTBETCTBYIOLLEE MPEMATCTBHE 10 HEKOTOPbHIM
npuurHam OyJIeT JiexKaTb B TOH 2Ke rpyrie KOroMoJIoTHi, HO OYeT paBHSThCS
pasHoctu knacca [loutpsaruna (BToporo kjacca HepHa) kacaTesbHOro pac-
cnoennsi Ty u Broporo kjaacca YUepna paccioenus E. M3 srtoro caenytor
HEKOTOpble 3aMeuaTe/ibHble BbIBOJbI. Hanpumep, ecaim £ — 3T0 KacartesnbHoe
paccJioeHte, To 3TO NPensTCTBUE HYJIEeBOE; T. €. Ha TAKOM CylepMHOrooO6pa3uu
TakKol 00beKT BCeraa cyllecTByeT, U OoJjiee TOro, KaHoHuuecku. Kpome Toro,
3TOT KJIacC UETHbIH, MO3TOMYy 3aMeHa pPaccJoeHHsl Ha JIBOHCTBEHHOE 3TOro
KJlacca Ha caMOM JieJie He MeHsieT (POCTO MOTOMY, UTO KBaJpaT YHcJ/a — 3TO
KBaJIpaT MUHYC 3TOro uuca). Mbl MoxkeM B KauecTBe £ B3siTh Ty WK Qk —
JIBOMICTBEHHOE paccJ/ioeHre. B kauecTBe COOTBETCTBYIOLLEH BepTEeKCHOMH aJred-
pbl B 3TOM CJlyyae Mbl [10JIydaeM TO, UTO Ha3bIBAETCS KePaslbHbIM KOMIIIEKCOM
ne Pama, kotopblii MHOTO JieT Hasan Obl1 OoTKpeIT Peneit ManukoBbiM. A B
3TOM CJlydae Mbl ToJlyyaeM B KauecTBe oOepTbiBaiolllel anreOpbl anredpy, Ko-
TOPYIO MOXKHO ObLJ10 Obl HA3BAaTh aAred6PoH KepasbHbIX MOJUBEKTOPHBIX MOJEH.
ITO MyUyOK BEPTEKCHBIX a/reOp ¢ HEKOTOPBIMH 3aMevaTesbHbIMU CBOHCTBAMH,
KOTOPBIN CcylllecTBYeT Ha Jilo6oM MHOroo6pasud X. OT Hero MOXHO B3STb
koromoJioruu. Teneps, ecan X — mHoroo6pasue Kanabu—S$lo, To no toii xe
MpUurHe, uTo 51 roBopuJs npo Bupacopo, wis Kanabu—flo stor nyuok Beprekc-
HbIX asre6p (ciofa ellle BKJabIBAaeTCs cynepBupacopo — N = 2-cummerpust) —
s10 anredpa Huso—IlIBapua, N =2-Bupacopo BKJaAbIBAETCSI B 3TOT My4yoK
KepaJibHbIX MOJIMBEKTOPHBIX MoJiel, ecsin X — MHorooOpasue Kanabu—Slo, 1. e.
€cJIM Ha KaHOHHUECKOM MyyKe eCTb MHTerpupyemast CBSI3HOCTb.

51 BosBpallaoch K TOMy BOIpocy, KOTOPbIH OblJ1 cpOPMYIMPOBAH B HauaJle.
EcTb ocHoBaHus MoJjaraTh, uTo Jisl MPOU3BOJBbHOrO MHoroo6pasus Kaga-
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6u—9ylo X 3T0 ecTb KepaJsibHas uyacTb TOH caMO¥ o-MOJIeIH, O KOTOPOH LLIa
peub B HauaJsie. [IpaBna, ocHOBaHMII HEMHOTO: TIOCUMTAH XapaKTep JUisi KBUHTHK
Gepma. Penss Mannkon ¢ KosiyHoBbIM MocunTa M Xapakrep U 10Ka3aJju, uTo
XapakTep paBeH TOMY :Ke, UTO M B TOH MOJIEJIH, KOTOPYIO (DU3HKH COTIOCTABHJIH
st X — kBuHTHKH Pepma. ITo sasmntuyeckndt poa. M na stom ocHoBannu
BBICKA3bIBAETCSI CMeJiasi THIIOTe3a, UTO 3TO — KepaJsibHasi 4acTb ITOH camod
HEM3BEJAHHON 0 -MOJIeJH.

Ha camom nesie ee mpocTpaHCTBO COCTOSIHUE (MTPOCTPAHCTBO, O KOTOPOM
UJIET peub) — 3TO TEH30PHOE MPOU3BEJIEHHE, JIaXKe CyMMa TEH30PHbIX MPOU3-
BEJICHHH; 3TO MOJOBUHKA NPUMEPHO — OJIMH COMHOXKUTeNb. Ho Tak niu nHaue,
BHE 3aBUCUMOCTH OT TOTO, UTO TAKOE 0-MOJIeJIb, €CJIH 3TO BEPHO, TO JIs CJIydast
KAaKHX-TO KOHKPETHBIX MHTEPECHbIX MHOrooOpasuil (THna runeproBepXHOCTH
®epma) 3ta runoreda jaBaja Obl COBEPLIEHHO KOHKPETHOE OMUCAHHWE TaKHUX
KOTOMOJIOTHH B TepMHMHaxX KepaJbHOro aHaJjora komijekca Kouuyssi cooT-
BETCTBYIONIEH OCOOEHHOCTH. DTO TO, UTO HA3BIBAETCS] COOTBETCTBHEM MEXK]LY
Jlannay—Iuns6yprom n Kanaéu—lo.

Monenb TouHO pelliaema, MOTOMY 4TO BCe packjajpiBaeTcsi Ha l-MepHble
MOTHBBI: JIeHCTBYeT IpyIina, MOTHB pasJaraercst 4 Bce 1-mepHo. [Tostomy Bce
curraercsl. M 3To cylecTBeHHO, MOTOMY UTO JI/Is1 [IPOU3BOJILHO THITEpPIIOBEpX-
HOCTH, KOHEUHO, 3TO HeBepHO. JIBOpPK HM3ydas Npou3BOJibHbIE THIIEPTIOBEPXHO-
CTH, U TaM MacCy BCEro HHTEPeCHOro OTKpPbI, OUeHb OJIM3KOe, HAa CaMOM JeJle,
M0 JlyXy T€M BbIYHUCJEHHSIM, KOTOPbIE 3/1eCh MPou3BoasiTcs. Tam 3To 03Hauasmo
TO, UTO (-(DYHKIIMS SIBHO BBIMHMCBIBAETCS; Bce KopHu P pobennyca BblpazkaloTes
uepe3 cymmy SIKoOH. DTO COOTBETCTBYET TOMY, UTO KOFOMOJIOTHU pasJjiaralorcst
Ha |-MepHble MOTHBHI.

16 stuBaps 2003 .



A.H. Poi6ko

[TYACCOHOBCKAS 'MNOTE3A IJ14 bOJIbLLUIUX
CUMMETPUYHbIX KOMMYHUKALIUOHHBIX CETEMH

OnucaHue cucremMbl

91 cHauana ckaxky 0 MojesiM, 0 KOTOPOH HJeT peub. JTO OUeHb MPOCTOH,
OUeHb €CTECTBEHHbIH, KaK MHe KaKeTcsl, CJaydaiHbli rpoiecc. DTOT Mmpolece
cJelyloluni. Y HAc eCThb M SIIUKOB U B HUX PA3JI0’KEHO 11 YaCTHIL. DTH SILIUKH
nepepabaTblBalOT YACTHLBI, U M0cse 3aBeplueHus 00paboTKH YacTHLbl Bblie-
TAIOT U3 SIIIMKOB. SILIMKK TepepabaThiBAIOT YAaCTHLbI CJEAYIOUIUM 00pa3oM:
B JII0OOOH MOMEHT BPEMEHH KaxKJbli sIIMK paGoTaeT Jiuilib C OJHOH uacTHIleH
(ecaiv OH He MyCT), a ocTajibHble uacTulbl XKayT. Korna ob6pabGorka naHHOM
YaCTHIbl 3aKAHUMBAETCs, TO 3Ta YaCTHUIlA BblIeTaeT M3 slIMKA U PaBHOBe-
pOsITHO TNepekJabiBaeTcsl B JioOoi U3 m sikoB. EcTb ciyuadiHoe Bpems,
KOTOpOe ouepe/iHast 4acTHLa B OUepe/IHOM sllKe oOpadaTbiBaeTcs. DTo Bpems
o0c/1y»KMBaHHUs1 06pasdyeT Moc/el0BaTe/IbHOCTb He3aBUCHMbIX OJIMHAKOBO pac-
npejie/ieHHbIX CaydaiHbiX BeJuunH. OyHKIMS pacrpeeseHnst TUX CJydantbiX
BEJIMUMH OJIMHAKOBA JI/IS1 BCEX SIUIMKOB M ISl BCEX YACTHILL. DTa MPOU3BOJIbHAS
(YHKLHMS pacripe/iesieHnsl HeOTPHLIATENbHON CyyailHOH BeJUUMHbBI SIBJISETCS
napaMeTpoM Hailedl 3ajgauu. BoT Kakyto cUTyalMio Mbl pacCMaTpHBaeM.

KakoBbl npumepbl Takol cutyaunn? Hanpumep, kakue-HUOY b CyKeOHble
[pOrpaMMbl BEPTATCS B KOHEUHOM MHOXKECTBE KOMIIbIOTEPOB, H TaM C Ofl-
HOH NPOrpaMMoil B KaxKJIOM KOMITbIOTEPE UTO-TO MPOUCXOAUT €IMHOBPEMEHHO,
a Korza ee o6paboTaloT, TO 3Ta MporpamMMa MepexoIuT B APYroil KOMIbIOTEP.
PaccmaTtpuBaemasi ceTb CMMMeETPHUHA B TOM CMbICJIe, UTO KaxKjasi porpamma
PaBHOBEPOSITHO TEPEXOUT K JI0OOMY pyroMy KomrbloTepy. Mbl cuntaem, uro
BCE KOMITbIOTEPbI MexKJly COOOH CBsi3aHbl, U OoJiee TOro, OHU CBSI3aHbl TaK, 4TO
3TO — MoJIHbIHA rpad. Bot apyro# npumep: ectb 25 CTYNEHTOB, U OHU JOJIXKHbI
ciath O sk3ameHoB. OHU MPUXOJAT K Mpernojanareiio, cTosaT B ouepenu. [Ipe-
nojaBare/ib KaxK/Iblii pa3 CHpalllMBaeT JHLIb OJHOrO CTYJEHTa, a OCTaJbHble
KayT. KaxKaoro ctyeHTa oH crpalinBaeT He3aBUCHUMOE OJIMHAKOBO pacrpeje-
JieHHoe BpeMs. CTy/leHThbl HUKOTJ/Ia HUYEro He CIAl0T, PUXOMST K CJELYIoleMy
npenojasate/ito. B Takux ouepeisix CTyAEHTbl KPYTSTCS OECKOHEUHO JI0JITO.
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Y Hac ecTb JIBa LieJIbIX apaMeTpa: UMCJIO SIIIMKOB U YHCJIO YACTHLL, U OJIUH
napamerp (yHKIHOHAIbHBIN — (DYHKIIUS pacrpe/iesieHlsi BpeMeHH 00C/TyKHUBa-
HHUsT OJIHOTO CTYJIeHTa rpenojaBarteseM (QyHKUHUsI pacnpeeseHns caydyaiHon
BeJIMUMHbI — BPEMEHH, KOTOpPOe TPATHUT MperojaBaTe/ib, 3K3aMeHYs OJHOTO
CTYJIEHTA).

CTallPIOHapHOC pacnpeneaeHue

BosHukaer ecrecTBeHHbIH BOIMPOC: KaK Y3HATh CTallMOHApHOE pacripese-
JIeHHe JyIsl 3Toro cJjydaitHoro npotecca? [lepsoe o6cTosATeNLCTBO OaHaANbHOE!
Hall Tpouece 3projuueH, MOTOMY Y HEro ecTb eIMHCTBEHHOE CTalHOHapHOe
pacnpenesnenue. [lTouemy 3710 Tak? IloTOoMy uTO TepuoMMUYECKH BO3HHUKAIOT
MOMEHTbI BOCCTAHOBJIEHHsI, MOMEHThI pereHepaliu, HanpuMep, Korjaa Bce ya-
CTULbI COOEpPYTCsl B OJIMH SIILMK. DTO 06513aTe/IbHO MPOUCXOJUT, TOTOMY YTO
yacTHILbl PAaBHOBEPOSTHO MepeksajbiBalorcs. Tounee roBopsi, Jierko BHJIETb,
UTO C BEPOSITHOCTbIO 1 HACTYNUT Takoe coObITHE, KOTJla BCe YaCTHIIbl OKa-
JKYTCsl B OJIHOH ouepeny B oJHOM siipke. O/Ha yacTulla TaMm o0C/yKUBaeTcs,
a ocraJjibhble x1yT. Korya neppasi yactuiia 3aKOHUMT 0OCJy>KUBAHHE U JI0JXKHA
Oy1eT BblIETETh, TO B 3TOT MOMEHT BCe HauWHaeTCsi 3aHOBO. M MOCKOJbKY 3TH
COOBITHST PEryJISIPHO MPOUCXOMAT, TO U3 OOLIMX TEOPEM JIETKO 3aKJIIOUHUTh, UTO
Halll MPOLEeCC 3ProJIMUeH, — y HEro ecThb OJHA-€JMHCTBEHHAs CTallMOHapHAast
mepa. [Ipu sTom noutu He TpeGyeTcst KAKMX-JMOO JOMOJMHUTENbHBIX OrpaHHyue-
HHUI Ha apameTpsl 1, m U QYHKLUMIO pacripenesenus F(x) BpeMeHH 00CTyKH-
BaHUs OJIHOW yacTuuer. Hano ToabKo, uToObI CyllleCTBOBAJ KOHEUHbIH TMepPBbIi
MOMEHT Yy F(x) — uT0oObl ObIJI0 KOHEUHBIM CpPejiHee BpeMsi 0OCTYKUBAHHST OJTHOH
yactuilbl. Torjma 3TH coObITHS pereHepaluu GyayT MPOUCXOAUTb PEryJISPHO.
Ecau cpenree Bpemsi 0GC/y>KMBaHUSI OJIHOH UYaCTHIbl GECKOHEUYHO, TO TOTJA
HesICHO, MoueMy Hall cJydakHblil npouece sproaudued. [lycTb ykasanHoe cpen-
Hee BpeMeHH 0O0CJ/y:KHBaHHMsI KOHEUHO, YeMy »Ke TOTJa PaBHO CTallMOHAPHOE
pacrnpenesnenue? Muaue roBopsi, ¢ Kakoil BepOSITHOCTbIO, IVISIS HA IBOJIIOLMIO
Hallero CJyyafHoro rpoiecca, uepe3 MUJIJIMOH JIET Mbl YBUIUM Ty HJIM HHYIO
KOH(bUTrypaluio 4acTull, Haxoasumxcs B simkax? [lepBasi HauBHasi Touka
3peHus (cpady cKaxKy — aObCoJII0THO HeBepHasi) 3aKJtouyaeTcs B TOM, UTO BCe
KOH(bUTrypaluu paBHOBEPOSTHBI. DTO He Tak. Boobiile ToBOpSi, MPH HEKOTOPbIX
pacnpejiesieHusIX BpeMeHt 06CIyKUBaHUs1 F(x), eCJii MOCMOTPETh Ha KOH(UTY-
palHIo MOYTH B JIIOOOM SIlIIMKE, TO OKAXKETCsI, UTO OH OYJIET MYCT, @ BCE YaCTHIIbI
OyIyT CKOHLEHTPUPOBAHbI JIMLIb B MAJIOH Jl0Jie SILUKOB, KaK 9TO HH CTPAHHO.
Bce cyliecTBeHHO 3aBUCHUT OT pacrpejiesieHUst BpeMeHH 00CJyKUBAHHUS OJIHOU
yactuilbl. M1 6osiee Toro, B 001IEM-TO aOCOJIIOTHO SICHO, UTO CKOJIbKO-HUOYb
SIBHOH (DOPMYJIBI JIJIsT KCKOMOTO CTallAOHAPHOTO PacIpe/ieieHnsl HAaHTH HeJlb3sl,
MOTOMY UTO y HacC CJIMIIKOM MHOTO MapaMeTpoB.
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OnHaKo Mbl MOXKEM HCCJIEI0BAaTh ACUMITOTHUECKOE MOBEIeHHE CTallHoHap-
Horo pacrnpejesienuss. OCHOBHasi TUIoTe3a, KOTopasi MMeeT MeCTO He TOJIbKO
JUIsl TOTO CJlyyast, HO U JI/Isl MHOTHUX JPYTHX, 3aKJ/iouyaercs B cienytouiem. Hyx-
HO MepelTH K TepMoaMHaMuueckomy npenedy. [lycTb y Hac umeercs Kakas-To
M0JIOXKUTEJ/IbHAsT KOHCTAaHTa, CBSI3bIBAIOLLASl UMCJIO SILIMKOB M UMCJIO YacTHLL.
M nocmotpum, kak OGyaeT ycTpoeH Hall Mpollecc, KOrjaa W YHCJO SIIHUKOB,
M YHCJI0 YACTHLL yCTPEMHUTCSI K OECKOHEUHOCTH, a UX OTHOLIEHHE PaBHO yKa3aH-
HOl KoHcTaHTe. [TocMOTpUM, BO UTO MpeBpaTHTCSl TOrJa Halla HHBAapUAHTHASs
mepa. [Tonyasipuasi runoresa, kotopasi 1aBHo copmyaupoana KpeliHpykom,
3akJ/itoyaercst B TOM, UTO B 9TOM Mpejleie BO3HUKHeT cueaytolee. [TocMoTpum
Ha oiuH silWK. YUTo B Hero OyaeT MocTynath NpH OOJbLIMX 3HAUYEHHUSX 7
U m? B Hero GyneT NMpUXOIUTb OUEHb CJIOXKHBIH MOTOK YaCTHLL M3 PasHbIX
Jpyrux siukoB. Ho, mockosibKy oflee 4HC/0 SILIMKOB OrPOMHO, TO 3TOT
CyMMapHbIil TOTOK W3 YaCTHL, KOTOpble MPUXOAAT B (PUKCUPOBAHHBIH OIMH-
€JIMHCTBEHHbBIH SILIMK, OYJET «[OYTH MyacCOHOBCKUM>» (MTOCKOJIbLKY CyMMapHbIH
MOTOK MOCTYNalOUWMX YaCTHIL CKJIAIbIBAETCsl M3 OUeHb MaJleHbKMX [OTOKOB
PAa3JIMUHBIX YACTHLL U3 Pa3HbIX SIIMKOB). EcTeCcTBEHHO AyMaTh, UTO 3TOT MOTOK
CTaHeT MyacCOHOBCKUM B T€PMOJIMHAMHUECKOM MpejieJe.

[lyaccoHOBCKHMI MOTOK

[lyaccoHoBckuil MoTok o3HauaeT cienytoulee. Mbl GepeM npsimyto (ocb
BpPEMEHH /) U OTMeuaeM Ha Hell TOUKH, B KOTOPbIX MPUXOJAT YACTHLLbI (MOMEHTHI
BpeMeHH mnpuxoja uactuil). [lyacCOHOBCKMI MOTOK MPHUXOJa 3THX TOUEK 110
OIpe/IesIeHHI0 YCTPOeH cJle/lytolliiM o0pa3oM. Ec/ii Mbl BO3bMeM JiBa Herepe-
CEeKalollMXCsl UHTepBaJ/ja BPEMEHH H 3aXOTHM Y3HaTb, C KaKOH BEPOSTHOCTBIO
y Hac npullja yacTHUua B OJMH M3 3THX HHTEPBAJIOB U C KAKOH BeposiT-
HOCTBIO MPHIIJA YaCTHIlA B JPYroH, TO Mbl MOCTYJHPYEM, UTO 3TH COOBITHS
MPUXO0JIa YaCTHIL He3aBUCHMBbI (€C/IM TH JiBa MHTEpBaJa He repecekaloTcs) H,
cJle/10BaTe/IbHO, BEPOSITHOCTb COOBITHSI, UTO 00a MHTepBaJa CoJIepKaT TOUYKH
MyacCOHOBCKOIO TOTOKA, SIBJISIETCS MPOU3BE/ICHHEM BEpPOSATHOCTEH TOro, uTO
MepBbll HHTEpBaJ COJEPKUT TOUKH [yaCCOHOBCKOIO MOTOKA M UTO BTOPOH
MHTEpBaJl COJEPXKUT TOUKH MyaCCOHOBCKOIO MOTOKA. JTO NepBoe 00CTOSATE b-
cTBO. A BTOpOe 00CTOATENLCTBO Takoe. [1ycTb Mbl XOTHM y3HaTh, ¢ Kakoi
BEPOSITHOCTBIO y HAC MMeeTCsl UacTHIla HAa KaKOM-HHOy/b MHTEpBaJe — XOTs
Obl o1Ha. Korjna Mbl yeTpeMUM JJIMHY 3TOTO MHTEpBaJsia K HyJ0, BEPOSITHOCTb
TOTO, UTO Mbl UM€EM B HEM UaCTHILYy, aCHMIITOTHUECKH MPOTIOPILIMOHANbHA JITHHE
MHTepBasna (B mpenese). DTH 1Ba CBOHCTBA Y:Ke OJHO3HAYHO 3aJal0T Hall
cJlydakHbIl TPOLECC, U MOXKHO CKasaTb, Kak OH ycTpoeH. Hanpumep, mMoxkHO
CKasaTb, CKOJIbKO Y HAC YaCTHIL HA KAKOM-HHUOY/Ib MHOXKECTBE M0JIOKUTEJIbHO



108 A.H. Pro6ko

Mephbl (M0 ) — Kak pacrpeaeseHo 3TO UHUCJO UACTUIL. DTO UMCJ0 OyjleT pac-
npeneseno no [lyaccony.

TepmoauHamMmuueckuin npemea

51 Bo3Bpallaoch K BOMPOCY O TOM, UTO K€ TMIOTETHUECKH Y HAC BO3HHK-
HeT B Tipefesie. [MMOTeTHUeCKH BO3HUKHET CJIEIyIOlee: HAlllM YaCTHIb GYIyT
MPUXOJUTH B JIIOOOH SILLIMK MOCTOSIHHBIM MTyaCCOHOBCKUM TOTOKOM. DTH MOTOKH
B pasHble SLMKH OYIyT HEe3aBUCHMbI MEXKIy COOO0H, MOCKOJIbKY OHH CKJabl-
BAlOTCSl U3 pa3HblX yacTull. [ToToKM yacTull, MocTynaloumx B pasHble sILMKH,
O6yIyT OJMHAKOBOM HHTEHCHBHOCTH, MOTOMY UTO BCe SIIIMKM PaBHOIMpPABHbI.
N Torna umerotes siBHble GOPMYJibl B TEOPHH MAacCOBOTo 00C/YyKMBaHUs (Ha-
BEPHO, MEPBbIM UX MOJYUHJT XHHUUH) J/IsT IBHBIX BBIUHCJIEHHH BEPOSTHOCTHbBIX
XapaKTePUCTHK, — CKOJIbKO y Hac OyJIeT YacTHIL U KaK OHH OYIyT pas3J/iozKeHbl
no siukam. ITu hopmyJibl (s AJIMH ouepeeil, BpeMeHH OXKUJIaHHs U T. JL.)
s He Oymy npuBoauTb. OHM JUIMHHBIE, U HAM He HYXKHbl. OHH MUIIYTCS JIJIS
Npou3BOJSIIMX (DYHKIMH, MOTOM OT HUX Gepercs npeobpazoBanue Jlamsaca
1 T. 1. Ho 370 Hekue siBHBIE opMyJibl, UMelOlIHeCs YKe B OObIYHOH TeOopHH
MaccoBOro o6CayKMBaHHs, KOTOpasi 3aHUMAETCsl BEPOSITHOCTHBIMU Tpoliecca-
MH, OIMHUCHIBAIOIIMMH MOBEJIEHHE OJIHOTO y3Ja.

CrnipauinBaercsi, Kak »e HaM JI0Ka3aTh 3Ty MyaCcCOHOBCKYIO THIIOTe3y? DTO
JIaBHSAs TonyJsipHasi 3agaya. Mbl 3aHUMAJIUCh €l0 ¢ MOKOHHBIM PpHIpUXOM
N3spannesuuem Kapresesruuem MHOrO JieT U JI0Ka3aJd TOJbKO c1a0yio BEPCHIO
5Toi 3anaun. S nmotom o6 3ToM pacckaxy. A rtenepb Ham co lllmocmanom
y1aJI0Ch, HAKOHEIL, €€ MOJHOCTbIO PelinTh. EcTh 1Ba MOOYIUTENbHBIX MOTHBA,
noueMy Mbl Tak crapaTeibHo ee peuiajqd. C 0ofHOH CTOPOHBI, Oblia TOYKA
3peHHsi, KOTOPYIO 51 yCJbliaa Bo BpeMs Jokaana boposkosa B [lapuke, et
ceMb Hasaj, UTo 3TO U eCTh lleHTpaJsibHasi MpodJaeMa B pasBUBAIOLLEHCS TEOPHH
cereil MaccoBOro o6C/TyKMBAHHUSI.

C zpyroii cTOpoHbl, €cTh Takasi CTpaHHas Belllb (51 0 Hel pacckasbiBaj Ha
ceMuHape y Bepiiika), uto 310 CBSI3aHO TaK:Ke M C HEKOH HHTeprpeTalyen no-
JIydeHHs CrielaibHbIX MpeleIbHbIX KPUBbIX 15 arpamMm fOura. 1o coBcem
Jipyrast TeMaTHKa, 0 KOTOPOH 51 TOXKE paccKaxy.

dakropusauusi no aeicreuio rpynnsl S(n) u S(m)

Mrak, BOT cyualiHbl#i Tpollecc, OMUCHIBAIOLIUH IBOJIOLHUIO 3aMKHYTOH ce-
1. UTO HaM J0CTaTOuHO 3HATh, UTOObI 3a]aTh MapKOBCKHH Mpolece, Map-
KOBCKYIO 3BOJIIOLMIO HALLIEro CJy4ailHoOro mpotiecca Npu GUKCHPOBAHHbIX 3HA-
ueHusIx n U m? HyKHO 3HATh, CKOJILKO YaCTHIL CTOMT B OUEpPE/IM B KaXKJI0M
U3 y3/a0B. D10 51 0603Hauy Kak uucsaa rn(i). Eule Ham Hano 3HATh, CKOJBKO
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BpeMeHH yxke 00CJyKUBaeTCsl 1epBasl yacTulla. Ecsi Mbl 3TOro He 3Haem, To
Mbl He MOXKEM CKasaTb, KaK paclpe/ie/leHO BpeMsl JI0 ee BblieTa; OHO OyleT
pacnpejeseHo Mo-pasHoMy. A ecsii Mbl 3HaeM BpeMsi, B TeueHHe KOTOPOro oHa
yKe 00C/yKMBaJIach, TO Mbl 3HaeM HHPUHHTE3UMAJIbHYIO BEPOSITHOCTD BblJIETa
YaCTHLbI, U I0TOMY Mbl 3HaeM 3BOJIIOLIMIO HALllero MapKoBCKoro npouecca. Ho
3TO He OYeHb XOpollee OINHCAHHE Hallero rnpolecca, MoToMy UTO Mbl ME€peHy-
MepoBaJsii ouepey. A sICHO, UTO, MOCKOJIbKY y HAaC BCe CUMMETPHUUHO, Y Hac
Ha 3TUX HOMepax JeficTBYeT MHBAPHAHTHbIM 0Opa3oM rpyIna nepecTaHoBOK,
1 HaM yjo0Hee MoJIelCTBOBATh ITOH IPYINION MepecTaHOBOK U paccMaTpUBaTh
thakTopr30BaHHbIH Mpolecc. Mbl XoTUM 3a6bITh 0 HOMepax. Hanpumep, sicHo,
uTo JIS1 caydasi m =2, n =38 eCcTeCTBEHHO paccCMaTpPUBATb KAaK OJIHO H TO Ke
COCTOSIHME JIBe KOH(UTYpalLMH, COCTOSIHME, KOTJla B MEPBOM SIlLIMKE D YacTHIL,
a BO BTOPOM 3 UYACTHLbI, H OHH €llle He HauaJu 00C/yKUBAThLCS, TaK U COCTO-
siHMe, MOoJyYnBIlIeecs] 3aMeHOH HyMepaluH SILUKOB, KOrja B MepBOM sillMKe 3
YaCTHIIbl, a BO BTOPOM D U T. JI. Mbl MpocTo BBEJIM HampacHble 0003HAUEHHS,
CBsI3aHHble C HyMmepallell siMKOB, a HaM HY»KHO BCe 3a1aTb WHBApPHAHTHBIM
o6paszom. [yt 3TOro Mbl MojefcTByeM TPYMNION MepecTaHOBOK Ha Halle Co-
CTOsIHUE U OyleM pacCMaTpUBaTh BMECTO HAOOPOB ouepeliell U MepBbiX BpeMeH
o0cJ/1y?KMBaHHs, OpOUTBI, KOTOPbIE y HAc M0Jydarcsi nocJje AeACTBUS MPYNIbl
nepectaHoBoK. K torna nocse storo y Hac noJiyuuTes Takasi KapTHHA.
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Puc. 1. Ipebenka

Onucanue pakTopcucTembl

Y Hac ecTh rpebeHka (puc. 1), M Ha Hel HAXOJSTCS KpPACHblE TOUKH.
Bcero xpacHbIx TOueK CTOJIBKO, CKOJIbKO Yy Hac SIUIMKOB, T. €. UX /M LITYK.
Kaxast U3 3TuX Touek umeer maccy |/m. DTy KapTHHKY MOXKHO MOHUMATh
KaK BepOSITHOCTHYIO Mepy Ha rpebeHKe, MOTOMY UTO CyMMapHasi Macca KpacHbIX
ToueK paBHa enuHuue. UTo 3HAUMT onHa Touka? Hampumep, Touka Ha npsiMoi
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C HOMEpOM 2 03HAuaeT, UTO y HAC HUMeeTCsl KaKoW-TO SIlMK, B KOTOPOM 2
yacTHilbl (TOYKa Ha TIPSIMOH C HOMEPOM R, COOTBETCTBEHHO, 03HAUAET, 4TO
B KaKOM-TO OJIHOM SILIMKE HAXOJUTCSI POBHO k YaCTHL, HEBAXKHO B KAKOM).
Kpowme Ttoro, paccrosinne 7 o6o3Hauaer, uToO MepBas 4acTHIA U3 3THX JIBYX
yKe oOc/y:KUBajach Bpems 7. Terepb Mbl 3a0blIH PO HYMEPaLMIO SIIMKOB,
a TOJIbKO JIMIIb YKa3aJM, UTO B KAKOM-TO SILLMKE y)Ke HAXOJUTCS, HATIpUMeD,
OJlHA YaCTHlla, B KAKOM-TO JIPYrOM TOXK€ OjiHa, HO B TE€PBOM CJyuae 3Ta
yacTHlla yxke 00cIyKHBaach OJIHO BpeMsl, a B Apyrom cJjyuae — apyroe. K eue
€CTb MyCThie SILIMKH; B MYCThIX SIIMKAX YACTHLLI HE 0OCJYXKHBAIOTCS, HO Mbl
JIOJDKHBI yKa3aTh CyMMapHyl0 Maccy, — CyMMapHO€e YHCJIO TYCTbIX SILIIMKOB.
Y nycThIX SIILIMKOB BEPTHKAJLHOTO NMapaMeTpa HeT, HO Y HUX €CTb CyMMapHasi
mMacca — 3T0 J0J151 TyCThIX SIIHKOB.

DBOJIOLMS YCTPOEHA TaK, UTO, BO-TEPBbIX, BCe TOUKH HA KAPTHHKE, OJIH-
LeTBOPSIIOLIME SLIMKK (KpOMe, KOHEYHO, TeX, KOTOpble OTHOCATCS K IMyCTOMY
SIUIMKY), €1yT BBEPX CO CKOPOCThbIO 1. DTO 3HAUMT, MPOCTO, UTO BpeMsi 06CIy-
»KUBaHUsI MEPBOH yacTHllbl npojaosKaercs. Kpome Toro, oHH ¢ HEKOTOPHIMU
MHTEHCUBHOCTSIMH, KOTOPbIE JIETKO YKa3aTh, npbiraior. Kak ouu npbiraior? Ko-
rJla KaKasi-To yacTvla 3aKoHuMJIa 00C/yKMUBaHHe, COOTBETCTBYIOLIAs KpacHast
yacTHlla MpbIraeT B Hauaso Npeaburyllied auHud. Harssano 3To 3HauuT, uTo
B 3TOM SILIMKE CTAJ0 Ha OJIHY YACTHILy MeHbllle, CJeIyIolas YyacTUla HauuHaeT
00CJTy>KMBATbCSs, U COOTBETCTBYIOLLAS KpacHasi TOUKA MOEIET OT HyJsl BBepX.
A Kpome TOro, B 3TOT K€ MOMEHT, KOTJla OJlHa YacCTHIla TPbITHYJa BHH3, Mbl
paBHOBEPOSITHO BbIOMpaeM JtoOyI0 U3 HALIMX KPACHBIX TOUEK (PaBHOBEPOSITHO,
C BEPOSITHOCTbIO | /1) 1 nepeKajibiBaeM ee rOPU30HTAJIbHO, — [IEPE/IBUraeM ee
Ha CJIeIYIOlLyIo MPSMYyI0. DTO 03HAUYAET, UTO B COOTBETCTBYIOLLEM SILIIMKE CTAJIO
Ha oHy uacTtuly GoJblie. BoT TakoBa Haua nuHamuka. Hakoner, st jposken
OTpE/IesIUTh, C KAKOH HHTEHCUBHOCTbBIO B 3aBUCUMOCTH OT T TIPOUCXOJISIT MPbIK-
KW y OJIHOW YacCTHlibl, CBSI3aHHbIe C OKOHUaHUeM 00C/y:KUBaHUs. BOT ¢ Takoii:

B(r) =Pr()/(1 — F(7)).

3nech Pr(7) — nioTHoCTh yHKIMM pacnipeesnenus F(7), a F(7) — cama dyHK-
1Ms1 pacripesiesieHnst BpeMeHH 00C/y»KUBAHUS OJIHOH YaCTHIIbI (51 pejrnoiaraio,
UTO TJIOTHOCTh CyllecTBYyeT). Ternepsb s y2Ke onpeiesiil 3BOJOLHI0 MapKOBCKO-
ro Tpolecca JiJisi KOHEUHbIX 3HAUeHUH m U f.

Onucanue dakropcucrembl (MpoaoJKeHUE)

Tenepnb s elte paz noBTopio coobpaxenue, nouemy Hail MPoLECC IProju-
uecknil. §1 y:ke 06 TOM rOBOPHJI: MOTOMY UTO y HAC uepe3 KOHEYHOe BpeMsl
C BEpOSITHOCTBIO €IMHMIA OKAXKeTCsl Takasi KapTHHa, UTO BCe SILMUKH MYyCTh,
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KPOMe OJIHOTO, H B TOT MOMEHT, KOIJIa YacTHLld B 3TOM €IMHCTBEHHOM SILLHKE
3aKOHUMT 0OCJy?KHBaHHe, BCe HauHeTcsl 3aHOBO. Tenepb, Korjaa Mbl 3ajaJu
3BOJIOLMIO KaK CJyuyailHyl0 3BOJIIOLMIO aTOMApHbIX BEPOSITHOCTHBIX Mep Ha
rpebeHKe, Yy Hac yxKe OT YHCJa YaCTHIL U YHMCJa SIIMKOB MaJso 4TO 3aBHUCHT,
MOCKOJIbKY 3Ta rpeGeHKa TpH BCeX A W /M OCTAaHEeTCsl TAaKOH »Ke, W Ha HeH
KpacHble TOUKH, 3a/alolye caydyaiiHylo BepOSTHOCTHYIO Mepy, OyayT Mpbirath
eIMHO00PA3sHo (ML Macca Touek MeHsiercst i pasHa 1/m). Ham, paktruueckw,
Tenepb Oe3pas3/NUUHO, CKOJIbKO YaCTHL, B HAlUEH CHCTEMe M CKOJIbKO B Hel
SIUIMKOB. ¥ 3TOH JIMHAMHUKH €CTh WHBAPUAHT — CpejHee ynajieHHe KpacHOMH
yacTHILbl OT HaYaJsa KOOPAMHAT (MbI IoJIaraeM, 4To KpacHasi yacTHLa, pacroso-
»KeHHasl Ha Jiyue ¢ HOMEepPOM &, yjiajieHa OT Hauajia KOOpAMHAT Ha paccTosiiue k
He3aBUCHMO OT 3HAUEHHUsl ee KOOPAMHATHI T Ha k- npsiMoil ). Jlerko BuaeTh,
UTO 3TO CpeJiHee 3HaUeHHe He MEHsIeTCsl BO BpeMeHH, TTOTOMY UTO KarK/Ibli pas,
KOT/Jla MPOUCXOIUT MPbIXKOK HasleBO (Ha €IMHMILY), OJHOBPEMEHHO MPOUCXOIUT
MPLEKOK HAMpaBO HA €IMHULLY, M Cpe/iHee yJaJeHHe He MEHsIeTCsl BO BPEMEeHH.
Orciona J1erko MojiCuMTaTh, CKOJMLKO Y HAC YACTHIL

n=>_x(k)k,

k

rie x(k) — unuca0 KpacHbIX TOUEK Ha MPSIMOH k.

Taxk wiau wHaue, Hallla BOJIONIMS NPU KOHEUHBIX M U 1 — 3TO CJydalHasi
3BOJIIOLIMS BEPOSITHOCTHBIX Mep, KOTOPYIO 51 onucal. Pagymeercsi, 3TH BeposiT-
HOCTHbBIE Mepbl CrelalibHble (OHH COCTOSIT W3 aTOMOB, TIPUUEM KaKJblii aToM
umeer macey 1/m).

nyaCCOHOBCKaﬂ rmnoTe3a

5l moBTOplO, UTO TaKoe MyacCOHOBCKasl TUIIOTe3a, HECKOJbKO TOYHee.
[lyctb m u n crpeMarcss K OeCKOHEUHOCTH, a BpeMmsi [ He OyaeT Moka
cTpeMuThesl K GeckoHeuHocTH. [Ipocto wactuiy Gyer Bce GoJiblile (a Kaxkaas
oT/le/ibHast yacTuiia OyjleT BCe MeHblllel Macchl), sIIMKOB TOxKe Bce GoJiblile,
M MeXJIy HUMM HMeeTcsl Hekasi (UKCHMpOBaHHAs MPOMOPLMsS, T. €. B Tpefese
OTHOIIIEHHE YUCJA SILIMKOB K UMCJTY YACTHIL CTPEMUTCS K HEKOH MOJIOKUTENBHOH
KoHcTaHTe. Torna 10BOJILHO MOHSTHO, UTO BMECTO CJYUAHHOH 3BOJIIOLMH BEPO-
SITHOCTHBIX aTOMApHbIX Mep y HAac B Mpejiejie BOZHUKHET JeTepMUHUPOBAHHAS
9BOJIIOLMST BEPOSITHOCTHLIX Mep. [ToToMy 4TO 10BOJIBHO TOHSTHO, UYTO KOraa
KpacHble 4acTHllbl OyayT BCe MeHbllle W MeHbllle (a HUX uucjo Oyler Bce
6oJibllle), TO B Mpejese MOJYUUTCS HEeuTo BpOje 3aKoHa OOJIbILIMX YHCed,
M BCSI KAPTHHKA (OMUCHIBAIOLIAS pACoJoXKeHHe KPACHbIX ToueK Ha rpebeHKe)
OyaeT B npejese 3BOJIOLUMOHUPOBATh JA€TEPMHUHUPOBAHHBIM 00pa3oM. DTO Mbl
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Jokasasu eule ¢ KaprnieseBuueM, st MOTOM MPHUBELY CIIHCOK BaKHbIX padoT
B 3TOH obOsactu. M najblile MOXKHO H3ydaTb, y:Ke 103a0blB MPO BCSKYIO
cJlydaliHOCTb, Kak OyjieT cebsl BECTH 3Ta IeTepPMUHUPOBaHHAas NIpeie/ibHasi 9B0-
JIOLIUST BEPOSITHOCTHOH Mephl. [lyaccoHoBcKasi runoresa, 0 KOTOPOH 51 TOBOPHI,
KBUBAJIEHTHA CJelytolleMy: Npu I, cTpemsiuieMcsl K OeCKOHeUHOCTH, Hallla
JIeTEPMUHUPOBAHHAS! IMHAMUUECKAasi CUCTEMa B MPOCTPAHCTBE BEPOSITHOCTHBIX
Mep JIOJDKHA COUTHCh K HeKOH BIOJIHE (PUKCMPOBAHHOH H3BECTHOH Mepe
Ha rpeGeHke. DTOT T106a/NbHBIE ATTPAKTOp Hallled JIMHAMUUECKOH CHCTEMbI
SIBISIETCS CTelHaJbHON BEpOSITHOCTHOH MepoH, KOoTopasi U OTBeuaeT TOMY
00CTOSITE/IbCTBY, UTO B Mpe/e/e Yy Hac BO3HUKHET IyacCOHOBCKHI Mpolecc
C MOCTOSIHHOH MHTEHCHBHOCTBIO, OMHUCHIBAIOLIMI MOCTYIJIEHHE YaCTHIL B JII0OOH
(DUKCHPOBAHHBIN SIIIHK.
MbI1 10/KHBI 10Ka3aTh, UTO jJMarpaMmma

t—
xm,n % an()

1, M—00 1, M—00
n/m—p n/m—p
t—o0
X(t) —————da(p)

KOMMYyTaTHBHa. Y Hac eCTb cJydaiinblil npoiece — X, () npu hUKcHpoBaH-
HOM uHcJIe SIMKOB U (PUKCHMpOBaHHOM unciie wapukoB. [lpu ¢, cTpemsitiemes
K OECKOHEUHOCTH, BEPOSITHOCTHAsl Mepa, MMEIOLLAsics B MOMEHT BpeMeHH [
Ha ero KoHgurypauusax (KOHGHUrypalusix U3 /71 KpacHbIX TOUeK Ha rpeGeHke),
CXOJUTCA K €IMHCTBEHHOH BEPOSITHOCTHOH Mepe, MOCKOJIbKY OH SProjnueH.
dTa cTauMoHapHasi Mepa o0o3Hauaercst uepe3 @y, .. Kpome Toro, mbl ¢ Kap-
neJjieBUUeM J10KasaJsi, 4TO KOrJa 1 U m CTpemarcss K GeCKOHEUHOCTH, Halll
cayuaiinblii mpouece Xy, (1) cXoauTCs K 1€TEPMHHUPOBAHHONW AMHAMMUECKOH
cucreme X(f) Ha NPOCTPAHCTBE BEPOSITHOCTHBIX Mep Ha rpedeHke. Ham HyxKHO
Tenepb J0Ka3aTb, UTO MPH [, cTpeMsilleMcs K O€CKOHEUHOCTH, Kakoe Obl HU
ObIIO HauyajibHOE COCTOSIHME JWHAMHUecKod cucteMmbl X(f) (BeposiTHOCTHAs
mepa) X(0), Mbl coiiieMcsi K HEKOeMY eIMHCTBEHHOMY IJI00aJbHOMY aTTpakTopy
Oa(p) — HEMOJBHKHON TOUKE JUISl STOH NPeIeNbHON JMHAMHYECKOH CHCTEMbI.
dasoBoe MPOCTPAHCTBO JTMHAMHUECKOH CUCTEeMbI X (f) — 3TO BCe Mephbl ¢ (PUK-
CUPOBAaHHbIM MaTeMaTHUeCKUM OKHJaHHEeM (CpeHMM pacCTOsiHMEM JI0 HauaJja
KOOpJIMHAT) Ha rpeGeHKe.

Jlerko mpoBepsiercsi, UTo y Hac JEHCTBUTEJbHO y:Ke €CTb JIsl Hee Herno-
JBHAKHAsE TOUKA g (p), COOTBETCTBYIOLIASH TTyaCCOHOBCKOH THIIOTE3€, HO HYXKHO
JIOKA3aTh, UTO K HEH-TO Mbl 00513aTeJIbHO U COHMJIeMCs], CTapTys U3 J1o60ro Ha-
yaJibHOro cocTosiHus. M Torna u3 oOLmMx TeopeM MoJiyuuTes, 4To MHBapHaHTHAs
Mepa @, 00513aHa CXOAUTHCS K 9TOF HEMOABHIKHOM TOUKE Jq(p), TOCKOJIbKY
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BepHa cJleflytolliasi oblasi Teopema: €c/iM y Hac ecTb I10CJ/e10BaTelbHOCTb
MapKOBCKHX MOJYTpyINI, KOTopasi ¢Jabo CXOJUTCS K TMpeleibHON MOJyTrpyrn-
ne, Toraa Jitobasi npeiesbHasi TOUKa W3 MHOXKECTBA WHBAPHAHTHbIX Mep Jlsl
JIONIPe/IeNIbHBIX MOJYTPYIN SIBJASIETCS HHBAPUAHTHOH MepOH sl MpejlesibHOM
noJiyrpynnsl. Ho ecsin nHBapuaHTHasi Mepa y MpeiesibHON MoJyrpyIibl 0JHa-
€IMHCTBEHHAs, (€C/M HEMOJABMKHAs TOUKA Oy (p) — MIOOANbHbIA aTTpakTop),
TO TOTJA W3 Npelblaylled oOLel TeopeMbl aBTOMATHUYECKU CJIEyeT, UTO I0-
CJIe/I0BATE/IbHOCTb HHBAPHAHTHBIX Mep @, /I JONPeLe/bHbIX MOJYrpyr
CXOJUTCSI K 0-Mepe C HOCHTE/IEM B TOUKe — IJ100aIbHOM aTTPAKTOPE Oq(y), CO-
OTBETCTBYIOLIEMY MyaccoHOBCKOH runorese. [Tocse Toro kak mbi ¢ @. M. Kap-
neJjieBUUeM Jl0KazaJsu cadyto cXoaumMocTb X, , () K X(f) Ha J110ObIX KOHEUHbIX
UHTepBaJiax BpeMeHH, ocTajach camast TpyjaHasl 4acTb, KOTopasi, COOCTBEHHO,
ceituac u cjienana co Illnocmanom. A umeHHo, 10Ka3aHo, 4TO y 9TOH yKaCHOH
JIMHAMHUECKOM CHCTEMbl €CThb TOJIbKO JIMLIb OAWHH [JI0Oa/bHbIA aTTpakTop —
HEIMOJBHKHAS TOUKA Op(p). BOT 3TO M SIBJISIOCH OCHOBHOH TPYIHOCTBIO.

0630p auTeparypbi

51 pacckaxy o paborax, KOTopble MpejlIecTBOBAJN Halllel paboTe.

1) Bo-nepBbiX, ecTb 3ameuaresbHasi padora CToJsipa, KOTOPBIH jJ0Ka3aJ
MyacCOHOBCKYIO TMIOTE3Y /ISl OIHOTO MPOCTEHIIEro c/ayyasi, HO TeM He MeHee
OUeHb HEOXKHJAHHOTO. A HMEHHO, 3TO CJyuaH, Korja Bce yacTHlpl oOpada-
THIBAIOTCSl He CJyuaiiHoe Bpems, a (PUKCUPOBAHHOE, OJIHO M TO Ke JJIs BCeX
UacTHUIL BO BCeX SILIMKAaX, HANpUMep, paBHOe eluHHllEe. DTO CJydyai, Korua
npernojaBaTe/ib TPATUT HA IK3aMeH /151 OJITHOTO CTyJeHTa BpPeMsl, BCerja paBHoe
envHuue. Tem He mMeHee paGora CroJisipa oueHb TPyJHA, [103TOMY OHa, ObITb
MO2KET, He TaK MOoMyJsipHa, Kak Toro 3acjy:xupaer. Tam akkypaTHO J10Ka3aHo,
UTO TIpejiesibHasi JIMHAMHUECKasi CUCTeMa HMEET POBHO OJIHY HEINOJBUKHYIO
TOUKY, KOTOpasi €CThb IJ0Oa/bHbIH aTTPAKTOP Oq(p), M BCS Halla Nporpamma
TaMm BblnoJiHeHa. [Ipuyem oTBeT HeoKMAAHHBIA H3-3a CJeylolero o6CTos -
TeJIbCTBA: €CJIM Y HAC BCe YACTULbI UMEIOT BpeMsi 0OCaYKUBAHHUS eJIMHULIA, TO
SICHO, UTO HMKAKOH TOTOK B OJMH SILUMK HE MOXKET ObITb MyacCOHOBCKHUM T10
cJie/lylollell TPUUKMHE: KaK TOJIbKO BCE YacTHIbl cOOepyTCsl B OJIHOM SIIHKE,
nocJie 3TOro y»Ke BCe 1Iard Hallero cjyyanHoro rpoiecca OyayT MpoMCXOIUTh
uepes JIeTePMUHUPOBAHHOE BPEMSI, PABHOE €JIMHHULE, — BpEeMEHH 00C/TYKUBAHHUS
OJIHOH YaCTHLbI; Mpoliece cHHXpoHuayeTcs. [ToaToMy MOTOK yacTHil, KOTOPHIH
MOCTyNaeT B OJMH SILIMK, HE MOXET ObITh MyacCOHOBCKMM. HacTuupl OyryT
MOCTyNaTh TOJbKO B LieJible MOMEHTbI BpeMeHH. A TeM He MeHee, OTBET —
npejie/ibHasi HHBAPUAHTHASI Mepa POBHO Takasl, Kak OyaTo Obl 3TOT MOTOK Obl1
MyacCOHOBCKUM. DTO CTpaHHOEe 0OCTOSITE/NLCTBO, HO, TEM HE MeHee, 3TO Tak.
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2) 3atem Obl1a Most pabota ¢ KaprieneBuuewm, rie Mbl JIOKa3blBaJd CXO-
JIUMOCTb B T€PMOJMHAMMUECKOM Mpejiesie Ha KOHEUHbIX WHTepBajaX BpeMeHH
npoueccoB X, () K crielMasbHON 1eTepMUHUPOBAHHON IMHAMHUECKOH CHCTe-
Me X(f) B o0l1llel cUTyaluu Npu NPOU3BOJILHBIX pacrpesenenusix F(x) Bpemen
06CTyKHBAHUS.

3) 3atem Mol ¢ KapnieneBuuem nosropusin aprymentsl CToJisipa v lokasasu
MyacCOHOBCKYIO THIOTE3y B JPYrOM MPOCTOM YACTHOM cJlyyae, — KOrja y Hac
BpeMsi Ha 00CJyKMBaHHE OJIHOH UACTHLbI HE MOCTOSHHO, a SKCMOHEHUHATbHO
pacripesie/ieHo — 3TO caMoe IPOCToe paclpe/ielieHue, /st KOTOPOro 0Kas3aJsoch
BO3MOKHO JI0Ka3aThb [MyaCCOHOBCKYIO THIOTe3y, HCIMOJb3ys Te Ke coobpa-
»KeHusi, KoTopble npuMeHsst Crogsap. drta pabora onyO/JHKOBAHA B KypHasle
«Markov Processes and Related Fields».

4) Ocenenelr 1 XMesieB TakKe MOJYUMJIM J0KA3ATENbCTBO MyacCOHOB-
CKOM TMIOTE3bl MPHU IKCMOHEHLMANLHOM pacrpeeseHil BpeMeH 00C/yKUBa-
HHUS$1, aHAJIU3UPYST COOTBETCTBYIONILYI0 GECKOHEUHOMEPHYIO CHCTEMY HEJIMHEHHbIX
JuddepeHiMaIbHbIX ypaBHEHHH, (aKTHUECKH He UCIMOJb3Ysl BepOSITHOCTHbIN
aHa/3 cJydyailHblx npoueccoB Xy, ,(f). OHM ToxKe H0Ka3aju, U4To BCe Tpa-
eKTOPUH JMHAMHUUeCcKOH cucteMbl X(f) cxomstcsl K ryio6ajbHOMY aTTpPaKToOpy
Oa(p) B TOM UACTHOM CJlyyae. DTa paboTa, Kak M JiBe neppbie, onyGJIMKOBaHa
B 2kypHase «[IpoGJembl nepenaun HHGOpPMALN».

5) HakoHell, ecTh ellle ojHa U3 nocjennux paéor JJo6pyiinHa B coaBTop-
ctBe ¢ Kapnesesnuem u Beenenckoit («IIpoGaembl nepenaun MHpOpMaLUKU»,
1996), rie paccMatpuBaloTCsl MOX0xKHe NPOGJEMbl IS COBEPIIEHHO JIPYrHX
CJlyualHbIX TMPOILECCOB, — CIElHaNbHbIX CETeH C KCMOHEHIIMaJbHbIM BpeMe-
HeM 00CJy?KMBAHUSL.

3aMeTuM, UTO J0Ka3aTeJbCTBO TOro (hakTa, YTO HAa KOHEUHOM HWHTepBaJjie
BPEMEHH B TEPMOJIMHAMUUYECKOM Mpejiesie Mbl CXOJUMCS K IeTePMUHUPOBAHHON
JIMHAMHUYECKOH cHCcTeMe, JIETKO 060011aeTcsi Ha HIMPOKHE KJIACChl CJIydailHbIX
npoueccoB ¢ GOJbLION TPYNNoil cuMMeTpuu. MeTon n0KazaTesbcTBa Pa3BUT
B Hallell pabote ¢ KapneseBuuem. DTo BepHO ISl MHOTHX MOJesel CpeHero
nosis. A BOT HCCJIeNOBaTh MpPeEbHYI0 JMHAMHUECKYIO CHCTEMY OKa3asoch
COBEpPLIEHHO HEBO3MOXKHO TPEKHUMH MeTolaMu. B cKkosbKo-HHOYIb 0611ei
CHUTYyalluM, Korja BpeMsi 0OC/TyKUBAHUSI He IKCIOHEHIMAJIbHO U He MOCTOSH-
HO, MHOTHE TOJIbl Mbl He 3HaJM, KaK J0Ka3aTh [J06aibHyl0 CXOAUMOCTb X(7)
K HEMOJBHKHOH TOUKe d4(p). Hanee s nocraparoch 00bACHATL HACIO 10Ka3a-
TeJIbCTBA 3TOr0 (hakTa.

HenuHeliHble MAapKOBCKHE MPOLECCHI

Terepb 1 ckaxky, UTo Takoe HeJUHEHHbIH MapKOBCKHH Mpoliecc. JTo Majo
MONyJsPHbIA 06HEKT 110 TOH MPHUUUHE, UTO 3TO MOHATHE KayKeTcsl 6eCroe3HbIM.
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Ho cHauasna g ckaxy, uTo Takoe OObIUHBIH MapKOBCKHi Mpoliecc. DTO, Ha-
000pOT, OUEHb NOMYJAPHbIH 00DBEKT, H, HaBEpHOE, BCE €ro 3HAIOT, HO BCe-
Takd 51 0 HeM CKaKy, uToObl Oblja BHjAHA pasnuua. Mrak, uto Takoe map-
KOBCKMH Mpolecc, HanpuMep, ¢ KOHEUHbIM YHCJIOM COCTOSIHHH U JUCKPETHBIM
BpeMeHeM? [lycTb Mbl HMeeM OJIHY-€IMHCTBEHHYIO CTOXAaCTHUECKYIO MaTpH-
1y — sinHelHblil onepatop A B R"”. Mbl 3aaeM BeposITHOCTHbIE Mepbl Kak
BeKTOpbl B R"” — Kak TOUKM TrpaHW C CYMMOH KOOPJMHAT, PABHOH, €IHMHH-
1le COOTBETCTBYIOLIEr0 A-MEPHOTo CHMIIeKca. 3areM Mbl JeHCTByeM orle-
patopoM A’ Ha BEPOSITHOCTHBIE Mepbl H MOJlyuaeM M0 ONpeJeeH o Lerb
MapkoBa ¢ auckperHbiM BpemeHeM . Camasi U3BeCTHasi Teopema Ipo KO-
HeuHble Llen MapkoBa TakoBa: B oO0llell CHTyaluH, Korja Bce Ko3(duim-
eHTbl MaTpHllbl A MOJNOXKUTENbHBI, TO NpPH f, cTpemsileMcss K GeCKOHeUHO-
CTH, BCA I'paHb HALLEro CHMIVIEKCA, COAEprKalllasi BCe BEPOATHOCTHbLIE Mepbl,
OyJIeT CXKMMAThCsl B OJIHY TOUKY — COOCTBEHHbIH BeKTOp orepartopa A, cooT-
BETCTBYIOLIMI COOCTBEHHOMY 3HaueHHio 1. B ciyuae HenpepblBHOro Bpeme-
HU W OJIHOPOJIHOTO 110 BPEMEHH MapKOBCKOIO Ipolecca ¢ KOHEUHbIM YHCJIOM
COCTOSIHUH (TaKyKe 3aJIalolllerocsi OJHOH €JMHCTBEHHOH MaTpHllel — reHepa-
TOPOM COOTBETCTBYIOLLLEH MApKOBCKOH MOJIYTpyIlibl) TeopemMa OcCTaeTcsl Ta-
KOH 2Ke.

Uro ke Takoe HeJMHENHbII MapKOBCKHE Ipouecc? DTo TOKe H3BeCTHas
Belllb, XOTsl U MeHee T1oMnyJisipHasi. Terepb y Hac ecTb He OJIHA CTOXacTHUeckKasi
marpuua, a 6eCKOHeUHO MHOTO, M Kax/1ast MaTpuua A () HHIEKCHPYeTCsl BEpo-
STHOCTHOW MepoH . Terneph HeJiMHelHHast MapKOBCKast 1ienb X(f) ¢ IMCKPETHBIM
BpeMeHeM ! 3ajaeTcsl HHIAyKLHeH 110 BpPeMeHH CJelyloluM o0pa3oM: MycTb
K MOMEHTY BpeMeHH [ HaM YxKe H3BeCTHa BeposiTHOCTHasi mepa u(f), Toraa,
uToObl 3a1aTh pacnpenenenne p(f + 1) npouecca X(f + 1), mbl (1o onpenene-
nuto) nosiaraem pu(f + 1) = A(u(?))[p(f)]. Mbl cMOTpUM, KaKast Mepa y Hac yxe
BO3HHKJ/IA B MOMEHT {, U B 3aBUCUMOCTH OT 3TOH Mepbl OepeM CBOX MaTpPHLLy
A(u(t)) u eto neiicTByem Ha mMepy fu(f).

KoHCTpyKLMST /151 HeJIMHEHHOIO MapKOBCKOIO [pouecca ¢ HerpepbiBHbIM
BpEeMEHeM YCJIOXKHAETCs, MOCKOJbKY YK€ HEeBO3MOXKHO CTPOHTH IIPOLECC HH-
jaykuper no ¢. OjpHako, TOT (akT, UTO B KaXKJbli MOMEHT BPeMEHH Mbl MpPH-
MeHsieM K BePOSITHOCTHOH Mepe pi(f) nHduHUTe3nMabHbIH oniepatop A(u(?)),
3aBUCSIIME OT caMo# Mepbl fi(f), CBOJIUTCS K UCCJIEI0OBAHUIO COOTBETCTRYIOIIEH
HeJIMHEeHHON cucTeMbl MM hepeHHanbHbIX ypaBHEHHI.

OO6blunble cucTeMbl ypaBHeHui KosmoropoBa 1 MapKOBCKHX MPOLLECCOB
C HerpepbIBHLIM BpeMeHeM BbIMVISIST TaK. B JIeBoil yacTh KaxKa0ro ypaBHeHHs
CTOMT [POU3BOJIHAS 10 BpEMEHH BEPOSITHOCTH HAXO/IUThCSI B MOMEHT { B KaKo¥#-
TO (PMKCHPOBAHHOH TOUKe (a30BOro MPOCTPAHCTBA. DTa MPOU3BOJIHASI PABHA
HeKOH (PUKCUPOBAHHOU JIMHEHHOH opMe (3aBUCSILIEH OT TOUKH Pa3oBOro NMpo-
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CTpaHCTBA) OT BepoATHOCTEH B MoMeHT {. Takum oOpasom, Jis MapKOBCKHUX
MPOLIECCOB C HEMPEPbLIBHLIM BpeMeHEM W KOHEUHBbIM UMCJIOM COCTOSTHHH YHCJIO
JIMHEHRHBIX I dhepeHMalbHBIX YPaBHEHUH B 3TOH CHCTEME PABHO UHUCJIY TOUEK
B a3oBOM MpocTpaHCcTBe. 3HaMeHHTasi TeopemMa MapkoBa, 0 KOTOpPO#l s yrno-
MUHaJ1, [JIACHT, UTO B OOLLEM MOJIOKEHHH NPHU ¢, cTpemsiiiieMcst K 6eCKOHeYHO-
CTH, B 9TOH CUTYyallUK HMEET MeCTO 1106a/bHAsH CXOJAMMOCTb K PUKCHPOBAHHOH
UHBAPUAHTHOU Mepe.

JLis1 HesIMHEHHOrO MapKOBCKOro fpolecca, H3-3a TOro UTo Halla MaTpula
3aBHCHT OT caMOH Mepbl B MOMEHT BPEMEHH f, y Hac B MPaBOH YacTH COOT-
BETCTBYIOLLEH CHCTeMbl AU hepeHIaNbHbIX YpaBHEHUH OyayT CTOSATb HEJU-
HeliHble hopmbl. Hanpumep, Bo MHOTHX c/ydasix OyIyT CTOSITh MOJMHOMBI 2-H
CTeMeHH OT HalllMX BeposiTHoCTeH. K Torna HUKaKol cojiep:KaTebHON TeopHH,
Kacatolencst noejieHust Mepbl p(f) npu ¢, crpemsiiemMcsi K 6eCKOHEYHOCTH,
B OOLUEH CHUTYalMH He MOXKeT ObIThb, MPOCTO MOTOMY 4TO, HAPUMED, ACHMII-
TOTHYECKOE TMOBeJIeHHEe CUCTEMbl TP depeHIHalbHbIX YpaBHEHUH, Y KOTOPbIX
CripaBa CTOSIT TOJIMHOMbBI 2-TO MOpPSiIKA Jaxke, HAarpuMep, OT O MepeMeHHbIX
BeCbMa HeTPUBHAJIbHO. ¥ HAC y»Ke HeBEpHO, UTO MpH f, cTpemsitiemMcst K Hec-
KOHEUHOCTH, J1a’Ke eCJIM Y HAC TOJbKO O COCTOSIHUH, TO THUIIHUHO Mbl COHIeMes
K HernoJBHKHON Touke. MoryT Bo3HHKaTh camble pasHble aTTpakTopbl. Crielun-
aJicTaM 3To 06CTOSITENLCTBO XOPOILIO H3BECTHO.

OnucaHve TEPMOJAMHAMUYECKOTO Mpejaeaa

Korna 3anan caydatiHbiii npouecc, eMy COOTBETCTBYET 3BoJIoLMs Mep. Kak
NpaBUJIo, 3Ta IBOJIOLKS Mep JeTepMUHMpOoBaHHasi. Cam mpoliece caydaiHbli,
HO €ro BEpOSITHOCTH BO BPEMEHH 3BOJIIOLIMOHUPYIOT JA€TEPMHUHHPOBAHHBIM 06-
pazom. M B HallleM cJjydae MPOUCXOJUT TO ke camoe. Mbl MOTJIM Obl Ha 3TOM
MecTe 3a0bIThb MPO CJAyuyalHbIA Tpollecc, ¥ FOBOPUTH MPOCTO O HEJMHEHHOH
JHaMuueckol cucteme. Ho 370 6yaer oueHb Mj0X0, MOTOMY UTO TOTJIA HAMO0
U3yuaTh 3TH YXKACHble YPABHEHHUsI — HEJIMHEHHble YPABHEHHUsI AUMHAMHUUECKOH
CHUCTEMbI, OIMUCBIBAIOLIME JETePMHHUPOBAHHYIO 3BOJIOLMIO HA OECKOHEYHOM
MPOCTPAHCTBE BEPOSTHOCTHBLIX Mep, C KOTOPbIMH aHaJUTHUECKH pa3oOpaTbCs
Hesb3sd. A ec/iM paccMaTpuBaTh CJydalHbIA Mpollece, Mepa JIjist KOTOPOTro OfH-
ChIBAETCS] STUMU HEJIMHEHHbIMHA YPABHEHUSIMH, TO OH OKA3bIBAETCS JOCTATOUHO
HarJIsiIHBIM U ¢ HUM ynoOGHee pabGotath. B npenese npu n, m, cTpemsinmxcs
K GeCKOHEUHOCTH, Hallla JMHamuueckasi cucrema X(f), onuchiBaioliasi jaerep-
MUHHPOBAHHYIO 3BOJIIOLMIO MEpP, COOTBETCTBYET CJIAYIOLIEMY HEJUHEHHOMY
MApKOBCKOMY IPOLECCY.

Y Hac B mnpesnene npu n v m, CTPEMSILIMXCS K OECKOHEUHOCTH, ObLIO
0eCKOHEUHO MHOTO SIIIMKOB U 6€CKOHEYHO MHOTO YaCTHIL, 8 BMECTO 3TOTO Mbl
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paccMaTpuBaeM OJIMH-€MHCTBEHHBIH SILLKK, B KOTOPbIH MOCTYNAET MyacCoOHOB-
CKHH MOTOK YaCTHULL HHTEHCHBHOCTH A(f). Bo3dmMoxKHOCTb 3aMeHNHTh GeCKOHEYHO
MHOTO SIIIMKOB OJIHUM-€JMHCTBEHHBIM SILIMKOM CBsI3aHa CO CIellMaibHOH 1BOH-
CTBEHHOCTbBIO: JIEJIO B TOM, UTO TTOBEJIEHHE BO BPEMEHH JIOJIH SIIIMKOB (K3 Gec-
KOHEUHOTO MHOKeCTBA BCeX SILIMKOB) C (PMKCHPOBAHHOH CTPYKTYpOH ouepesu
YACTHUIL COBMAJIAET C BEPOSITHOCTBIO B TOT K€ MOMEHT BPEMEHH YBHJIETb Ty XKe
camylo ouepeib B OJJHOM-€/IMHCTBEHHOM sIlLIMKe. DTa IBOHCTBEHHOCTh CBsI3aHa
C WHBApPUAHTHBIM JEHCTBHEM Halled Tpymnmbl MepecTaHOBOK Ha COCTOSIHUSAX
npouecca. MIHTeHCHBHOCTb A(f) 3TOTO MyacCOHOBCKOTO MOTOKA MepeMeHHasl,
oHa OyleT 3aBUCETb OT {.

Tenepn naBatite ornpesesnM, uTo TaKOe HHTEHCHBHOCTb BbIXOJa UaCTHIL U3
Hatero siyKa. Yactuupl B silMKe CTOSIT B oueped U 06CIyKUBAIOTCS He3a-
BHCHMO, C OJIMHAKOBO pacripejie/ieHHbIM BpeMeHeM (¢ pacrpejenenueM F(x)),
KOTOPOe y Hac y»Ke BeTpedasioch. Onpeesum opMaibHO MHHTEHCUBHOCTD b(f)
BBIXOJIa YACTHIL CJIEIYyIONM o6pa3oM. Bo3bMem MasieHbKHi MHTEpBaJ BpeMeHH
A(?) nocne momenTa ¢. Byziem cuutath, UTO y HAC yxKe 3aJaHa BepOSITHOCTHAS
Mepa p(f) Ha ouepensix B HallleM €IMHCTBEHHOM SIIIIMKE B MOMEHT f JiJis
npotlecca X(¢). 3nas p(f), Mbl MOXXeM HalTH cpeiHee Mo Mepe pu(f) uuciao
UaCTHIL, BbIIETAIONIMX M3 Hallero siiiMka Ha uHtepsage (¢, { + A(f)]. [Tone-
JMB 3TO cpenHee Ha A(Z) u yctpemuB A(f) K HyJtO, Mbl [0 OINpeJEJNeHHIO
1 noJiyunm b(f). Ternepb 3aKOHUMM KOHCTPYKIIMIO — OTpe/iesieHHe HeJTMHEHHOTO
MapkoBckoro npotiecca X(f), norpeGoBaB JOMNOJHUTENBHO, YTOObI

A(t) = b(t).

3ameTuM, UTO 3TO OrpejlesieHHe 1aeT HaM WMEeHHO HeJIMHEHHbIH MapKOBCKHi
npouece: AeHCTBUTENbHO, HHPUHHTE3UMA/bHbIE BEPOSITHOCTH TMPHUX0Jia HOBbIX
yacTil A(f) B MOMEHT BpeMeHH [ 3aBUCSIT OT BCel Mepbl fi(f) Ha ouepessix st
Hatilero npotiecca X(7).

Teopema 0 eIMHCTBEHHOM aTTpakTope

Panee B naweil padore ¢ KapreseBuuem jokaszaHo, uTo cJjydaiiHasi 3BO-
JIIOLMST BEPOSITHOCTHBIX Mep (MPH KOHEUHBIX 77 M 11) CXOJAUTCS K MMEHHO Ta-
KOH JIETEPMUHHPOBAHHOH 3BOJIOLUMK Mep fi(f), KOTOPYIO 3aJlaeT HeJMHEHHbIH
MapKoOBCKUH mpotiece X(f), KOTOPBIH Mbl TOJILKO 4uTO omnpeaesusn. Cxoau-
MOCTb T10/lpa3yMeBaeTcsl B cJjejylolieM cmbice. Jlio6oi Touke rpedenku (/, 7)
€CTeCTBEHHO COOTBETCTBYET TOUKa (pa30BOro MPOCTPAHCTBA HEJIMHEHHOTO Map-
KOBCKOTO mpotiecca X(f). To NpocTo 03HauaeT, uTo Touke (/, 7) COOTBETCTBYET
ouepeslb JUIMHBI [ ¥ BpeMsl T, B TeueHHe KOTOPOro MepBasi yacTHLA B 3TOH
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ouepe yxKe 0oOCJyKUBajach (JIJ1sl HaAlIero eIuHCTBEHHOTO siuka). Mepy
npotlecca X(f) onsATh eCTECTBEHHO paccMaTpUBaThb KaK Mepy Ha 3TOH ke
rpe6enke. [To nocTpoenuio, creuranbHble aTOMapHble MEPBI Ly 4 (1), COOTBET-
CTByIOLLIME c/ydailHoMy npoueccy Xy, ,(Z) U 3BOJIOLMOHUPYIOLLME CJydailHbIM
06pa3om, ToxKe XKUBYT Ha 3Toil ke rpebenke. Haima ¢ Kapnenesuuem teopema
3aKJII0YAeTCsl B CJAEIyIOUIEeM: eC/IU TIPH 11, 11, CTPEMSIIIMXCST K OECKOHEUHOCTH,
M0CJIe/I0BaTe/bHOCTb HauaslbHbIX COCTOSIHUM fiy, ,(0) caabo cxoaurest K p(0) —
HavyaJbHOMY COCTOsIHUIO mpotiecca X(f), To Ha JtoOOM KOHEUHOM HMHTepBaJie
Bpemenu [0, 7] mapkoBckue mnpouecchl X ,(f) cxomsiTcss K AHHAMMUECKOH
cUcTeMe Ha TMPOCTPAHCTBE Mep, COOTBETCTBYIOLIEH HeJHHEHHOMY MapKOBCKOMY
npoteccy X(f).

Tenepb HaM HY»KHO JI0Ka3aTh JJis TOW HEJUHEHHOH IBOJIOLMH, UTO MPH [,
cTpemsitieMcsi K 6eCKOHEUHOCTH, A(f) cTpeMuTCsl K KoHcTaHTe. OCcHOBHAsI Ha-
1Ia 3ajgaya Tenepb CBeJach K CJeylolleMy. ¥ Hac ecTb yxKe HeJUHEeHHbIH
MapKoOBCKUH rpouecc X(7), OnUChIBAIOUINH 9BOJIOLMIO OUepe/iell B OJIHOM SILIM-
Ke, y Hero ecTb JeTepMHHHUPOBAHHASI 3IBOJIOLMS Mep, M HY:KHO J10Ka3aTh,
uTo A(f) (MHTEHCUBHOCTb BHEIIHEro MOTOKA) CTPEMMTCS K KOHCTaHTe MpH f,
crpemsitieMcst K 6eckoHeuHocTd. C Kakoil cTaTH 3T0 MpoucxoauT? OcHoBHAas
MblcJib caenytonias. [TyeTb y Hac ecTb HEOTHOPOHbIH 10 BpeMeHH MapKOBCKHI
Mpollece ¢ MPOU3BOJIbHON (PYyHKIIMEH, 3a1ai0llell HHTEHCHBHOCTD MOCTYIJIEHHS
MyacCOHOBCKOro MOTOKA HOBBIX yacTHil A(Z). Toraa yacTuupl mocTynaioT B Halll
SIIIMK C HHTEHCUBHOCTBIO A(f) M BBIJIETAIOT C KAKOH-TO HHTEHCUBHOCTbIO ()
(koHeuHO, oHa He 06Gsi3aHa ObIThb paBHOH A(f)). EcTecTBEHHO MpenooKuTh,
yTO Hall y3es 00JiajaeT CjeiylolM cBoicTBOM: (yHKIMS ((f) (To, UTO BbI-
XOJIUT U3 y3Ja) OyjleT «perysspHeii», ueM ¢dyHKuus A(f) (To, UTO B Hero
noctynaer). PopmasbHO HY»KHOE HaM HEPABEHCTBO MEXK/Y BXOJIOM M BbIXOJIOM
03HAUAET, UTO OCUMJISALNS PYHKIMU A(f) 10/KHA ObITh He MeHblile (a Jiyulle
6oJiblile), UeM OCUMISLUMS PyHKLIMKU B(1).

[Ipencrasssiercs, 4To Bce «HOpPMaJibHbI€» YCTPOHCTBA, KOTOPbIE HCMOJb-
3yeT UeJIOBEK, B KAKOM-TO CMbICJIe JIOJLKHBI Y/Iy4llaTh BBIXOJ M0 CPaBHEHHIO
C BXOJIOM, 4TOObI YCTPOHCTBO ycToiunBo pabotano. M ecsnu neiicTBUTEIBHO
3TO TaK, TO TOrJA YK€ HeCpPaBHEHHO Jierue YBUJIEThb, UTO MPHU [, CTpPeMsILLeMCs
K OECKOHEUHOCTH, €CJIM Mbl UM€EEM JIOMOJHUTENBHO PaBEHCTBO, 4To A(f) = ((1),
KaK B HallleM ypaBHeHHH sl rpoliecca X(7), To Torna MoXKHO HalesiThCs, UTo
npu ¢, cTpemsiiiemMcsi K 0€CKOHEUHOCTH, y Hac A(f) coiyieTcsi K KOHCTaHTe.

Y Hac JIeHCTBUTENLHO MMeeTCst CBONCTBO cryiaxkuBanus anst ((f), BepHoe
JlaxKe JI/1s1 TPOU3BOJILHOTO HEOJHOPOIHOTO 110 BpEMEHH MapKOBCKOTO Tpoliecca
C BXOJIOM A(?), 3ajatoliero rnopejieHne ouepesiel B ofHoM sike. OkasblBaeT-
Csl, UTO €CJIM Bbl 3aJ1a/11 KAKOe-TO MPOHU3BOJIbHOE A(f), TO MOXKHO HAHUTH TaKoe
BeCbMa 3aMbICJIOBATOE M CJI0XKHOE BEPOSITHOCTHOE pacrpeseseHue, KOoTopoe
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3aBUCHUT OT MOMEHTa BpeMeHH { U OT camol (yHKUMH A(Z), 4TO Hall BBIXOJ,
((f) 6yner cBepTKO# A(f) ¢ 9TUM BEpPOSITHOCTHBIM pacrpeeseHHeM.

ITO yIMBUTENbHOE 0OCTOATEJBCTBO U JaeT Hy)KHOe HaM CBOHCTBO CrJa-
uBanus. B Hauteit pa6ore ¢ C. [llnocmanom Hy:xHas Ham (popmyJia CBepPTKH
JI0Ka3biBaeTcsl cjeayiolmm oopazom. CHauasa BbIMHUCHIBAETCS Upe3BblUaHHO
CJI02KHAsl U rpoMo3fikasi (hopmyJia, Jatolasi sBHOe aHAJUTHUECKOE BbIparKeHHe
Bbixojia (1) uepe3 Bxoa A(f). B 3TOM BbipaxkeHHM HMelOTCS KOMOUHATOPHbIE
KO>(PULUMEHTBI U CBEPTKH C PA3/IMUHBIMM SAPAMH. YIUBUTEJbHBIM 00pa3om
OKa3bIBAETCsl, UTO 3TH KOMOMHATOpHbIe KO3(D(UIMEHTbI TAaKOBbI, UTO KOHEU-
HbIHl pe3yJsibTaT CTAHOBUTCS HMEHHO BEPOSITHOCTHBIM siipoM. [Tocsie Toro kak
HaXOJIUTCSl TAKOE BEPOSITHOCTHOE SJIPO, JIOKA3bIBAETCS TPOMO3JIKO, HO YXKe He
TaK HEOXKHJIAHHO, UTO MpH f, cTpemsiieMcsi K 6eCKOHeUHOCTH, A(f) cXoauTes
K KoHCTaHTe. TeM caMbIM MyacCOHOBCKasl THIIOTe3a jokasaHa. $l He Gymiy npu-
BOJIUTD 3/1€Ch VIHHHYIO M CJIOXKHYIO (DOPMY.JTy JIIsl BEDOSITHOCTHOTO siipa g (. (1),
HO 1 00bsICHIO KOMOHHATOPHYIO JieMMy, GJiarojapsi KOTOpoH OHa HaxOoJHTCH,
1 TIPUBEJlY J1I0KAa3aTeJIbCTBO ITOH JIeMMbI.

Jlemma o nmajoukax

91 ceiluac pacckaxky mpo yauBHTeJbHYIO KOMOMHATOpHYIO hopmysy (ro-
BHJIMMOMY, HOBYIO — Mbl CIpalIWBa/JM MHOTHX CIElHAIUCTOB), GJarojaaps Ko-
TOPO¥ KOPPEKTHO OMPEeJeH0 BepPOSTHOCTHOE sIPO ¢ (. ().

[Ipexxyie uem copmyaupoBaTh KOMOWHATOPHYIO JIEMMY, MPHUBEIEM CJle-
JIYIOLLYI0 TeOMETPHUYECKYI0 KOHCTPYKLIMIO: MyCTb Y Hac €CTb MPOU3BOJIbHbIE
n—1 touek Ha npsimolt R: X, | =xy, ..., Xp, ..., X,_1. Ha npsimo#i umeer-
csl BblJeJE€HHAas TOYKa, HarmpuMmep, Hauajo KoopauHaT — Touka 0. B naiem
pacropsiKeHHH Tak:Ke UMeeTcs 11 (PUKCHPOBAHHBIX OPHEHTHPOBAHHBIX MaJOUeK

C TMPOHU3BOJBLHBIMU JuHamMu L, =1y, ..., [;, ..., [,. Kaxnaa nanouka umeer
JIEBBIN KOHEI — OCHOBaHHE U MPaBblii — cTpesiky. Mbl jleiaeM cJetytoliee: CHa-
yaja Mbl 6epeM U3 MHOXKecTBa [y, ..., [, TpoU3BOJIbHOE MOJAMHOKeCTBO A, _ |,

coziepkatliee 7 — 1 nasouky. 3ateM Mbl BbIOMpaeM TPOM3BOJILHOE B3aUMHO
onHodHauHoe otobpaxenue G(l;), I € (A1), G(l;) € X,_|, Mexy Toukamu
X1, ...y Xy—1 W BbIODAHHBIMHM NaJOUKaMH U3 MHOXKecTBa A, |, U OCHOBaHUS
naJjiouek M3 MHOxKecTBa A, _| momeniaemM B TOUKax Xi, ..., X,_|, COOTBETCTBY-
olux o6pasy 3tux najouek G(A,_;). BernoMHUM, UTO MOCKOJBKY MHOXKe-
ctBo L,=1y, ..., i ..., [, conepxkaso n namouek, a oroopaxenune G(A,_;)
MCIOJIb30BAJIO JIMIIL 1 — | Majouky, y Hac ellle ocTajach OJHA CBOOOJHAs
najnouka [, [ € L,, ocHOBaHHe KOTOPOH Mbl TIOMeLaeM B MPOU3BOJIbHYIO TOUKY
xo Ha npsimoii R. Terepb MoJioKUM Bce MaJOUKd C 3aKperyieHHbIMH OCHOBa-
HusIMU U3 MHOXKecTBa G(A,_1) U (xg) TOpU3OHTAJbHO, TAKAM 06pPa3oM, UTOObI
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y(+) — cTpenku (mpaBble KOHIbI Majouek) —
HaXOJIMJIMCh B COOTBETCTBYIOIIMX TOUKAX Mpsi-
moit R: yo=xo+1, y(Gl;))=x(G(;))+ 1,
X1 Xy X1 li€A,_. Tlocae 3Toil mpolieypbl MOTYT BO3-
HUKHYTb KOH(JIMKTBI: Ha TpsIMOH R uacTb
Najouek MOXKeT HaJjlaratbCsl JIpyr Ha Jpyra.
PagpelinM 3TH KOH(JIHMKTBI CJAEAYIOUM 06—
X1 Xy Xg Xn_ pasoM: MOJBHHEM TMaJIOUKH, Y4yacTBYyIOLIME B
i : : KOH(JIMKTAX, HAMPABO Ha MUHMMAJIbHBIE Pac-
| | | CTOSIHUSA TaK, 4TOObl MOPSAOK Ha npsiMol R
MX OCHOBAHWH COBMAJaJ] C MOPSIKOM 00pa-
XL Xo . Xo Xn 30B X,_| 9THX OCHOBaHWH TMpU OTOOpaKe-
! wun G(A,_1) (em. puc. 2). O6osHauum mo-
i JIO’KEHHe Ha MNpsiMOH R OCHOBaHWH MaJjiouek
nocJie paspelleHdst KOH(JIUKTOB uepe3 Z, =

01 09 U304 =21, ..., Ziy ..., 2y, 4, COOTBETCTBEHHO, MOJIO-
JKEHHE CTPeJIOK Mocjie paspellieHns KOHMIMK-
ToB, uepe3 V,=vy, ..., 0, ..., Uy, THE U;=

Puc. 2. .
=z +,i=1, ..., n

HarnsaHo Bce 3TH 00beKTbl 03HAUAIOT CJENylollee: y HAac HMeeTcsl 71
UACTHULL, NTPUUEM KaxKAOU yacTule [ Tpedyercst BpeMsi 00C/yKUBAHUS, PABHOE
JUIMHE COOTBETCTBYlOLeH nasnouku ;. MuoxectBo X, | — 3TO MHOXKECTBO
MOMEHTOB BpeMeHH, Korjia 7 — | W3 3THX 1 yacTull noctynator B y3ea. OTo6-
paxkenne G(A,_|) comocraB/sieT JJIMHBI MajoyeK — BpeMeHa 00CJyKHUBaHHS
yacTH1laM, MOCTYNHUBIIMM B y3eJ B MOMEHTbI BpPeMeHH M3 MHOxKecTBa X,_|,
a OCTaBIIAsiCsl YacTHIA JUIMHBI [ TOCTyNaeT B y3eJ B MPOU3BOJIbHBIH MO-
MEHT BpeMeHH Xo. MHOKeCTBO Z, — 3TO MHOKECTBO MOMEHTOB BpeMEHH,
KOTJ1a YaCTHIIbl HAUMHAIOT 0OCJYKMBAThCSI, @ MHOXKECTBO V), — 3TO MHOXKECTBO
MOMEHTOB BpEeMeHH, KOTJla YaCTHUlbl BblleTaloT H3 yanaa. Hac uurepecyior
coObITHSI, KOrJla B BbIOpaHHBIN (DUKCUPOBAHHBLIE MOMeHT BpemeHu () Kakasi-
JMO0 YacTHllA BblIETaeT U3 y3Jsa (0CyLIeCTBJAEHHE 3TOr0 COOBITHS 3aBUCHUT OT
BbiGOpa oToOpaxkenusi G(A,_j) ¥ oT BbIOOpa MOMEHTa MOCTYIJIeHHsT CBOOO1-
HOH MaJjioyku — ToukH Xg). MHade roBopsi, Hac UHTepecyeT, NMPUHAJIIEKHUT JIU
Touka O MHOXKecTBY V), TIpu 3ajlaHHbIX MHOXKECTBe X, _| ¥ MHOXecCTBe L.

Tenepn nopa copmysiipoBaTh OCHOBHOE KOMOMHATOPHOE YTBEPKIEHHE.

Teopewma. [lpu npoussorvrom seibope mroxcecmsa X,_| u MHOdNCe-
cmeaa L, 8o3omen uucaro K pasuolx cnocobos 8oib60pa 83aumHo 00HO3HA Y-
Ho20 omobpancenun G(A,_|) u NOAOINCEHUS OCHOBAHUS OCMABULEliCS CBO-
600noll narouku [, npu komopox 0 €V, (kakas-aubo cmpeaxka cosnaaa
¢ 0). 9mo uucsro K ne sasucum nu om X,_|, Hu om L, u sceeda pagHo n!.
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Sameuanue CrTporo roBopsi, Mbl UCKJIIOUAEM M3 PACCMOTPEHHST KOH-
¢urypatmu mepol 0, Koraa nocse otobpaxkenust G(A,_|) U paspelieHns KOH-
(JIMKTOB JIMIIb /IS TaJ0YeK U3 MHOXKecTBa A, | cjoxkujiach Takasi peauai-
mast cutyaius, uto Touka ) coBmaja ¢ MOMEHTOM OKOHUaHHSI 0OCJTyKUBaHHS
KaKON-/M00 yacTHllbl U3 camoro MHoxkectBa A, ;. Ilockosbky cBoGoaHAs
nasouka /[ B 3TOM COOBITMH HMKAaK HE ydacTBYET, TO Mbl MOXKEM €€ pacro-
JIOXKUTb Ha KOHTHHyyMe CBOOOJHBIX MeCT Ha R Tak, uToObl OHA He CJBHraja
KOH(bUIypalrio ¥ HUKAK He BJHS/IA HA PAcroJioXKeHHe OCTa/bHbIX MajJoueK U3
A,_1 B 3TOM cJyuae.

B kauecTBe wWsIOCTpaUMU YTBEPXKAEHHS TEOPEMbl PACCMOTPUM CJlydai
n=2, u nyctb x;=—1, npuuem ojHa M3 Majouek [; oueHb KOpOTKas,
nanpumep, [y =1/10, a npyras lo — nnunnasi, Hanpumep, lo=25. Ecim,
BbIOMpasi MHOXKecTBO Aj, Mbl BbiGepeM JJIHHHYIO MaJouKy [o M TOJOXKHUM
ee OCHOBaHWe B (€JIMHCTBEHHYIO) TOUKy X; =—1, TO ee CTpejKa OKayKercs
B Touke 4. $IcHO, uTO KakuM Gbl 06pa3oM Mbl 3aTeM HH BbIOMpaJK Ha MPSMOK
R TOuKy x( — MoJio}KeHHe JIJIsi OCHOBAHMSI OCTaBLLUEHCS KOPOTKOH TMaJslouku
[y, Mbl HUKaK He n06beMcsi TOro, uToObl Kakasi-JAuO0 M3 JIBYX CTPEJOK U3
MHoKecTBa Vo coBnaga ¢ 0, MOCKOJIbKY JUIMHHYIO MaJIOUKy, MepeKpbIBaiolLyto
0, Mbl MOKeM TIpH MOMOLIM KOPOTKOH MaJsiouKH MOJABMHYTb Harpaso He GoJee
uem Ha ee juny [ =1/10.

Ecsu ke B KauecTBe MHO:KecTBa A| Mbl BbiGepeM KOPOTKYIO MaJouky [y,
TO HaWJETCsl POBHO JIBa MOJOXKeHHs Xog = —o,1, Xg = —5 /i1 OCHOBAHHUS CBO-
OOJHON JYIMHHON MaJIouKH, MPH KOTOPbIX Touka ( coBnajer ¢ Kako#-Ju6o
cTpekoil. B nepBom csyuae Touka O coBnajieT co CTpesKoi CABUHYTOH KOPOT-
KOH MaJiouku, a BO BTOPOM — CO CTPEJIKOH JIVIMHHON naJjiouku. Takum o6pasom,
uhcsio K =2=2!, 1 B 3TOM YaCTHOM CJlyyae TeopeMa BepHa.

Jloka3aTeibCTBO KOMOMHATOPHOTO YTBEPXKAEHHS

CHauaJsia 3aMeTHM, UTO eCJIM JUIMHBI BCeX najouek L, MaJbl, TO Halle KOM-
GUHATOpPHOE YTBEPIKIIEHHE OUEBUJIHO BEPHO: JEHCTBUTENLHO, €CJIH, HalpuMep,
CyMMapHasi IJIMHA BCeX MaJjouek U3 MHOXKeCTBa L, MeHbllle, 4eM MUHUMaJbHOEe
paccTosiHie MeXK/y TOUKaMH U3 MHOKecTBa X, | U 0, TO Mbl MO2KeM PasJ/ioKHUTh
MPOU3BOJILHLIM 00pa3om 11 — | nasouky B Toukax X, |, BbI6paB MpoOU3BOJIbHOE
MHO»KeCTBO A,,_| W npousBosibHOe oToOpaxkenne G(A,_|) U MoJoxKKUB OCTaB-
1Iytocsi cBOOOIHYIO MasiouKy JUIMHBI [ OCHOBaHMEM B TOUKy xo = —/. Torna nns
JM0OOH TaKOH KOH(UIypaldK OTCYTCTBYIOT KOH(JIUKTbI, TOCKOJIbKY JJHHbBI BCEX
najsiouek oueHb MaJbl. JICHO, UTO cTpeska cBOGOJHON Majouku [ coBmajgaer
¢ Toukoit 0 i Toit KoHpurypaiyu. TakxKe siCHO, UTO UMCJO BO3MOYKHOCTEH
BbiGOpa MHOXKeCTB A,,_| 1 otoOpaxenuil G(A,,_|) B TouHocTH paBHo n!. Takum
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0o6pa3om, Haille KOMOMHATOPHOE YTBEpXKJIeHHe OYEBHJHO BEPHO B CHTYyallHH,
KOrJla BCe TMaJlouKH J0CTaTOUHO MaJibl.

Tenepb no0kasatesbLCeTBO GYIET YCTPOEHO CJEIylolUM 06pa3oM: Mbl ybe-
JIMMCsl, 4TOo, 3apUMKCHPOBAB MHOXKECTBO X, |, B3B BHauaje MPOU3BOJbHbBIH
Habop (WIMHHBIX) Majouek L, ¥ MOCTENEHHO yMeHbllasi JJIMHBI MajJouek u3
3TOro Habopa, Mbl, TEM He MeHee, He MeHsieM MpH 3ToM uucao K. SlcHo, uTo
3TOro hakra JOCTaTOYHO, MOCKOJbKY €CJIM OH BepeH, TO, YMeHbllasi JJIHHbI
BCEX TMaJioueK, Mbl B KOHIE KOHIIOB TMPHJEM K CHTYallMH, KOTJa BCe MaJOuKH
OY€eHb MaJibl, Uucsio K He H3MEHUJIOCh, H, CJIeJ0BaTeIbHO, BCEeraa paBHO 7!,

Buauasie chopmysipyeM C/eayIolLyio MPOCTyio U MOJIE3HYIO JIEMMY:

Jlemma. [lycmo 0aa gukcuposarioco muoxcecmsa X,_; mol yoice
solOpal U 3apuKCUPOBAIL MHONCECMBO naiouek A, 1 omobpadcerue
G(A,_1). Capawusaemcs, ckorvkumu cnocovamu K(l, G(A,_1)), moL mo-
Jcem pacnoaoAHcCUMb OCMABULYi0cs c80000HY0 naiouky | na npamoi R
mak, umobor 0 € V,,? Omsem caedyroujuii:

1) Pacnoaooscum narouxku us muoxcecmsa A,_| Ha npamol 8 coom-
semcmauu ¢ omobpasceniem G(A,_1).

2) Paspewium 8ce KOHGAUKMbL 04 MO0 cemellcmsa Nnaiouex
G(A,_1), pasdsunys kKougueypayuio, codeprucauiyio auuis n— 1 narouky
HQ MUHUMAAbHbLE PACCMOAHUSL MakK, 4mobbl HUKaKue Nal04Ki U3
cemeiicmsa G(A,_,) He nepecekaauco Ha R. O603HaUUM NOMYHUBULYIOCS
KoHngpueypayuio wepesd B(G).

3) [loaoxwcum ochosarnue ocmasuielics c80600HOU nAr0UKU OAuHbL |
8 mouxky —I.

4) Oboznauum wepes U uucaro cmperok 8 kongpueypayuu B(G) Ha
uumepsane (—1, 0).

Toeda uckomoe K(l, G(A,_1)) =U, ecau mouxka —L He aexcum sHympu
Kakoti-aubo narouku kongueypayuu B(G), u K(I, G(A,_1))=U + 1, ecau
mouka [ — 1 c60000Ha (He Hakpolsaemcs NALOUKAMI U3 KOHpuUeypayuu
B(G), cm. puc. 3).

Puc. 3.

HokaszatesnbcTBo. [locMoTpum, Kak Mbl MOXKEM PACMOJIOKHTh CBO-
60o7Hyt0 nasouky /, utobnl B Touke () 0Kaszajach 0JHA U3 CTPEIOK KOH(pHUrypa-
uun B(G). $lcHo, uTo, pacnosioxKuB 0CHOBaHHe CBOOOIHON Majouyku [ B MoJIX0-
JSILIEM MeCTe X JieBee TOUKH —/, Mbl MOXKeM CJIBUHYTb HanpaBo KOHMHUIypalio
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B(G) na npousBosibHoe uncyo y mexiay [ u 0. Takum oGpasom, Mbl MOXKeM
MpH MOMOUIM CBOOOJHOMN MaJiouku [ moJBUHYTh KoHpurypauuio B(G) nanpaso
Tak, uToObl MPOU3BOJIbHASI cTpesika B KoHdurypaumu B(G), Haxoasiasics Ha
untepasie (—/, 0), nonasa B 0. Kpome Toro, ecsin Touka —/ cBoGojHa (cama He
COJIEPXKUTCS BHYTPH KakoH-JM60 najiouku U3 KoHdurypauuu B(G)), To, pac-
MOJI0’KHB B CaMOil TouKe —/ ocHOBaHHe CBOGOJHON MasloUKH, Mbl €€ CTPEJIKOM
nonaaem B TouHoctH B 0. Jlemma nokasana.

3aKoHYUM Tenepb J10KAa3aTeJbCTBO KOMOMHATOPHOTO yTBepxKaeHus. s
3TOTO IOCTATOUHO JI0Ka3aTh, UTO MPH YMEHbIIIEHUH KaKOH-JIM00 MaJ0uKH YHCII0
K ne mensiercst. Ilyctb, Hampumep, Mbl 3adMkcHpoBaiu A, | W MOJICTAHOB-
Ky — otoGpaxkenne G(A,_), a 3aTeM CTajll «MeJJIEHHO» yYMEHbIIATh JUIMHY
ocraBlieiicss cBoboaHoi najsouku [. Torma uucno K(I, G(A,_1)), BXousliiee
cjaraeMbiM B K, He MeHsIeTCs, TOKa COOTBETCTBYIOIIIEE KOJMUECTBO CTPEJIOK
u3 B(G) Ha untepsase (—/, 0), npuHaaiexaiux kaacrepy u3 nanouek B(G),
M «3aHSITOCTb» TOUKH —/ OCTAIOTCS HEU3MEHHBIM.

CorsacHo mpesplayuleil jeMme, B TOT MOMEHT, KOTja Touka —/ mepece-
KaeT TOYKY U, COBMAJAIONLYI0 ¢ KaKOH-JH60 cTpesikoi KoHdurypauuu B(G),
uncsio K(I, G(A,_1)) ymenbluaercsi Ha 1, eciu uHTepBas (v, v +¢€) He mycT
(mokpbiBaeTcst najoukamu U3 KoHudurypaumu B(G)). CorsacHo ToM ke JieMMe
unegio K(I, G(A,_1)) TakKe ymeHbll1aeTes Ha 1, Kora B rpoiiecce yMeHbllIeHHs]
CBOOOJIHOH MaJiouKK Touka —/ cbez:xkaeT co CBOOOJHOrO MecTa M BIEpBble
norajaaer BHYTPb KJacTepa, COCTOSIIIET0 M3 Masiouek KoHpurypauuu B(G).
Paccmotpum Gosiee nogpo6GHO, HATIpUMEP, UMEHHO 3TOT MOCJEJHUN Caydai.

YKaxkeM JIpyroe MHOXKECTBO TMaJjioyek A n_1 M oTOOpaxkeHune G(ﬁn_l), TSt
KOTOPOTO B TOT CaMblil MOMEHT, KOI/la K(l G(A 1)) yMeHbllM0oCh Ha 1 (npH
YMEHbILIEHHH CBOGOIHOM najiouku), a K(Z G(A 1)) YB&IMUHJIOCH POBHO Ha
1.9t A n_l W G(A _1) crpositesi mo A, u G(A,_|) caenyoumm o6pas3om.
Bosbmem Ty mnasiouky [ u3 mHOKecTBa A,_|, Ha KOTOPYIO «HaexaJjia» TOYKa
—/ Tpu yMeHbLIEHHH JJIMHbI CBOOOJHOH Manouku [. 3aMeHHM B MHOXKeCTBe
A, v orobpaxennn G(A,_,) najouky [ Ha najouky [. Tenepb Jjisi HOBOrO
MHOKeCTBa ﬁﬂ,l 1 0TOOpaXKeHHust G(Eﬂ,l) nasouka [ crana cBoGOIHON Manou-
KOM, a «yMeHbIIMBIIAsCsS» Majouka /[ okazajach Ha MecTe MaJouku [. Torna,
UCTIOJIb3YST MPEbIAYLLYIO JeMMY, HETPYIHO 3aMETHTh, UTO UUCJIO0 K(T, G(ﬁﬂ,l))
yBeJHUUIOCh Ha 1.

Uro6bl 3aBeplINTh JIOKA3aTeJNbCTBO, HY:KHO MepebpaTh KOHEUHOEe MHO-
»KECTBO JIPYTHX CJydyaeB: KOrja, HampuMmep, yMeHblIas CBOOOIHYIO MaJloukKy,
Mbl YMEHbILIAEM UMCJIO CTpesiokK B KoHdurypaumu B(G) na unrepsase (—/, 0)
M KOTJa Mbl yMeHblIaeM IJIMHY KaKOH-sMOO0 «3aHATOH» Majlouku M3 camo-
ro mHoxectBa A, ;. Bce 3t ciayuan paspemiaiorcst aHaJOrHUHO: CTPOUTCS
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KoHduUrypatus G(Eﬂ,l), JUIsl KOTOPOH UHCJIO K(T, G(ﬁﬂ,l)) BO3pacTaer Ha
| rtorma, xorna K(/, G(A,_|)) ymenbmioch Ha |, u HaoGopot. [lpaBumio
BbIOOpA HOBOTO ﬁﬂ,l 1 OTOOParkeHusl G(Eﬂ,l) 0CTAEeTCsl HEeM3MEHHbIM: HYXKHO
3aMEHHTb TPEKHIO CBOOOHYIO MasouKy [ Ha COOTBETCTBYIOLLYIO «3aHSTYIO»
naJjouky M3 kjacrepa kongurypauuu B(G). [TogpoGHocT 3TOH rpOMO3JIKOH
NPOLLE/lypPhl s OIyCKalo.

K coxasieHnto, HeBO3MOXKHO OOBSCHUTL 3a OCTaBIleecss BpeMsi, KaKUM
006pa3oM, HCIOJIb3Yst MPeJiblIylilee KOMOUHATOPHOE YTBEPKIeHHE PO 11!, CTPOo-
UTCSl BEPOSTHOCTHOE SIPO ¢ (.)(X) M1 HYKHOK HaM (hOpPMy.JIbl, CBS3bIBAIOLLEF
MHTEHCHBHOCTb BXOJIa U MHTEHCHBHOCTb BbIXOJIa YaCTHL OJIHOTO Yy3J1a:

Takxke HEBO3MOXKHO CKOJIb-HUOYIb MOJAPOOGHO OOBSIICHUTL JI0KA3ATENbCTBO
HY>KHOTO HaM (pakTa, uTo Ji/Isl HeJJHHEHHOTO MapKoBcKoro npotiecca X(f), A(f)
CXOJIUTCS K Mpesieny npu £, ctpemsitieMcsi K 6eckoHeyHocTH. Bee ke ykaxkem
HEKOTOpble OCHOBHbIE LIAard J10Ka3aTebCTBA 3TOTO OCHOBHOTO yTBEPKIEHHS.

Chauana J10Ka3bIBaeTcst, 4T0 CeMEHCTBO BEPOATHOCTHBIX Aep ¢(.)(x) (3a-
BUCSLLMX OT MOMEHTa BpPeMeHH [) KOMMAaKTHO 10 f: Isl JitoO0ro € HaimyTes
takue T W x, 4To Juisd J1060ro Yy > x

Y
S q)(v)do>1—e.
y—T

3arem Jl0KasbiBaercs, uto yHKIMs A(f) MelyIeHHO MeHsieTcs 1o ¢ Kakue Obl
HU OblIM € U T, CyllecTByeT Takoe f, 4To Jisl JiIloOOH TOUKH >t GhyHKIHS
A(1) Ha uHTepBaJse (?, T+ T) mensiercst He GoJiblile, UeM Ha €.

W, Hakonell, TOT dakt, uto A({) CXOAUTCS K MpeJeay Mnpu {, cTpemsiiemM-
csl K OECKOHEUHOCTH, J0Ka3bIBAETCS, UCTOJb3Ys Tpeblayllee yTBep:KAeHHE.
JleficTBUTENBLHO, €c/ii Obl HA CKOJIb YTOJHO JITMHHBIX MHTepBaJjiaXx BpeMeHH T
(yHKUMH A(f) OblIM Obl paBHbI C TOUHOCTBIO JI0 MaJbIX € PA3HbIM KOHCTaH-
TaM, TO K MOMEHTaM OKOHYaHWiH 3THX GOJIbIIMX UHTEPBAJIOB BPEMeHH CpejiHee
UMCJIO YAaCTHIL B HalleM y3Jie OblI0 Obl pa3JvMuHbIM. A MOCTpOEHHAs! THHAMKKA
HeJIMHEeHHOro MapKoBcKoro npotecca X(f) TakoBa, 4To H3-3a paBeHCTBA

A1) =B()

CpejiHee YMCJIO YaCTHULL B HallleM y3Je OCTaeTcsl HEeH3MEHHbIM 0 BPeMEeHH.
Takum oGpasom, Mpeanosokus, 4to A(f) He MMeeT Mpejesa, Mbl MPUXOAHUM
K TIPOTHBOPEUHIO.
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Cesi3b ¢ guarpammamu FOnra

Terepb 51 B 3aKJ/i0ueHHe CKaxKy Mpo 00CTOSITENBCTBO, KOTOPOE CBSI3bIBAET
3Ty KapTuHy ¢ auarpammamu fOura. 910, cO6CTBEHHO, TPUBHAJBHO MO CJIeTy-
oMM coobpaxkenusim. Koria Mbl packiiajiblBaeM Halllk YaCTHILbI 110 SILLUKAM,
3TO He YTO MHOe, KaK TO, UTO Mbl PACKJablBa€M B CyMMY (M3 /1 cJaraeMmbix)
Haile obliee UMcso yacTuil 7. Ecau Mbl yropsiioudM 3Ty CyMMY 110 yObIBa-
HUIO cJaraembix, To nosyuum auarpammy IOura. Jlokasannasi nmyaccoHoBCKast
TUIoTe3a — TeopeMa O TOM, UTO B TIpefesie TpH 7, M1, CTPeMsIIIMXCcs K 6eCKo-
HEeUHOCTH, cJydaiiHasi Mepa Ha auarpammax IOHra cxoauTesi K crieuuasbHOM
«JIETEPMUHHPOBAHHON» Mepe, CBA3aHHON C MyaCcCOHOBCKOW T'MIMOTE30H, — MO-
JKeT TPAKTOBATbCSl B JlyXe PesyJibTaTOB, CBSI3AHHBIX CO ClelHa/IbHbIM 3aKOHOM
60JibIINX ynces aas quarpamm [Owra.

B 3ameuatesnbHbix pabotax Bepuunka, Keposa, Oubuianckoro u ap.
paccMaTpHMBaloOTCsl pas3JiMuHble eCTeCTBeHHble Mepbl HA KOHEUHbIX JuHarpamMmmax
[Oura (paBHoMepHasi mepa, mepa [lnaumepesnss u T. 1) U J0Ka3biBaeTcs,
YTO I0CJI€ eCTeCTBEHHOrO CKEeHMJIMHIa MpH 71, cTpeMsileMcsl K OeCKOHEUHOCTH,
CJIyyalHble JHarpaMMbl CXOAATCHA K HETPUBMAJIBLHOH MpPeNeJbHOH KPUBOU.

31ech y HAC MoxoxKas KapTHHA: B Mpejiesie NpH 171, 111, CTPeMSIIUXCs K 6ec-
KOHEUHOCTH, 11/11, CTPEMSIIIIEMCST K KOHCTAHTe, COOTBETCTBYIOIIHE CJIyuailHbie
Mepbl CXOISATCS K €IMHCTBEHHON Npele/ibHONH Mepe.

B orainune oT 06bIYHON CUTyalLMH, KOTJIA U3YUAETCsT «CTaTHUECKAs» KapTH-
Ha — Mepa Ha auarpammax fOHra — u 3atem paccMaTpUBaeTCs COOTBETCTBYIO-
LM pesieIbHBIFA epexo/l, B HallleM CcJydae 0Ka3aJoch MoJie3HO JI0OABUTh ellle
0JIHO U3MepEeHHEe — BPEeMS, — H PacCMaTpUBaTh COOTBETCTBYIOLLYIO THHAMHUKY:
nepekJiajiblBaTh YacTHLbl, HaXoJslUlMecsl B sILMKAX, U TeM CaMbIM CJydalHO
MeHSITb cjaraemble B quarpammax fOura. M3yuenne 3To# AMHAMHUKHM MOMOTJIO
JI0Ka3aTeJ/IbCTBY HY’KHOIO HaM 3aKOHa OOJIbLIMX YHCEJI.
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C.H. Apremos

MHTYLUUOHUCTCKAS JIOTUKA C TOYKU 3PEHUS
KJACCHYECKOM

BBenenue

CHauasia B jokJane OyneT HedopMa/bHoe 00CYKIeHHe, a MOTOM Mbl I1e-
peiliem K maremaruke. Ho s cpasdy xouy Bac npeaynpeiutb, 4toObl y Bac
He CJIOJKUJIOCh JIOXKHOTO Brieyat/ieHusi, uto Bcé 310 usnocodusi, He oueHb
otopmsienHas u Jerkasi. Bo-nepBbix, peub OyneT uaTtu o npobjaeMax, KoTopblie
BOJIHOBaJIM MaTeMaTHKOB B TeueHHe jecsATHeTHH. Bo-BTopbiX, ceiluac 3to
cepbesHasl HayKa ¢ MPUJI0KEHHSIMH.

B cB$131 co cMeHO# Thicsiue/ieTHs1 pa3Hble OpraHu3ali NPOBOJU/N ONPOCHI,
ny6JMKOBa/MM pasHble cnucku. B uactHoctH, «Time» (Mo-BUAMMOMY, OMH U3
cambIx pecriekTabe/ibHbIX B MUpe »KypHaJ0B 0011lero xapakrepa) onyOJuKoBaJl
cBofi cnucok. «100» osnauaer 100 cambiX BeJMKHX JIIOJIEH 10 BCEM HayKam,
no BceM 06JacTAM JIeTeNbHOCTH BOOOLIE, BKJOUas (PUHAHCHCTOB, aKTEPOB
1 — yueHblx. Becero 20 nosuuu# 6bUI0 OTAAHO HA HAYKy M TEXHOJIOTHIO BMe-
cte B3siThle. [To TexHMKe 3TO H300peTeHHe aspoIliaHa, pakeTbl, TeJeBH30pa,
TpaH3UCTOpa, HHTEPHETA; 10 OMOJIOTHH U MeulMHe 4 MO3ULIMK: NICUX0aHAJN3,
uzobperenue nenutminna, JIHK v BakuuHa npotus nosdomuenura; Guaun-
Ka (pakTHUecKH MMeJia 2 MO3WLMH, KOTOpble BblMrpan DUHIITEHH H Pepmu,
1 Xa66s — no actpoHoMuu. MaTemaTHKka, KOMIbIOTepHAsi HAayKa U (DUIOCO-
(bust — Kaxkaas moJsiyuusia 1o | mo3uiyu; BCe TPU MO3UILMH BBIMTPAJH JIOTHKH.

Boo0lie, BCsiKHe paHrd — KTO B MaTeMaThKe Jiyullie, KTo 0oJiee BeJUKHHA —
9TO Hecepbe3Ho, Kak U B JitoOoH japyroil Hayke. Ecin Mbl cipocum y asnre6-
pauyeckoro reoMeTpa WJM CrielrasucTa rno AMHaMUYeCKMM CHCTeMaM — Yy HUX
OynerT cBOSI TOUKA 3peHHs, KTO Obll CaMbIM BEJUKUM B 3TOM cToJIeTHH. Ho
TeM He MeHee, HAM, MaTeMaTHKaM, HEMJIoXo ObITh B Kypce TOrO, Kak BCs 3Ta
KapTHHA, BeCb 3TOT YHHBEPCYM MaTeMaTHKH, B3aUMOCBsI3aHHbIH M Oorarbli,
Ha CamMoM JieJie BBITJISIMT CHAPYKM, TaK CKasaTh, C TOUKH 3PEHHST OCTaJbLHOH
UMBHJIH3ALHH.

O6u102kKa 3TOro XKypHaJa BbINISAUT Tak. Ppefijl 1aeT ceaHe rncuxoaHanmaa
Aitnreiiny. Psinom Kapcon, koropas nousiia, uro JIJIT — 3To HeuTo yxKacHoe;
OHa CuMTaeTcsl OCHoBaTteseM HaykM o0 okpyxatouled cpene. Bor Kypr [@é-
JleJlb — €r0 3HAMEHUTBIH CHUMOK: OH Ha ()OoHe TyCTOoi J0CKH B CBOeM KaOuHeTe
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B [Ipuncrone, B MHcTuTyTe BhICIIMX HeeaenoBanui. 1o — Ajiad ThiopuHr —
oTell KOMIbIOTEPHOH HayKH. B ero npejacraBjeHUH CKa3aHO MPO CBSA3b C JO-
rukoil 1 matematukoi. M1 Butrenuirefin, Kotoporo siojin B ¢uiocoduu 3HAIOT
OY€Hb XOPOLIO; B OMUCAHUK €ro BKJ/ajJa TOXKe MaTeMaTHKa M ToxKe Jioruka. f1
X0Uy [10Ka3aTb, UTO HAa CAMOM JleJie Y JIOTUKOB €CTb, UTO elle NPeIOKUTb MUPY.

B Jlornke MOKHO yCJIOBHO BbIIGJIUTb TPH TpaauLMH. S HA30BYy HECKOJIBbKO
UMEH, XOTsl B KaXKJI0H U3 HUX JIeCSITKH BeJIMKUX MMeH. Kyacchuueckast Tpaauuus
cBsizaHa ¢ umeHamu Ppere, [wanoepra, [€nens, Tapckoro. Konerpyktushas —
Bbpaysp, Tefitunr, Konmoropos, [€nenb. M ectb elle «Tpajuums SIBHONO Bbl-
paxkenusi» — CkoJsiem, [€nenb, Kappu, Uepu — KoTopasi no camoil cBoeit cyTH
CB$I3bIBACT JIOTHKY, a Uepe3 Hee 3HAUUTEeJIbHYIO UaCTb MaTeMaTHKH, C COBPEeMeH-
HOU KOMIbIOTEPHOH HAYKOH. $I CKa)Ky HECKOJIbKO CJIOB, XapaKTEPU3YIOLIUX ITH
HarpasJsieHusi. OOllee BreuaT/eHHe OT 3aHATHS JIOTUKOH COCTOHUT B TOM, UTO
OHO SIBJISIETCS1 I0OBOJIBHO OJ1aroJJapHbIM JIeJIOM, €CJIH Bbl TOTOBbI MHTEPECOBaTh-
Cs1 JIOTHKOH LLIMPOKO, €CJIM Bbl ee NOHUMaeTe B eCTeCTBEHHO-HAyUHOM CMbICJIE,
51 Obl CKa3aJl: B CMbICJIe KOJIMOTOPOBCKOH TpaauuMu. B jiorkke y Bac ecTb Xopo-
LKA LIaHC YBUJETb Pe3yJ/bTaThl CBOErO TPyJa He TOJLKO ONyOJUKOBAHHBIMH,
HO M MCIOJIb30BAHHBIMH KAaKUMH-TO JIPYTHMH CEpPbe3HbIMM TpyNnamu JojieH,
B UAaCTHOCTH, B KOMIbIOTEPHOH HayKe caMmbiM (pyHAaMeHTaJbHbIM 00pasom,
U 5 J1aM BaM XOpOlliMe NPUMEpPbI 3TOTO.

Kaaccuueckas aoruka

[TponosuumonasnbHas joruka — 310 o6bluHast OyJeBa Joruka (M, WM, He),
B KOTOPOM, TeM He MeHee, KOe-UTO MOYKHO BbIPa3UTh, HaNpUMep, KOHTaKTHbIE
cxeMmbl. C TOUKH 3peHHsT JIOTHUECKOH 3TO — HeboJblast TeopHsl, KoTopasi, KO-
HeuHO, HEMPOTHBOPEUUBA U, KOHEUHO Ke, pa3peliumMa — BCerla MOXKHO TOHSTh,
topmysia BbinmosHUMA M HeT. OJIHAKO JlaxkKe HA 3TOM YPOBHE BbIUHCJIEHHE
BBIMIOJIHUMOCTH YK€ He sIBJISIeTCsl JIETKUM 3aHsTHeM. VimeHHO B mnponosu-
LIMOHAJIHOH JIoTHKe (hOpMYJHpPYyeTCsl OfHa M3 M3BECTHEHIIMX B MaTeMaTHKe
npobisema P =NP? — onna u3 npo6JsieMm CTOMMOCTbIO B MHJIJIMOH JIOJIIAPOB;
B JIAHHOM cJlyyae peub HJeT He O JeHbraX, KOHeUHO, a O 3HaYMMOCTH 3TOH
npoGJIeMbl.

OGpaTHON CTOPOHOH HJIH, €CJIH YrojHO, CJa00CTbIO MPOMO3ULIMOHAILHON
JIOTHKH SIBJISIIOTCSI €€ Upe3BblUaHO OrpaHHUUYeHHble BbIPA3HUTebHble BO3MOXK-
HocTH. OObIUHBIX OYyJeBbIX MepeMeHHbIX M 9THX CBSI30K (KOHBIOHKLHS, TH3b-
IOHKIMSI, OTpHLIAHHe) Ge3HA/IeKHO MaJIO ISl TOTO, YTOOBI BBIPA3UTh UTO-HUOY b
CyLIeCTBEHHOE. A ecJiM yaaeTcst BbIPa3uTh, TO 0OBIUHO BbIpaxKeHHe, ajleKBaTHOe
npeJcTaBjieHre 3a1aun, ObIBAeT UPe3BbIYAHHO JJIMHHBIM.

Jloruky nepBoro nopsiika 0ObIYHO OTOXKJECTBJSIIOT C JIOTHKOH BOOOLLLE,
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NoTOMY 4TO HccaenoBaHust B XX BeKe, B OCHOBHOM, KOHIIEHTPHPOBAJOCh BO-
KPYr JIOTHKH TepBOro nopsiaka. B uactHocTH, Teopembl [€nesst o moJHoTe,
0 HEeroJIHOTe, TeOpeMbl O KOMIAKTHOCTH, TEOPHUsT MoJleJiedl — B 3HAUNTEJIbHOH
CTeNeHH BCE 3TO C/IeIaHO B paMKax JIOTMKH MepBOro MnopsiakKa. JTO CBSI3aHO
B MepBYyI0 ouepe/lb ¢ MaTeMaTHUeCKoH Tpaauuuel. [e-To cro jiet Ha3as Jioau
B MaTeMaTHKe OblM 03a60UeHbl TeM, UTOObI BbIPA3UTh KaK MOXKHO GOJiblle ye-
pe3 KaK MOKHO MeHbllee KOJMUeCTBO MoHATHH. [IponosuiimonanbHoil Joruku
He XBaraJjo, a BOT JIOTMKH TepPBOro Mopsiika ¢ OJHUM COPTOM 0ObEKTOB (Ha-
npumMep, rnepeMeHHble, KOTOpble GeraloT Mo BCeM HaTypaJsibHbIM YHCIaM, HJIH 110
MHOKECTBaM, WJIH 110 3JleMeHTaM CBOOOJHON TPYIIbI), U TJIe €CTh KBaHTOPbI V
1 3 B JloNoJIHEHUE K OObIUHBIM OYJIEBBIM CBSI3KAM, y»Ke XBaTaJs10. DTOTO 513bIKa
JIEHCTBUTE/IBHO XBaTaeT /sl TOro, 4ToObl BHIPa3uTh BClo MaTeMaTuky. Harnpu-
Mep, MOXKHO, B3SITb TEOPHIO MHOXKECTB, TJI€ €JIMHCTBEHHBIH 2-MeCTHbIN Mpe-
KaTr npuHaieKHocTH X € ¥ — o3Hauvaer, uto X siBJsieTCsl 3JeMeHTOM Y, u 1pu
HaJIMUMK KBAHTOPOB U 0OBIYHOTO JIOTHUECKOTO MaTepualia MOXKHO, B MPUHLIMIIE,
BbIPA3UTh BCIO MaTeMaTHKY; Mo KpaiHeil Mepe, (hopMasibHylO €e 4acThb.

OG6paTHON CTOPOHOH 3TOrO MOJAXO/A SIBJSIETCS] TO, UYTO JI/Is1 BbIPAXKEHHS
paGounx MaTeMaTHUeCKUX KOHCTPYKLMH TpeOyeTcsl KosoccanbHoe KOJMUeCTBO
KOJMPOBAHUS. IDTO KOAMPOBAHHE C TOUKM 3PEHHS] MaTeMaTHKH BBITJISIUT
HEBUHHBIM. Ec/in yrogHo, 3To ObI0 MPEAMETOM TOPAOCTH, UYTO Mbl MOXEM
3aKOJMPOBAThH UPE3BbIUAMHO CJI0KHbIE KOHCTPYKLIMH uepe3 oueHb HeOOoJblIoe
KOJIMUECTBO TMOHSATHH B OTHOCUTENIbHO GeHOM $i3bike. OJIHAKO KOJAHpOBaHHe
paspyliaeTr MomnbITKH YTO-TO BBIUMCJAWTH HJM XOTs1 Obl hopmasnuzoBath. Ha-
npuMep, U3BECTHO, UTO KOJMpoBaHue 1o [€neso BbIBOIOB uepe3 HaTypaJibHble
yuc/aa UMeeT THIEePIKCIOHEHIIMANbHYIO CI0KHOCTb, M TI03TOMY KaKoe-HHUOY/Ib
HEBUHHOE BbIpaKeHHe JUIMHON B CTPOUKY, €CJIM €ro 3arnucaTh Kak HaTypaJsibHOe
YMCJI0, MPUMET COBEPLIEHHO aCTPOHOMHUECKHH XapakTep.

Elle onmnu npumep: pasymeercs, BClo apu(IMETHKY MOXKHO BbIPAa3UThb yepes
Teopuio MHOxKecTB. Ho mpencraBbre cebe, UTO Mbl XOTHM 3aMucaTh YCJOBHE
tHna 2+ 2 =4 Ha s3bike Teopur MHOKecTB. UTo Takoe paBeHcTBO? B Teopun
MHOKECTB JIBA MHOXKECTBA PaBHbl, KOrJA OHU COCTOSIT M3 OJHUX U TeX Ke
3JIEMEHTOB: Mbl onpejiesisieM paBeHcTBO X =Y Kak VZ (Z € X —~ Z €Y). ¥ nac
MOSIBJISIETCSI KBAHTOP BCEOOIIHOCTH 110 BceM MHOxKecTBaM! M Kak Mbl ero noHu-
MaeM BbIUHCJIUTENBbHO, €CJIH Y HAC MOJIe/Ib, B PUHLIMIIE, 6eCKOHeyHas? DTo pa-
BEHCTBO — PABEHCTBO MPOCTO MHOYKECTB, @ HAJIO €llle BbIJIEJNUTh PABEHCTBO TEX
MHOKECTB, KOTOpble KOJIUPYIOT HaTypaJsbHble uncaa. B obiiem, ectecTBenHas
MOTIbITKA 3aIMMCcaTh, CKaXKeM, apUPMETHKY Uepe3 TEOPHIO MHOXKECTB MPUBOJIHUT K
COBEpLIEHHO Pa3PYLIMTENbHBIM MOCJAEJICTBUSIM C TOUKH 3PEHHST BLIUMCAUMOCTH,
MOTOMY 4TO Jla’Ke PABEHCTBO CTAHOBUTCSl Hepa3pellnMbIM MOHSITHEM. Takum
o06pas3om, MpeaMeT TOpIOCTH JIOTMKH Hayaja BeKa, a UMEHHO, SKOHOMHOCTb
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CPEJICTB, 3 KOTOPBIX MOXKHO BbIBECTH BCIO MAaTeMaTHKy, HA CaMOM Jiesie cefuac
SIBJISIETCS] He JIOCTOMHCTBOM, &, CKOpee, HeJ0CTATKOM 3TOH CHCTEeMb.

$1 MHOro pas sesan JOKJaJbl MO JIOTMKE B MaTeMaTHUeCKOH ayIUTOpHH,
M uacTo 3ajaBajicsi BOMpoc: «A rouemy Jiorvka nepsoro nopsiaka? [Touemy
Mbl JIOJI2KHbl OTPAaHUUYHBATBLCS TOJIBKO HATypasibHbIMH uuciaamu? Yo, ecin s
rOBOPIO: ,,HATypaJibHble YncsIa®, — 51 y2Ke He MOTY FOBOPHUTb O (DyHKUHUAX? J1 He
MOTY FOBOPHUTb O HaTypaJsibHbIX UMCJAaX M O JeHCTBUTEbHbIX uncaax? Mau s
He MOTY TOBOPHUTb O MHOXKECTBAX HaTypaJsibHbIX UMCes — BHYTPH OJHOU W TOH
Ke Teopun?» B peasibHOH MaTemaTHKe, KOHEUHO, HCIOJb3YIOT MHOIO COPTOB
00bEKTOB, HX CTOJIbKO, CKOJIbKO Hano. PopMasibHbIM 3SKBHBAJIEHTOM 3TOrO
«CTOJIbKO, CKOJIbKO Haj0» SIBJSIETCS TOHSITHE JIOTMUECKOTO $13blKa BBICLIETO
nopsijika, Harpumep, 2-ro. DTOT GopMauaM ropasjao GoJiee GJU30K K MaTe-
MaTHUYeCKOH MpPaKTHKe, U, MaJIo TOr0, MPAKTHUECKH BCE COBPEMEHHbIE CHCTEMbI
(hopMasiM3alny W NPOBEPKH JI0KA3aTesbCTB JOCTATOUHO OOLIEro Xapakrepa
MCIOJIb3YIOT $I3bIKM BBICLLEro MOPsi/IKa.

$1 nmomuio, Anéma CocHHCKMI KOTjla-TO 4WTasl B MHTEpHATEe CMELKYpPC
«Maremaruueckue ypojbl U napafokcbl». Cpeny ypoaoB U NapaaiokcoB Obl
kpusasi [leano, koep CeprnuHckoro 1 — Teopema [€1es151 0 HenosHOTE, KOTO-
past Toxke MoJlyuM/a CTaTyc ypoja WM napajokca.

Mrak, Korja Mbl €CTeCTBEHHO MEPeXoJUM K JIOTMKE BTOPOrO MOPSKA, K
513bIKY BTOPOTO MOpsijiKa, BCE 9TO NPpeKpacHoe 3/1aHKue JIOTHKH, IPAaKTHYECKH BCe
3TH 3aMevaTtesbHble JOCTHKEHHS pa3BajuBaloTcsl. Bee nepeunciieHHble 3/ech
KJ1aCCHUUYeCKHe TeOPeMbl JIOTUKH MepecTaloT ObITb BEPHBIMU I1PH 3TOM I1e€pexojie.

MopaabHas Jormka

91 momHio, korna B 1982 rony A. H. Kosimoropos cras 3aBenyiommm Kade-
poli MaTeMaTHuyecKol JIOTMKH, OH MeHsl U3 CTeK/JOBKH M03BaJj B YHUBEPCHUTET
Ha noJsictaBku. S cripocus y Annpesi HukonaeBuua coBera, uto 1e/1ath H Kak
JlesaThb. 1 cHauasia oTBeuy Ha «Kak jies1ath?». Bonpoc 6bl1 TakoM: MOJBOAMTDL
JIM JIIOJIEH B TeueHHe crieukypca K KakKoMy-To Kpyry 3ajaad, 4to0 OHH MOIVIH
CaMoCTOsITe/IbHO paboTaTh, WM — OpaTh LIMPOKO W 00pa3oBbIBATbL JIIOJEH?
OtBer Obli1, pasymeercsi, KopoJsieBcKuil: «Hano nenatb u to M apyroe» —
ckazan Annpeit Huxonaesuu. Ha Bropo#i Bompoc — «Uto untath?» — OH
ckazaJs: «Bpl 3Haere, Cepexa, 51 xouy, 4ToObl Bbl YUMJM HAlMX CTYJIEHTOB
MOJIa/IbHOH JIOTHKE — 3TO Ta 00./1aCTb, KOTOPYIO §1 He 3HAl0», UTO TOxKe OblI0
[10-CBOEMY KOPOJIEBCKHM OTBETOM.

Wrak, MojasbHas JIOTHKA 3aHUMAET MPOMEXKYTOUHOE IMOJIOXKEHHe MexKy
JIOTMKOH MPOMO3UIIMOHAJBHOM W JIOTUKOH NepBoro nopsijaka. M s1o noJsoxkenue
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CB$I3aHO C T€M, YTO Mbl 100aBJIsieM HEKOTOPO€E KOJIMUECTBO KBAHTOPOB K MPOMo-
3ULIMOHAJILHON JIOTHKE, HO HEMHOTO — TaK CKa3aTb, POBHO CTOJIbKO, CKOJIBKO
HaM HYy:KHO, Mbl He TIbITaeMCsl JlelaTh s13blK abCOJIIOTHO YHHBepcabHbIM. To
€CTb KBAHTOPbI MOSIBJSIIOTCS, HO OHH CIPSITAHbl BHYTPH HEKOTOPBIX KOHCTPYK-
. M B yacTHOCTH, B caMoM Ga3WCHOM cJjiyyae Mbl J100aBJIsIEM BCEro OJHY
HOBYIO CBSI3KY K $I3bIKY, KOTOpasi TPaJMIIMOHHO 0603Hauaetcsi L 1 unraeTcst Kak
«HeobxomuMo» ((JF — ycsoBue F Heo6XxonuMo). Mbl TeM caMbiM pasjuaeM
ycyoBue [, KOTopoe roBOpHUT, uTo [ UCTHHHO, U [JF — 3T0 6oJiee CUJIbHOE
ycJIoBHE.

EcTb 1Ba B3aMMOCBSI3aHHbIX, HO, B TMPHHIIMIE, PA3HBIX MPOUTEHHS ITOTO
s13bika. Bo-mepBbiX, BpemeHnHoOe, Korna LIF o3HauaeTt, uTo /' He TOJIbKO BEPHO
ceiuac, Ho ycsioBUe [ 6y1eT BEPHO MPH BCeX BO3MOXKHBIX PA3BUTHSIX CUTYaLIUH.
B stom nsane mopasibHasi JiorMKa yxBaTbiBaeT aAMHaMuKy. Okasasoch, 4ToO
3Ta Mjesl, KOrja MOXKHO BbIPa3UTb UCTHHHOCTb HE TOJILKO ceiuac, HO M, Tak
cKasaTtbh, B OyIylIMX MHUpax, UTpaeT Ba)KHYIO POJib B TOTbITKAX MPUAyMaTh
A3bIK VIS, CKaxKeM, BepuduKkauuu nporpamm. M BoT 3T0 TemnopaJjbHoe HJH
JIMHAMHUECKO€E TIPOUTEHHE MOJIAJbHOCTH OKA3bIBAETCS CYLIECTBEHHbBIM JIJISi MO-
Jle/IMpoBaHus npouecca BbluncseHus. Tem GoJiee, Koraa y Hac Mpoliece BbIUKUC-
JIeHUs1 — BETBSILIMHCS TpoLece, U XoTesoch Obl BbIPA3UTh YCJI0BHE, HAIIPUMeD,
UTO KaKoe-TO JIPyroe ycjoBHe NosiBjsieTcst 6eCKOHEUHO YacTo, Uil 4YTo-HUOYIb
B 3TOM pOjie, U OKAa3bIBAETCSI, UTO MPOCTHIMH KOMOHMHALMSMH THX anesisiuui
K «Bcerga B OyaylleM» 3TO MOXHO BbIpa3uTbh. [lojioxKuTebHONH CTOpPOHOH
SIBJIIETCS TO, UTO MOJAJbHAsl JIOTUKA OCTAaeTcsl, Kak MpaBUJIO, Pa3pelinMoi
1 006J1ajlaeT PsJIOM JPYTHUX MPUSTHBIX C TOUKM 3PEHMs M0Jb30BaTe/ sl CBOHCTB.

Bropoe npourenne MoJanbHON JIOTHKK COCTOMT B TOM, uTo [1F (cBsi3ka
«HeoOXoMMO F») MOHHMaeTcst KaK cocTosinie 3HaHusl. A umenHo, (JF o3Ha-
yaet, 4to F’ M3BECTHO KOHKPETHOMY areHTy, KOHKPeTHOMH repcoHe (B OTJIHUHE
OT «[* UCTUHHO», TJle HUKAKHX TPEANOJI0KEHHH, KOMY 3TO H3BECTHO, HET).

HHTYHLIMOHU3M

KOHCTPYKTHBHBIN TMOJXOJL K MaTeMaTHKEe POJIMJICS B OJIHA ThiCsda JIEBSATH-
coThlX rojiax. M B HauaJsie Beka, B OCHOBHOM ycuJMsiMH Bpayspa, uHTyHUHO-
HU3MY yJla/10Ch NpHUBJeUb K cebe cylllecTBeHHoe BHMMaHue. CTos1 BONpoc, He
SIBJISIETCS] JIH MHTYMLIMOHHUCTCKAsl MaTeMaThKa JApyrum, OoJiee NpaBUJbHBIM H,
pasymeeTrcsi, HOBbIM MOJXOJIOM K MaTeMaThke BooOlile. Hanbosee aktuHble
CTOPOHHUKM HHTYMLIMOHM3MA Ipejiarajn BooOlle 3aMeHHTb KJacCHYeCKyto
MaTeMaTHKy HHTYHIIMOHUCTCKOH, MOTOMY UTO KJacCHUecKasi MaTeMaTHKa U3Ha-
yaJibHO Oblla MOCTPOEHA HAa HEMPaBUJbHBIX OCHOBaHUSX. OHAKO MOCMOTPUM,
B UeM COCTOsJIa MOJIOXKUTE/IbHAS IIporpaMma HHTyHuHoHu3Ma. OHa cocrosiia,
B YACTHOCTH, B CJIEYIOLIEM.
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WHTYULIMOHM3M yTBEPKAAET, UTO TOBOPUTH 00 UCTUHHOCTH GECCMBICJIEHHO,
€CJIM Mbl He yKa3blBaeM, KOMy M KakuM 06pa3om 3Ta ucTHHa u3BecTHa. M mno-
TOMY, KaK FOBOPSIT MHTYMUMOHHUCTbI, BCIOJY B ONpe/eJeHUH HCTHHHOCTH Mbl
JIOJPKHBI B HHIYKTMBHOM OMpeJ/Ie/IeHHH BaJMHOCTH (POPMYJibl BMECTO «HCTHH-
HO» TOBOPHTb «JI0KA3yeMO>».

KonbioHKIMs lIokazyema (Mbl cefiuac K 3ToMy repeijiem), Korja o6a ujieHa
KOH'BIOHKLIMH JI0KA3yeMbl; TM3BIOHKIHS I0Ka3yeMa Tor/ia U TOJIbKO TOT/ia, Korjia
X0Ts1 Obl OIMH U3 AU3BIOHKTUBHBIX UJIE€HOB J0KA3yeM.

W nakoHel, Kak MOHMMaTb UMIUIMKALMIO? 3JIeCh MPOSIBUJIAChH dJ1€raHTHAst
rerrasibHocTb A. H. Kosimoroposa, kotopbiil B 1932 1. ckaszaJjl B iBHOM BHJIE,
KaK HaJl0 MOHUMAaTh UMIJIMKALIMIO, €CJIH Mbl XOTHM MTPOBECTH B JKHU3Hb TY TOUKY
3peHHsi, YTO YIS MHTYHLMOHHM3MA HMCTHMHHOCTb — 3TO JlIOKadyemocThb. MrTak,
yrraeM UMIUIMKaiuio no Koamoroposy. JlokazatenberBom umniankamuu A — B
SIBJISIETCST KOHCTPYKILMS, KOTOpasi Mo JaHHOMY JI0Ka3aTeJbCeTBY A BbIUHCISIET
nokazatebctBo B. TeM caMbiM Mbl He MPOCTO YTBEpXKIAeM, UTO Mexay A
1 B ecTb CBfI3b: Mbl CUMTAEM, UTO 3TA CBSA3b J0JKHA HOCHTb BbIUMCJIHUTE/b-
HbI XapakTep. A HMEHHO, JI0Ka3aTeJbCTBOM HMILIHKALMH, CBHJETEbCTBOM
TOrO, YTO UMIJIMKALIUS BepHA, SIBJSETCS KOHCTPYKLHMS, KOTOpPasi BbIUMCAUMbIM
o6pa3om nepepabaTbiBaeT JoKazaTelbcTBo A B 1oKazatenbetBo B. [Tpoure-
HHE UMIJIHKALMK 0Ka3aJ10Ch (YHKIMOHAIbHBIM, H 3TO HaOJI0JIeHHe OKa3blBaeT
dbyHaMeHTa bHBINH 3 deKT Ha 061aCTH, CBSI3aHHbIE C KOMIBIOTEPHOH HAyKOH.

Takum 06pa3om, Mbl He MOXKEM TOBOPHUTb O BAJUIHOCTH (hOPMYJIbI, €CJIH
y Hac HeT J0KazaTesbCcTBa 3TOH (hopMyJbl. [109TOMYy HCTHHHOCTHBIE TAaGJHILbI
JUISl UHTYHIIMOHHUCTCKOH JIOTMKH CKOpee $IBJSIOTCS TaGJHMIAMH BbIUHCJIEHUS
JloKazaTeabeTBa. M nostomy aHasorom oObIUHBIX OyJIeBbIX TaOJUIL MCTUHHOCTH
JUIS1 KJaCCHUECKOH JIOTUKH B HHTYHIIMOHUCTCKOH JIOTHKE SIBJISIIOTCS TaK Ha3bl-
Baemble ycsoust BHK (Bpayspa, Teiitunra n Kosimoroposa).

Bpaysp nan nekoropoe obuieduaocodcekoe onncanue, [edTHHT Hauas Bbl-
MUCBIBATb KOH'bIOHKIIMIO U 3 bIoHKIWMIO, 1 A. H. Kosimoropos B 1932 1. ciesan
KJIIOUEBOH 1L1ar, MOHSIB, YTO UMIJIMKALIMIO HAJIO TOXKe TOHUMaTb (yHKLHOHA/b-
Ho. Ecsin BBl qymaere, uTo 3TOT HAGOP 3JeMEHTApHBIX YCJOBUH yIasoch TYT
JKe rnepeBecTH Ha (opMasibHble MaTeMaTHUeCKHe PeJibChbl, KaK BCe 0XKHAAJH,
Kak BCe XOTeJH, To 3T0 He Tak. Mcropusi opmannsanyn HHTYMIMOHUCTCKOM
CEeMaHTHKM 3aHsiJla MHOTO BPeMeHH.

HUHTepnpeTauuu MHTYULIMOHU3MA

CemanTuka — Belllb popmasibHast. MOXKHO, MJIsi/Isl HA aKCUOMbI T€OMETPHH,
JyMaTb O CTYJbsIX M CTOJIAX, KAK Mbl XOpOIIO 3HaeM. [Jisiii HAa aKCHOMBI
Jlo6aueBcKoro, MOXKHO JiyMaTb, KOHEUHO, O Jyrax BHYTpHU OOJIblIEro Kpyra,
a MOXKHO MMOHUMAaTh UX B 0oJiee OOLILEM CMBICJIE.
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BoT nasneko He MOJHBIA CMIUCOK TOTO, KAKHE HHTEepIpeTaluy OblJI Hal1eHbl
JUISl UIHTYHUIIMOHUCTCKOM JIOTHKH, HU OJIHA M3 KOTOPBIX He siBJIsieTCsl (hopmaJiv-
3auuert usHauasbHo# cemanTHkd BHK.

1. Anre6panueckasi cemantuka (Bupkrod, 1935).

. Tononornueckas cemantuka (Croyn, 1937; Tapckuii 1938).
. Cemantuka peanusyemoctu (Kiunu, 1945).

. Mojniesin bera (Bet, 1956).

Jnanexktnueckasi uureprperauys ([€nenb, 1958).

. Msomopduam Kappu—Xosapna (1958).

. Jloruka 3anau (MenBenen, 1962).

. Monenn Kpunke (1965).

9. Mnrepnperauys nokasyemoctu (Kysnerio—Mypasutikuii—loaba6aarTr,
1976).

10. KareropHasi cemantuika (1979).

EcTb xopolio M3BecTHasi TeOpPETHMKO-MHOXKECTBEHHAsl CeMaHTHKa OObIu-
HOH KJIaCCHUUYECKOH JIOTMKH, COCTOSIIIAsi B TOM, UTO KaKloe BbICKa3blBaHHE
MHTEPIIPETUPYETCS] KAK MHOYKECTBO, KOHBIOHKIIMS HHTEPIIPETHPYETCS KaK Ie-
peceueHre MHOXKECTB, IM3BIOHKIUS — Kak HX 0O0belMHEeHHe, OTpHllaHHEe —
KaK repexojl K aonoJHendto. Pagymeercsi, ectb HeKoTopbif yHuBepcyM U, U3
KOTOPOT0 UepraroTcst JaHHble MHOYKECTBA, U KPUTEPUEM BaJIMHOCTH (DOPMYJIbI
F saBnsieTcst To, 4To 1pH JI0O0H TEOPETHKO-MHOXKECTBEHHOH HHTeprpeTaluu
BXOJISIILIMX B HETO TMePeMEHHBbIX COOTBETCTBYIOIIEE MHOXKECTBO PAaBHO BCEMY
yHuBepcymy. Ecan yromHo, Kaxkao# (opmysie Mbl MPUIHCBIBAEM MHOMKECTBO
MCTHHHOCTH.

AHajioroM Takoil TeopeTHKO-MHOKECTBEHHOH MHTepPIpeTallud B HHTYHLIH-
OHMCTCKOM CJlyuae sIBJISIETCSl TakK HasblBaemasi TOIMOJIOTHUeCKast UHTepripeTa-
uusl. Y Hac y)Ke He XBaTaeT MPOCTO MHOXKEeCTBA C OOBLIUHBIMHM TEOPETHKO-
MHOKECTBEHHBIMH OTIepallUsiMH, @ Mbl XOTHM, YTOObI 3TO MHOKECTBO HMEJIO
CTPYKTYpPY TOMOJIOTHUECKOTO MpOCTpaHCcTBa. Eciu ecTh Tomosornueckoe npo-
CTPAHCTBO, TO Mbl MOYKEM MHTEPIPETHPOBATh MHTYMLIMOHUCTCKHE CBSI3KH.

MHO0KeCTBOM HCTHHHOCTH /IS JIOTHUECKOH KOHCTAHThI «JIOXKb» SIBJISETCS
MyCTOE MHOXKECTBO, KOHBIOHKLMS M JAU3BIOHKIHUS TTOHUMAIOTCS OObIUHBIM 00-
pazom. O11eHKOH UMIIJIMKALIMK SIBJISIETCS CJIEyIOIIee: Mbl JI0JIXKHbI B3SITh 00bIU-
HYIO TEOPETHKO-MHOXKECTBEHHYIO TPAKTOBKY UMIJIHKALMH, (OTPHLIAHHE MTOCHIJI-
KH 00beIMHEHHOE C 3aKJI0UeHHEM) H TOTOM B35ITh BHYTPEHHOCTb (B CMbIC/IE
TOMOJIOTMYECKOTo MPOCTPAHCTBA) MOJyUYHBILIErocs MHOKecTBa. Kpurepnem Ba-
JIUJIHOCTH, WJTH OO1IIE3HAUHMOCTH, SIBJISIETCS TO 2Ke CaMO€ YCJIOBHE, UTO OLIEHKOH
(hopMyJibl Bcerzia siB/sieTcsl BCE TOMOJNOrHUecKoe MpOCTPaHCTBO.

Hanpumep, naBadite mpoBepyM 3aKOH MCKJIIOUEHHOTO TpeTbero AV —A.
[Tyctb A Gyner unrepsasiom (0, 1), a 7 — 370 Besl JIeHCTBUTE/IbHAST TTpsiMast.

0N O U W N
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[Tockosbky —A ectb A — L, K 3T0il popmyJie NPUMEHUMO MPABUJIO MHTEPTIpe-
Taluu uMIMkaimu. HerpynHo BuaeThb, uto uHtepnpetauueil —A Oyner o6b-
enuHenne (—oo, 0) u (1, co). Tornosoruueckum 3HaueHnem opmysbl AV —A
OyneT SIBJASATbCS NpsiMasi 6e3 KOHIEBBIX TOUEK MHTepBaJsia. TeM cambIM 3aKOH
MCKJIIOUEHHOTO TPEThEro He SIBJSETCS] MHTYUIIMOHHCTCKOM TaBTOJIOTHEH.

Kak Bbl moHHMaeTe, TOMoJIOTHUECKAsT CEMaHTHKa OKa3blBaeTCsi BeChbMa Jla-
JileKka OT M3HauaJbHOTO MPOYTEHUs] HHTYHMLMOHUCTCKON JIOTUKH KaK Crelrasb-
HOTO HCUMCJIEHHs], KOTOPOEe 3aHUMAETCsl 10Ka3aTesbCTBAMH.

A. H. Kosmoropos B 1985 r., KoMMeHTHPYS cBOto cTapyto padoty 1932 r.,
OTMETHJI, UTO KOTJia OH ee MHcaJ, OH Hajesijcs, UTO JIOTMKA J0Ka3aTesbCTB,
KoTopasi pakTHuecku 3akoaupoBaHa B ycsoBusix BHK, craner cocraBHo# ua-
CTbI0 OOBIYHOTO Kypca JIoTHKM B yHuBepcutere. lllanc Ha 3T0 ocraercs, HO
JKJIATh MPHUIJIOCH J0BOJBHO JIOJITO.

Wutynuronncerckas jornka naet Gosee Goratyto (popMmaJsibHYl0 CHCTEMY,
yeM JIOTHKA Kjaccuyeckasi. A MMEHHO, HHTYMIMOHUCTCKAS JIOTHKA TPUBHAJIb-
HbIM 06pPa30M COJIEPKHUT KJACCHUUYECKYIO JIOTHKY, KOTOPYIO JIETKO IMYJMPOBAThH
BHYTPH HHTyHIMOHHUCTCKOH. OOGpaTHOe, BOOOIle TOBOPS, HE BEpPHO: TPH JII0-
60} MOMbITKE HHTEPNPETHPOBATH MHTYMLUMOHUCTCKYIO CHCTEMY BHYTPH KJac-
CUYeCKOH (padymeeTcsi, MPH KAKMX-TO 3JeMEHTApHbIX yCJOBHSX COXpaHEeHHs
CMbIcJIa), ecsi popMai30BaTh 3aauy, Mbl TYT K€ MOJydaeM JI0Ka3aTeslbCTBO
HEBO3MOXKHOCTH 3TO CHE/IaTh.

Hexoropoe Bpemsi Ha3aJl s TO3BOHUJ 3HAMEHUTOMY MaTeMaTHKY, C KOTOPbIM
Mbl JJABHO 3HAKOMbI, H, YCJOBHO roBOps, ckasaJs emy: «KBan MBanosuu, Bl
3HaeTe, TaM B CTapol 3ajaye M0 CEeMaHTHKE MHTYHIIMOHUCTCKOH JIOTHKH TO-
JIYUHJIOCHh MPOJBHKEHHE, Terepb Mbl 3HAeM, KaK MPUAATb CMbICJ TOMY, UTO...»
Ha 310 nocnenoBan otBer, uto B 40-x rojax 3ty mpobGJsemy pelinjn: Mo-
JieJlb UHTYMUMOHUCTCKON JIOTHKM — 3TO TOIOJIOTHYeCKoe NpocTpaHcTBo. st
HOPMaJIbHOTO MaTeMaTHKa BOMPOC OblJ 3aKPbIT, XOTS s HAJElOCh, U4TO s jaJl
npejcTaBjgeHre 0 TOM, UTO Ha CaMOM JieJie TOToJIornueckasi HHTeprperauus —
3TO KOppeKTHasi, HO abCOJIIOTHO MCKYCCTBEHHAsl CeMaHTHKa, KOTopas K H3-
HauasbHbIM 3anauam [€énens, KosmoropoBa u Bpayspa, He UMeeT HHKAKOro
OTHOLLEHHUS.

Cucrema S4

[‘€nenb Obl1 MepBbIM, KTO MNPEANpPHUHSJ MOMNbITKY AaTh TOUHYIO MaTema-
THUECKYI0 (DOPMYJIMPOBKY MHTYUIIMOHUCTCKON MCTHHHOCTH KaK JIOKa3yeMOCTH.
OH 3amMeTuJs, 4TO MOCKOJBKY y HAac B CaMOM ONpeIeJeHUH HHTYHLHOHHUCT-
CKOH MCTHHHOCTH BCTPOEHO TMOHSITHE JI0Ka3yeMOCTH, TO, MO-BUAUMOMY, KJac-
cUyecKasl MaTeMaTHKa, KJaccuuecKasl JIOTHKa B COCTOSIHHM OyleT 3TO TOYHO
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(hopmMas30BaTh, e€cad Mbl OyleM HMeTb MeXaHW3M, KOTOPBIH BCIOy BMECTO
UCTHHHOCTH OYJIET FTOBOPUTH «Jl0Ka3yeMox». Hanpumep, eciiv Mbl B 13bIK JIOTUKH
BBEJIEM [OHSITHE JI0KA3YEMOCTH KaK JIOMOJHHTENbHYIO CBSI3KY.

[‘énenb ncnosb3oBajs MeXaHu3M MOJAJbHON JIOTHKH, KOTOPbIH T03BOJSIET
JI06ABUTb HOBYIO JIOTHUECKYIO CBSA3KY J0KA3yeMOCTH K 0OBIUHOH KJaCCHUECKOH
Joruke. [énenp copmyanpoBan mpocryio ¢ BHIY CHCTEMY, KOTOpasi Hadbl-
Baercsl S4 — He cripawMBaiite, mouemMy oHa HasbiBaeTcsi S4, 3T0 oTae/bHast
UCTOPHS], He HMetollast 60JIbLIOTO CMbICJA.

l. Kaaccuueckue akcuomol u npasuia
2. O(F — G) — (OF - 0OG)
3. 0F = F
4. OF - OOF
5. [Ipasuro unmepHaiusayuu: o
FOF

JlaBaiiTe monbiTaemMcsi MpoYecTb TH YCJOBHSI C TOUKH 3peHMsl J10Kazye-
MOCTH M TOHSITb, UTO OHH O3HAYalOT cojepxkatenbHo. Hy, Hanpumep, BTopoe
yCJI0OBHE O3HAUaAET CJeylollee: ecyu 10KazyemMo, uto F BaeueT (, U 10Ka3yemMo
F, 1o, KoHeuHo, jnokasdyeMo (. TpeTbe ycsioBHe — 3TO (aKTHUECKH YCJOBHE
KOPPEKTHOCTH: €CJiM JIoKazyeMo [, To /' UCTHHHO (MHaue 3aueM Mbl ellle J0Ka-
3biBaeM). Jlasiee, nocJsenHee — 3T0 J0BOJBHO XUTPOE YCJOBHE: €CJIH J10KA3yeMo
F, To nokasyemo, uto jpokadyemo f. JlaBaiite nonpobyem moHsiTb 3T0. [IF
03HayaeT, uTo y I ecTb J10Ka3aTeJbCTBO; @ UTO TaKoe JI0Ka3aTeNbCTBO — 3TO
HeKHH KOHEUHbI OObeKT (KOHeuHasi TOCJe0BaTeIbHOCTb (hOpMYJ, JTEepeBo,
win 400 crpanun B «M3Bectusix Akagemun Hayk» — HeuTo KOHKpeTHOE),
1 GoJiee TOTrO, Mbl Mpe/roJiaraeM, 4To J0Ka3aTesjbCTBa JIONYCKAIOT MPOBEPKY,
T. €. NS Ha JI0Ka3aTeJbCTBO, Mbl B COCTOSIHHM TMOHSITh, J0KAa3aTe/NbCTBO
9TO WJW HeT. DTO, eCJiM YroJHo, oJHO M3 TpeOoBaHuil K cucreme. Mckartb
JI0Ka3aTeIbeTBO — 3TO OoTAe/bHast ucropus. Mrak, npencrasbre cebe, uto y
Hac ecThb /10Ka3aTe/bCTBO, TOTA Y HAC €CTh BO3MOXKHOCTb MPOBEPUTH 3TO J10-
Ka3aTeJIbCTBO U TTOJIYUUTh YTBEPKJIEHHE, UTO J1a, IeHCTBUTENLHO, BOT pe3ysibTaT
NPOBEPKH, JI0Ka3aTebcTBO BepHoe. CJjie0BaTeIbHO, Y HAC €CTh JI0Ka3aTe/b-
CTBO TOTO, UTO [ j10Kasyemo.

Hakonely, ecTb mpaBuiio ycu/aeHusi, KOTOpoe FrOBOPUT, UTO €CJii [ B paMKax
3TOH (POPMasIbHOH CHCTEMBI BLIBOJMMO, TO, KOHEUHO, STOT BBIBOJL caM M0 cebe
SIBJISIETCS IOCTATOUHBIM OCHOBAaHMEM, UTOObI CUMTaTh, UTO /7 10KazyemMo. ITo,
TaK CKasaTh, PaBUJIO BbIBOJA.

Jlaxke B 3TOi 0OUeHb CKPOMHOH CHCTEMe yxKe KOe-UTO MOXKHO CKasaTb, OHa
Koe-uTo 3amevaer. Hanpumep, BOT 3jemMeHTapHOe HaOJIO/IeHHe, UYTO KOHb-
IOHKIIMST U JlIoKagdyeMocTb kKoMmmyTupytor. (HA) A (OB) — 370 TO Ke camoe,
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uro (A A B).
A—(B—ANB) ANB— A
A — (B—AAB)) OAAB—A)
O0A—0OB—AANB) OAAB)—DOA
0A — (OB —=0O(AAB)) OAAB)—DOB
(OAAOB) —O(AAB) (A AB)— (DA AOIB)

JlaBaiiTe Tenepb nonpobyeM Mourpath ¢ AM3bIOHKIMENH. Takum ke 06pazom
Mbl MOXKEM T0Ka3aTh, uto ecau JA VOB, to [J(A V B). JleficTBUTENLHO, KaK
Mbl 3T0 o6ocHoBasu: ecan A, To (A V B), ecau OB, to toxke (A V B).
Takum 06pa3oM M3 JIM3BIOHKLHMH JIOKA3YEMOCTH CJIe/lyeT J10Ka3yeMOCTh JH3b-
IOHKIMKU. BOT HeGoMbIION popMasibHBIE BbIBOJ, KOTOPbLIH 3Ty HHTYMLHIO MO/~
Jlep>KUBAeT.

A—AVB
0A — AV B)

0OA — (A V B)

OB — O(AV B)

(0OA vOB) — O(A Vv B)

JlaBaiiTe MOCMOTPHUM, MOXKHO JIM BBIHECTH MOJIAJbHOCTh JIOKA3yeMOCTH 32
ckoOku B nuablonkimu? Ecan O(A V B), caenyet au otciona, uro A v OB?
B stom ectb Gosblie comHeHust. JIu3bIoHKIMS ObIBaeT I0Kadyema 1o TPUBH-
aJibHbIM cooOpaxeHusim. Hanpumep, B kiaccuueckoii Jorvke AV —A Bcerna
BEpPHO, HO M3 ITOT0 HUKAK He CJIeJlyeT, UTO y HAC €CThb Jl0KaszareabcTBo A nin
y Hac eCTh J0KazaTeJbCcTBO —A.

[‘énenb ewte Torna, B 1933 r., 3amerud, 4to ecsid Mbl BepuM B S4, T. e. Habop
3JIeMEHTAapHBIX TIPUHLMIIOB J0KA3yeMOCTH, TO Mbl YK€ B COCTOSIHMH TOHSThb
MHTYHIIHOHUCTCKYIO JIOTHKY, HA TOM CaMOM YpPOBHE, HAa KOTOPOM OHa J0JI’KHA
ObITb: Ha MPOMO3UIIMOHAJIBHOM HJIM Ha TlepBONopsiikoBoM. KM HUKaKoro 10moJi-
HUTEJILHOTO KOJMPOBAHHUS MIPH 3TOM He Hy»KHO. Mbl GepeM hopmyay F, KOTO-
PYIO Mbl XOTHM TIPOBEPHUTb, SIBJSETCS JIH OHA UHTYHIIHOHUCTCKOH TaBTOJIOTHEH.
Bo-nepBbix Ha Kaxjiyto noadopmyJy F HaBelIHBaeM MOJA/IbHOCTh; TEM CaMbIM
Mbl 3aCTaBJIsSIEM TO YCTPOHCTBO, KOTOpOe pa3bupaer 3Ty hopmyJ1y, KaxK/Iplil pas
BMECTO MCTHHHOCTH HA KOHKPETHOH MojdopMyJie TOBOPHUTD: «J0KA3YEMO>».

Hanpuwmep, pacemorpum popmysy A — A. PopmasibHo# TpaHcasuein 3To-
ro sipisiercs caenytoiee: J(OA — OA). Onna dopmyna, A — A, UHTYyHLH-
OHMCTCKAsl, KOTOPYIO Mbl, TaK CKaszaTb, He MOHWMaeM, a japyras GopmyJia
KJaccHuecKasi, oHa yxe B S4, KOTOPYIO Mbl TIOHUMAEM.

Tenepb Mbl B COCTOSIHUM, B35IB HHTYMIIMOHUCTCKYIO (POPMYJTy MEPEBECTH ee
Ha KJ1aCCHUeCKUH 53bIK, KOTOPbIH S4 B COCTOSIHUM MOHSATh, U TIPOCTO MPOBEPUTH



I/IHTyLLI/IOHI/ICTCKaH JIOTMKa C TOYKHW 3pEHHs KJ1aCCUUeCKOH 137

ee B S4; S4, kcrati, — paspelinmasi JIOriKa, TaM ecTb aJropUTMbl POBEPKH
MCTHHHOCTH M BbIBOAMMOCTH B S4. Ecain §4 oTtBeTut: «1a», Toraa npuHumMaem
(hopMy.J1y, €CJii OH OTBETHUT «HET», Mbl €e OTBEpraem.

[€nesb nokasaui, UTO 3TOT TECT SIBJSAETCS MPABUJBHBIM /151 OOLLENPUHSTBIX
AKCHOM MHTYMUMOHHCTCKOHN JIOTMKH. TouHee, OH J0Ka3aJj 3TO B OJHY CTOPOHY
U cjlesiasl MpenoJioxKeHle, 4To B 00paTHYI0 CTOPOHY 3TO Toxke BepHo. [Ipu-
MepHO 15 JieT yuwio Ha TO, 4TOObI MPOBEPUThb, UTO JAEHCTBUTENBHO 3TO TakK
U ecTb. Mexy Npouynm, NMpoBepka BJIOMKMMOCTH HHTYMLMOHUCTCKON JIOTHMKH
B 54 Oblna 3aBepiueHa B 1948 r. TapcKMM HMEHHO € MOMOLLBIO TOMOJIOMHUECKON
MHTepIrpeTaluu. dTa UHTepIpeTalis HOCHIIa, TaKUM 00pa3oM, MCKYCCTBEHHBI,
HO Upe3BbIUAHHO TOJIE3HbIH Xapakrep B 3TOH 00JIaCTH.

Mrak, uto Mbl iMeeM? Ecii y Hac ecTb S4, Mbl B COCTOSIHUM MOHSITH HHTYH-
LIMOHUCTCKYIO JIOTHKY; 3a/laua CBeJ1ach K ToMy, uToObl MoHsATh S4. Kasasoch Obl,
JIeJI0 32 MaJlbIM: HaJ10 B3sITh KaKyto-HUOY/b MOJIe/b J0Ka3aTe/bCTB, Hallpumep,
réneneBcKyto (opmyJy J0Ka3yeMoCTH, KOTopasl (DUIypupyeT B ero MHOTO pas
YINOMHHaBLIEHCsl TeopeMe 0 HEeMOoJIHOTe; HY W, TaK CKa3aTb, CBSI3aTb UX — U BCE
noJyuutcsi. He tyr-T0 6bL710.

EcrecTBeHHas MOMbITKA MHTEPNIPETHPOBATL MOJAJILHOCTh B S4 Kak 00bIu-
HyI0 (hopMasibHyI0 10Ka3yeMocTb, KoTopas y ['€ness hurypupyer B ero reopeme
0 HeroJsiHOTe, npoBasuBaercs. M nposas ee cocrout B cienytolueM. Popmyia
OF — F — 370 ycjoBHe ped/IeKCMBHOCTH, OHA, KOHEUHO, BbiBOAWMA B S4.
[To npaBusy ycusenuss B S4 okasbiBaeTcs BbIBOAMM npuHuun: CI(OF — F).
Tenepb naBaiite BMecto F BCTaBUM 4TO-HUOY/b [POCTOE, HArpUMep, JIOTH-
UECKYI0 KOHCTaHTy «J10xkKb», L: (L — 1). JlaBaiite noitmem 3Ty popmy.y.
Mmnikauus K JiKd — 9T0 oTpULIaHue. 3HAUMT, 3/1eCh CTOUT: «J10Ka3yeMo, UTo
He JloKasyeMma Jioxkb». [To ['€nesio nokagyeMocTb noHumaeTcst B Kakoi-To (hUK-
CHUPOBAHHOMN, KOHKPETHOH CHCTeMe, HarnpuMmep, B apudMeTHKe, WJIH B KAKOH-
10 GoJiee OOLIMPHON TEOPHH, COJeprKalllell apuMETHKY, J0CTaTOUHO GOTaToH,
yToObl BCE KOJMPOBAHUS ClieslaTh W YTOObI 3anucaTh (GOpMyJly 10KA3yeMOCTH.
Wrak, naBaiite npourem: «He J0Kagyema JioxKb». JTO siBJsIeTCs GopMasbHbIM
aHaJIOroM 3HaMeHHMTOH (POPMyJIbl HENPOTUBOPEUUBOCTH. TakuM o6pa3oM, ecte-
CTBEHHO€ TpouTeHHe 3TOH (hopMyJibl TAaKOBO: BHYTPH Teopuu I 1oKazyema
ee COOCTBEHHAsl HEMPOTUBOPEUMBOCTb! DTO MPOTHBOPEUUT BTOPOH Teopeme
[‘énenst o HenosiHote. ['€nesb Obll, pagymeeTcsi, EpBbIM, KTO 3TO 3aMETHJI,
¥ cKasaJl: rnpobJieMa B TOM, UTO Mbl He 3HaeM TOUHOH HHTeprnpeTaurn S4.

Jloruka Jloka3aTeJsbCcTB

[Tatbio ronamu no3xe, B 1938 1. B BeHe coctosnach nyGauuHas JeKIUN
[énensi, KoTopasi, K coxaJsienuio, Oblia onybaukoBaHa Tosbko B 1995 1., Korna
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y»Ke Besl McTOpHs Obljla MPakTHUECKH 3aKoHueHa. [é/esib ckasaJ, uTo Hajlo
nepeiTH K JIOTHKe JIoKa3aTeabeTB. Hano meitathest NOCTPOUTL MOJEIb HA OC-
HoBe S4, HO, TeM He MeHee, UCIOJIb3Ysl PopMarT, rjie 00BLEKTOB yXKe JBa: [ ecThb
nokazatebetBo F. To ecTh BMECTO JIOTHKM JIOKa3yeMOCTH paccMaTpHBaTh
JIOTHKY JIOKA3aTebCTB.

Kosmoropos u yuennk Bpayspa leiiTunr Ha camom gene ¢ camoro Ha-
yaja mnpejjiarajv MUCKaTb UMEHHO CHCTeMy orepailldii HaJ JI0Ka3aTesbCTBa-
MM, a He HaJl JloKkazyeMocTbio BooOlle. OkasbiBaeTcsi, Ha 3TOM MYTH BCE
ynaercs ciesiath. Ha ynuBiieHHe MpoCTOil CHCTEMbl BBIUMCJIMMbBIX OMeparni
HaJl JI0KA3aTeJIbCTBAMU XBaTaeT Jyisi TOro, uTOObl BLICTPOHTH KOTEPEHTHY!O
MaTeMaTHUeCKyto TEOpHIO BCeH 3TOH 00/1aCTH, U TEM CaMbIM OTBETHTb Ha BO-
npoc [&nenst o nokazyemocTtHoil unteprperaunn S4. [oBopsi yesaosHo, Jlornka
JlokasaresbctB LP ecTh kjaccuyeckasi JioTHKa + JIOMOJHUTENbHBIE aTOMBI
p: F, (p — nosmHoM JlokasatenbCTB, a [ — dopmyaia).

AQ. Kaaccuueckue aKkcuomol U nPABUALQ

Al.t: (F—G) —(s: F—(t-5): Q)

A2.t: F—F

A3.t:F — Wt (t: F)

Ad.s: F—(s+0H:F, t:F—(s+1):F

Rl.Fc: A, ede Ac AO—A4, ¢ — koncmanma 0oKka3amesvcmsa.

Mb1 paccmaTpuBaem TepMbl, KOTOPbIe YCJOBHO HA3bIBAIOTCS MOJMHOMAMHU
JI0KA3aTebCTB, XOTs 371eCh KPOMe YMHOXKEHHSI U CJIOXKEHHS €CTh ellle OJIHO-
MeCTHasl orepalusi MPOBEPKH J0KA3aTeNbCTB «!», KOTOPYIO YCJOBHO MOYKHO
HasblBaTh 3KCMOHeHTOH. MTak, y Hac ecTb nepemeHHble, €CTb KOHCTAHTHI,
eCTb JIBe JIByMeCTHbIe Orepallii — YMHOKeHHEe U CJIOYKEHHE — U OJIHOMECTHAs
onepatys «!» MpoBepKH JI0Ka3aTeJbCTB. K3 HUX CTpOSTCS MOJMHOMBI J0Ka3a-
TeJILCTB.

Kpome 0OBbIYHBIX aKCHOM KJaCCHUECKOH JIOTMKH M TMPaBUJ KJACCHYECKOH
JIOTHKH Y Hac ellle ecThb crielipalibHble PUHIMILL. Hanpumep, onepatust yMHO-
JKEHUST: ecyid ¢ ecTb JoKasaTesbeTBo F— (G, U S — J0KasaTeJbCTBO [, To
{ TIpUMeHeHHOe K S €eCTb JIoKasaTesqbcTBO (G. DTO KakK pa3d To, UTO 3aBelas
Konmoropos. Ecau f nokasbiBaer /', To F — WcTHHA. 3aMeTHM, UTO y HAc
€CThb MPHUATHOE CBOKCTBO TepeMElNBaHUS: B OJHOM H TOM JK& $I3bIKE Mbl
MOYKEM TOBOPHTb O JIOKasaresjbcTBaX M 06 yc/aoBHSIX. BHOBbL BcrmomuHaercs
KosmoropoB, KoTopblii, COGCTBEHHO, 3TOTO U XOTeJI.

Terepb onepauusi NPOBEPKH JIOKA3aTEJNLCTB YK€ CTAHOBHUTCSI SIBHOM.
[TomuuTe, MbI TOBOPHJIH, UTO ec/ii [JF, TO eCTb 0Ka3aTeabCTBO, U T. /1. Temepb
Mbl 3TO JieJlaeM B IBHOM BHjle. Mbl TOBOPHM, UTO €CJiH { eCTh JI0Ka3aTesbCTBO
F, T0o pe3ysibTaT MpUMEHEHHUs Orepaliy POBEPKH JI0KA3aTeIbCTB K { sBJIsIETCS
JI0Ka3aTesJIbCTBOM TOTO, UTO ! SIBJISIETCSI JOKA3aTeJbCTBOM F .
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OkasbiBaetcsi, uto 3Toro Majo. /s Toro utoObl CMOJIENIUPOBATL BCIO S4,
a uepe3 Hee U UHTYMLMOHUCTCKYIO JIOTHKY 1o ['€nemo— Tapckomy, Ham Hy»KHa
ellle ornepanys «IJoc», KOTopasi B 06bIYHOM MOJIAILHOM $13bIKe He BHJIHA.

A ¥MMeHHO, 3TOT TJIIOC MOKAa3bIBAET, UTO, TOBOPSI O MOJEJIHPOBAHUU JIO-
Ka3yeMOCTH B MOJIAJIbHOM JIOTHKE, Mbl JIOJIKHbBI TIPUHSITL HEJIEPMUHUCTHUECKYIO
TOUYKY 3peHHsI Ha JloKazaTesnbeTBa. Ecnun kuura B 400 cTpanuil 10KasblBaeT ojiHy
TEOpeMY, TO OHA JIOKA3bIBAET He TOJILKO e€: BCe JIEMMbl, KOTOPbIE B IPOMEXKYTKE
MOSIBUJIMCD, TOYKE CUUTAIOTCSI B TOM KHUIe JJOKa3aHHbIMU. TakuM 06pa3oM, Mbl
CuUMTaeM, 4To JI0OKa3aTeJbCTBO JI0KA3bIBAET HE TOJBbKO TMOCJEHION (hOopMYJTy, HO
1 Bce popMyJibl, BXOJSIIME B Jl0Ka3aTesbeTBO. M BOT 3Ta onepauys «Imioc» —
OHa KaK pa3 M FOBOPHT, UTO €CJH Y HAC S SIBJISIETCS JIOKA3aTeNbCTBOM [, TO
€CJIM Mbl UTO-TO Tyjla JO0OABUM, pe3yJibTaT OCTAHETCs JI0KA3aTeNbCTBOM TOTO
Ke camoro F.

BakKHbIM MOMEHTOM SIBJISIETCS JUCUMILIMHA MPHUMeHeHHs1 KoHcTaHT. Ecu
A — 370 akcuoma, To Mbl GepeM J0OyI0 KOHCTaHTYy W Ha3HauaeM ee JI0Ka3a-
TeNLCTBOM A, T. e. 6epeM 006513aTe/IbCTBO 3TY KOHCTAHTY HHTEPIPETHPOBATH
B JlaJibHelIleM KaK J0Ka3aTeJbCTBO JaHHOH akCHOMBbI A.

Mbl MOXKEM MPUMEHSITh /IS KaXKa0ro A CBOIO KOHCTAHTY, HO, MOCKOJIbKY
Mbl JIOTOBOPHJIMCh, UTO JI0KA3aTeJNLCTBO y HAC 0ObeMJTIONEe, Mbl MOYXKEM MC-
M0JIb30BaTh OJIHY U TY YK€ KOHCTAHTY HECKOJIbKO Pas; T. €.y Hac OJIHA U Ta XKe
KOHCTaHTa MOXKET ObIThb JIOKa3aTeJbCTBOM MHOTHX aKCHOM.

M B 4acTHOCTH BBISICHWJIOCH, UTO B OJIHOH M3 H3BECTHbIX CHCTeM (op-
MaJiM3alik U MPOBEPKU J0Ka3aTeslbCTB, KoTopasi B TeueHune 20 JieT paszpa-
OaTbiBasiach B KOpHe/NbCKOM yHHBEpCHTETe, Ha YpPOBHe 2 KOHCTAaHTa ¢ MC-
noJib3oBajiach Bcerna ojgHa v Ta e. To ecTb y HUX OblJ1 MapKep TOro, uTo
€CTb JI0KA3aTeJIbCTBO, HO pa3paboTuuKK He Opasiu Ha ceOst 06513aTe/IbCTBO ITO
JIOKa3aTeJIbcTBO CTPOUTH B sIBHOM BHJe. Ha ypoBHe BJjioxkeHus 1 370 caenathb
OTHOCHTEJIBHO JIETKO, 8 HA YPOBHE 2 3TO JIOBOJILHO CEPbe3HOe BbIUUC/IUTEbHOE
06513aTe/IbCTBO, KOTOPOE OHU He XOTesd Ha cebsi 6paTh.

[Ipumepnbl BbiBoAa B Jlornke Jloka3aTeabCcTB

Tenepnb 51 1am HecKoJIbKO pUMepoB, Kak paboTaet Jlornka JlokazaresnbCeTs.
BosbmeM BbiBOJL B S4, KOTOPBIH 10Ka3bIBAET, UTO KOHBIOHKLHS 10Ka3yeMOCTH
BJIeUET JI0KA3yeMOCTb KOHBIOHKIMH. Terepb Mbl C HESIBHOTO §13bIKA T€PEXOUM
Ha siBHbIH. Hero Mbl o2kujiaem ot 3Toro? Ecsin nokasyemo A u jgokasyemo B, To
JlokazyeMa KOoHbloHKIMs. Tenepb, ¢ TOUKM 3peHHsi 0ObIUHON MaTeMaTHUeCKOH
VHTYMLHH, s Obl 0XKHMJAJ CJIEYIOIIEro: eCyii X SIBJSIETCS I0KAa3aTeqbCTBOM A,
U Yy SIBJISIETCS JIOKA3ATENbCTBOM B, TO HEKOTOPBIH 10KAa3yeMOCTHbBIH MOJMHOM,
3aBUCSILMI OT X W Yy, siBjsieTcs jokazatesbctBoM A A B. Ecau cucrtema Ha
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UTO-TO MPETEHJIyeT, OHA JIOJKHA YMEThb 3TO Je/aTh.

1.A— (B— (ANAB)), no A0;

2.¢c:[A—=(B—(AAB))], uz 1, no Rl;

3.x:A—=(c-x):(B—=(ANDB)), us 2, no Al u Modus Ponens;

4. x: A= (y:B—(c-x-y):(ANDB)), us 3, no Al u 6yaesoii roeuxe;

5. x: ANy: B—(c-x-y):(AAB), us 4, no 6yiesoii roeuxe.
BoiBenenHasi opmysia 5 CONEP:KUT KOHCTAHTy ¢, KoTopasi Oblia BBejleHA B
crpoke 2 no npasuy R1. [TosiHoe npoureHne pesyJbraTa TaKOBO:

X:ANy:B—(c-x-y):(AANB),

rne ¢:[A— (B— (AAB))].
JlokaxkeM ellle, UTO JU3BIOHKIIUS YTBEPXKIEHHH O nokadyemoct A u B
BJIEUET JI0KA3yeMOCTb M3 bIOHKIMH A V B.
1. A— (AVB), no A0;
.a:[A—(AVB)], us 1, no Rl1;
.x:A—=(a-x): (AVB), us 2, no Al u Modus Ponens;
. B— (AVB), no A0,
.b:[B—(AVB)], us 4, no Rl;
Yy B—(b-y): (AVvB) uz b, no Al u Modus Ponens;
(a-x): (AVB)—(a-x+b-y): (AVB), no A4;
by (AVB)—(a-x+b-y): (AVB), no A4,
9.x:AVy:B)—(a-x+0b-y): (AVvB)usz3, 6,7, 8, no byiesoii roecuxe.

00 N O UL+~ WO

Takum o6pasom,
(x:AVy:B)—(a-x+b-y): (AVB),
edea: [A—(AvB)]u b: B—(AVB)].

3akJauenue

Onepauusi anmvKauuy, ornepaiust CJ0KeHHs 10Ka3aTeJqbCTB U ornepalus
MPOBEPKH J10Ka3aTe/IbCTB — 3TO BbIUUCJUMbIE ONEPaLMH HaJl 10Ka3aTesbCTBa-
mu. KM okasbiBaercs, uto Gosiblile HaMm HU4ero He Hajgo. C TOYKH 3peHus
peanusyemoctu LP kak pas cooTrBerctByer S4, T. e. dopmysia BbIBOJMMA B
S4 torna W TOJIBKO TOT/IA, KOTJIa OHA peajiudyeMa MoJHHOMAMHU J10Ka3aTeslbCTB
B JIOTHKe JloKasaTesabcTB. Tak uto LP 3ameuaresibHO Jieryia Kak pas B oCTaB-
LIMACS OTKPBITHIM MPOMEKYTOK MeXKIy S4 W peasbHbIMH J10Ka3aTesbCTBAMH,
M TE€M CaMbIM 3Ty CTapylo UCTOPHIO y1aJ0Ch 3aBEPLUUTb YA0BJIETBOPHTE/NbLHbBIM
06pazom.

Pa6ora [€nenss 1933 r. ocTaBu/a OTKpbITbIMU jBe MpobJemMbl. [TomHuTe,
oH cdopmysnupoBas S4 ¢ 01HONH CTOPOHBI, a ¢ APYrol CTOPOHBI MOKa3aJ, uTo



MuTyuronucTeKas JIOruka ¢ TOUKH 3PEHHS KJ1aCcCHYecKoH 141

€CJIM Mbl MOJIAJIbHOCTb HHTEPIIPETHPYEM KaK J10Ka3yeMOCThb, TO HHTepIpeTalku
He noJydaercs. Takum o6pasom, S4 Obuia cucrema 0e3 ceMaHTHKH, a (op-
MaJsibHast 10Ka3yeMoCTb Oblja ceMaHTHKOH Ge3 cucteMbl akcoM. Okasagoch,
peub UET O Pa3HbIX MOJEJSIX IOKA3YeMOCTH, KaxK/iasi HMelollast CBoo 00J1acTh
NpUMEHEeHHS!.

CkJsiajibiBaeTcsi Brieyat/ieHHe, UTO HEKOTOpble 06JIaCTH B KOMIbIOTEPHOM
HayKe »KJIaJd 3TOr0 MaTeMaTHUyecKoro arnmnapara, uToObl JABUHYTbCS JaJjiblile,
W cefiyac Mbl HAXOJAUMCSl B TAKOH CHTyallMH, KOTJA NMPOJABHKEHHE B 00JIACTH,
KOTOpasi HauMHasachb HehopMaJIbHBIMU PACCYKIEHUSMH 00 OCHOBAHHUSIX, MPH-
BEJIO K CO3/IaHHI0 KOHKPETHOTO MeXaHHU3Ma, KOTOPbIH 0Ka3aJcsi MoJe3HbIM sl
[IPUJIOZKEHHH.

6 mapra 2003 r.



B.U. Jauuaos

3AJJAYA XOPHA U JTUCKPETHAS{ BbIITYKJIOCTb

Sl xouy pacckasaTb npo cjeiytoulyto sagauy. HUTo MOKHO cKaszaTb MpoO
coOCTBEHHbIE 3HAYEHHS] CYMMbl JIByX BELIECTBEHHO-CUMMETPHUECKUX WJIH IP-
MHTOBBIX MaTpHLL, €CJIi U3BECTeH CreKTp cjaraembix? [lyctb A u B — cum-
MeTpHUECKHE MATPHLIbl, CIIEKTPbl KOTOPbIX U3BECTHBI; UTO MOXKHO CKa3aThb MPo
crniektp marpuibl A+ B =C?

Jta 3ajaua MUMeeT JIOBOJIbHO JJIMHHYIO HCTOPHIO (HEMHOXKKO s TPO 3TO
pacckaxy), Ho MPUHLMIHAIbHOE pellieHHe 3Tl 3anaun nosayuns A. Kasuko *).
KoHeuHo, ¢ Tex nop Hapo/ Ha Hee HAKMHYJICS], CTaJl CMOTPETb B Pa3HbIX IPYTrUX
HaINpaBJIeHHUSIX U M0JYUH MHOTO 00OOLLIEHUI U BapUaALIUi, HO §1 3TOrO KacaTbCsl
yKe He Oyjy.

Hano ckasaTb, uro 3agaua o6 ONMCaHHWM CIIEKTpa CyMMbl JBYX MaTpHLL
CBsI3aHa CTPAHHbIM 00Pa30M ellle ¢ HEKOTOPbIMH 3aauaMi, KOTOpble, Ka3aJoch
Obl, JOBOJILHO Jla/JleKH OT Hee. Bo-nepBbiX, 3T0 npexactasjenus rpynnsl GL
WM CHMMeTpuueckor rpynnbl Sym. Bropasi 3anaua, kotopasi K 3ToMy MMeeT
oTHolleHHe — ucuncseHue [llyGepra, T. e. BblUMC/IEHHE NepeceueHuil B rpacc-
MaHOBOM MHorooOpasuu. Hano ckasaTb, uto GyKBaJbHO HelaBHO B ApxuBe
nosiBU/IMCh paboThl Baku/a, B KOTOPLIX J0Ka3bIBAETCsl KAKOE-TO CYLIeCTBEH-
HOe MPOJIBHKEHHE B 9TOM TOKe HECOMHEHHO KJ1aCCUUeCKOM W HaCUHUThIBAIOLLIEM
6oJiee cTa JIeT HalpaBJeHHH: U3BECTHO, UTO [WibOepT CTaBU/ 3TO B KauecTse
ojHON M3 mpoGaeM. M TpeTbe: MHBapuaHTHble (haKTOPbl JIsT MOJyJed Haj
KOJIbLIAMH TVIaBHbIX HjeasoB. Ho s Toxke 3Toll Bcell TeMaTHKM KacaTbCsl He
Oyny. Xouy TOJIBKO CKadaTb, UTO NPO 3TO Bce 0oJiee WM MeHee M0JpOOHO
Hanucan Pynton **). B ero o63ope pacckasbiBaeTcst U Mpo 3ajgauy XopHa
(51 uyThb Mo3:Ke MojpobHee CKaxKy, 4TO TO 3a 3ajaua).

3nech s1 6y1y neaath ynop Ha AUCKPETHYIO BBIMYKJIOCTh, UTO, MOXKET ObITb,
elle MeHee M3BECTHO, MOTOMY UTO B OCHOBHOM 3T0 Mbl ¢ [yie6om KoteBbim
npuaymasnu. [ne6 KouieBoll siBisieTcsi coaBTOpoM OoJibliell 4acTH TOro, uTo

*) Klyachko A. A. Stable bundles, representation theory and Hermitian operators //
Selecta Math. 1998. V. 4. P. 419—445.

**) Fulton W. Eigenvalues, invariant factors, heighest weights, and Schubert calculus //
Bull. Amer. Math. Soc. 2000. V. 37. P. 209—249.
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s Oyjly pacckasbiBaTh 3j1ech. M s mocrapaioch Kak MOKHO OoJiee sjeMeHTap-
HBIMH CPEJICTBAMH PaccKa3aTb HMEHHO Mo 3ajady XopHa.

JlaBaiiTe cHauaja paccMOTPUM OJHY CHMMeTpuueckyio MaTpuily. Camoe
rJIaBHOE, UTO NP0 Hee HYXKHO 3HATh, — 3TO TO, UTO OHA JUATOHAJIU3UPYETCS, T. €.
y Hee CYLLeCTBYeT OPTOroHaJbHbIl 6a3uc U3 COOCTBEHHbIX BEKTOPOB, U COO-
CTBEHHbIe 3HAUeHHus1 BelllecTBeHHbl. M 1o Tpaauumu 3TH co6CTBEHHbIE 3HAUEHHS
yrnopsiiourBatoT B nopsijike yooiBanusi: a(1) = «(2) > ... > a(n). 51 Bcerna 6yny
npejnoJaratb, YTo 1 — 3T0 pasMep MaTpuibl. Takod Habop « ecTecTBEHHO
Ha3BaTb CMEKTPOM 3TOH MaTpHLbI.

CriekTpoM 0ObIUHO 0COGEHHO MHTEpecyloTCsl B MpuaoxKeHusix. Hanpuwmep,
B KBAHTOBOH MeXaHHKe cOOCTBEHHbIE 3HAUEHHUS] — 9TO 3HaUeHUsT HabJ110/laeMbIX
BeJIMUMH (MpaBja, TaM OObIYHO 3aHMMAIOTCSl SPMHUTOBBIMH MaTPHLIAMH, a s U3
co0OpaKeHUH MPOCTOThl HE XOUy pacCMaTPUBATh SPMUTOBbBI MATPHIIbL; HO TIOKa
TO, UTO 51 OyJ/ly TOBOPHTb, BEPHO U JUISi SPMUTOBbBIX MaTpPHIL). A B MeXaHHUECKHUX
MPUJIOXKEHHUSIX 3TO CBSI3aHO C YACTOTOH KoJieOaHUH CUCTEM THIA MasiTHUKA WJIH
yero-to noao6Horo. [Tostomy 3axaun o Tom, 4TO MPOU3OH/ET, KOrjaa Mbl jBe
cUCTeMbl Kak Obl HAKJaJblBaeM OJIHY Ha JPYTylo, U KaK MPH 3TOM M3MEHSITCS
COOCTBEHHbIE YACTOThI, JABHO HHTEPECOBAJIH JIIOJIEH.

Ternepb s1 Xouy OoT OfHON MaTpuubl MepedTr K ABYM. [lorycTHM, 4To y Hac
ecThb JiBe MaTpuibl A U B, U Mbl 3HaeM CIEKTP OJHOMN (cv) U CHEKTp JAPyroi —
(). Uro MoxKHO cKasaTh NPO CHEKTP UX CYMMbI, KOTOPbIH s1 Gya1y 0003HauaTh
uepe3 y? EcTb JBe cuTyalyu, KOrjaa J10BOJILHO JIErKO OTBETHTb HA STOT BOMPOC.

[lepBasi cutyauust — 3o Korna A u B KommyTtHpyioT. B 3TOM ciyuae
y HUX ecThb 061mil cobeTBeHHbIl 6asuc. [ToaTomy cob6cTBeHHble 3HAUEHHUST 11151
OJIMHAKOBbIX COOCTBEHHbIX BEKTOPOB cKJjajibiBatoTcs. HuoTKyna He cienyer,
uto a(l) u F(1) oTHOCATCS K OJITHOMY U TOMY 2Ke COOCTBEHHOMY BeKTOpy. Mbl
JIOJ2KHBI B35ITh TOUKY «v, @ UTO Kacaercsl (3, TO Mbl JIOJKHbI KAK-TO 11€pecTaBUTh
9TH 3HAUEHHSI:

V(@) =a(o(®)+ (D), o, TeSym(n).

Bropo#i ciyuail, KOTOpPbIA BXOJUT TMOUTH BO BCE YUeOHHKH — 3TO TO, UTO
Ha3bIBAETCST TEOPHUsT BO3MYLIEHHE. DTO TOT C/Iyuai, KOrja npenoaaraercs, 4o,
cKaykeM, mMatpuia B masa o cpaBHenuto ¢ A. Hano GoJsiee TouHO TOBOPHTD,
YTO 3HAUMT MaJjia, MOTOMY YTO MaJia OHa He 10 cpaBHeHHI0 ¢ A, KOHEUHO, a Mo
CPaBHEHHIO C pa3JjiMuMeM MeXKiy CIIEKTPOM: MOXKHO CKasaTb, UTO MaJia, eCcsii
B(1) — B(n) < ali) —ali + 1) nna moboro i =1, ..., n— 1; npeanonaraercs,
yTO CreKTp MatpHilbl A npoctoii. B 3ToM ciyuae ecth dopmysa, Kak OyaeT
BBINJISIIET CreKTp cyMMbl. COOCTBEHHbIE 3HAUEHHE B 3TOM CJlyuae He CKJIajbi-
Batotcsi. TaM BOZHHKAIOT JIOBOJILHO CJIOXKHBIE (hopMyJibl. M1 0ObIUHO cunTaetcs,
yTo ecTb MaJiblii napamerp e. [lycTb B noka He oueHb MaJjiasi, HO KOTJia Mbl
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YMHOKaeM Ha €, JiejlaeM MaTpuly Masoi. M Torna packsaabiBatoT B psia 1o &,
Kak Oy/lyT MeHSITbCSl COOCTBEHHbIE BEeKTOPbI. [ToTOMy uTO, KOT/1a MbI IpUGaBUM
K MaTpulle A Kakoe-To HeOOJIblIOe BO3MYIIeHHEe, COOCTBEHHbIE BEKTOPbI TOXKE
HEMHOKKO H3MEHSATCS, UyTh-UyTh MOBEPHYTCS, U TEOPHS BO3MYILIEHHS TOBOPHT,
Ha CKOJIbKO WJIM B KAKOM HarpaBJieHHH MOBEPHYTCS 3TH COOCTBEHHbIE BEKTOPbI
M Ha CKOJIbKO U3MeHSITCSl COOCTBEHHbIE 3HAUEHHSI.

Do 51 mpocto ynomsiHyJ. B jnanbHeitiiem g 6yay paccmaTpuBaTh 0OLIWE
cJayvan.

Best TpysHOCTD B 3TO# 3aaue COCTOUT B TOM, UTO COOCTBEHHbBIH Ga3uc s
Matpulbl A ¥ Ui MaTpullbl B TopuaT B Pa3HbIX HarpaBJeHHsiX, H MO3TOMY
JIOBOJILHO CJIOXKHO MPEJICTaBUTh, UTO TPOM30UIET ¢ COOCTBEHHBIMM 3HAUEHH-
SIMM J11s1 CyMMbl. MOKHO 1ocTaBuTh M 6oJiee 0OLIMI BOTIPOC: KaK U3MeHsITCS
coOCTBeHHbIE BeKTOPbI. HO 3T0 y>Ke oueHb CJI0XKHBIH BOMPOC: HEMOHSATHO J1axkKe,
Kak (popMyJIMpOBaTh OTBET.

Hecwmotpsi Ha TO, UTO OTBET O TOM, KaK OYJET BBINJISIIETb CHEKTP CYMMB,
JIOBOJILHO CJIOXKHBIH, OJIHO COOTHOILIEHHE TTOUTH OUeBUIHO. A UMEHHO, eCJIH Mbl
BO3bMEM U CJIOXKMM Bce umcsia (i) — 3To OyleT cymMMa Bcex unces ai) U Bcex
uncen G0 y(I)+...+v(n)=a(l)+...+a(r)+ (1) +...4+ F(n). Ob6bsc-
HeHHe 9TOMY, KOHEUHO, OUeHb MPOCTOe: CyMMa BCeX COOCTBEHHbIX 3HAUEHHH —
3TO TO 2Ke CaMoe, UTO CJieJl MATPHILIbl. A CJleJl CyMMbI paBHSIETCS CyMMe CJIEJI0B,
MOTOMY UTO OOBIUHO CJle/l ONPENesIsSIOT KaK CyMMy JMaroHajbHbIX 3JeMEeHTOB,
¥ KOHEUHO, JMaroHajsu ckjaapiBaioTes. [103ToMy 0JHO Takoe COOTHOILIEHHE
€CThb, U MPO HEro Hy»KHO MOMHHTb.

Tyt cpasy ke cTOUT cKasdaTb, UTO €C/ii Mbl GyjieM NpUOaB/SATh K MaTpulle A
WM B eIMHUUHYI0 MaTpULLy (/M [axKe CKaJsIpHYI0 MaTpHlly), U COOTBETCTBEH-
HO OyzieT MeHsiTbesi M C, TO 3aj1aua MeHsIeTCst I0BOJbHO NpocTo. Ecsn Mbl npu-
OaBJ/sieM eJIMHUUHYIO MATPHUILY, Bce () yBeJMUHBAIOTCS HA €IHHHUILY. DTO YaCT-
HBIH CJTydait TOro, 4TO sl TOBOPHJI TIPO KOMMYTHPYIOIIHE MATPHIIbl — eIMHHUHAS
MaTpuiia (MM KpaTHast eIMHUYHON) KOMMYTHPYeT ¢ 000k MaTpuiieit. [TosTomy
cutyalus ¢ npubaBseHHeM eIMHHYHON MaTpULbl JIETKO KOHTpoJupyeTes. S He
6yny 0COOEHHO Ha 3TO HamMpaTb, HO MOXKHO, TOJIb3YSICh 3TUM, CUHTATh, UTO
cJefbl Bcex MaTpuil paBHbl 0. DTo HUUero B 3ajaaue He MeHsieT. Ecau Mbl Tak
c/lelaeM, Mbl MOYKEM OTPAaHHUMTHLCS MATPULIAMH C HYJIEBBIM CJIEIOM.

[TomrMO Takoro JIMHEHHOTO COOTHOLLIEHHSI €CTh €lle OJHO MPOCTOe COOT-
HollleHne Tura HepaBeHcTBa. A umenHo: (1) <a(l)+ 5(1). IHasatite Gynem
cuutatb, uto A, B u C, cKaxeM, MOJOXKHUTEJbHO ONpeJe/eHHble (BpeMeHHO
npubaBUB MaTpully, KpaTHylo equHuuHoi matpuue). Torna (1) (Makcumasnb-
HbIH K03(hPULIMEHT) MOKa3bIBAET, HACKOJIBLKO y HAC BEKTOP YBEJIUUMBAET JIIHHY.
Mul GepeM Kakoil-HUOY/Ib BEKTOP, JI€HCTBYeM Ha Hero MaTpuiled A — oH Kak-
TO U3MeHsieTcsl. Mbl 1azke NpUMepHO 3HaeM, UTO MPOUCXOHUT, MOTOMY UTO Y HAC
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eCTb cOGCTBEHHBIN OpTOHOPMUpPOBaHHbIN 6asuc. [1o onpenenenuio a(l) — sro
BO CKOJIbKO pa3 3TOT BEKTOP yBeJMUHBAeTCsl B 9TOM HamnpasJeHud. OH yBe-
JIMUMBAETCS ellle BO BTOPOM HarpaBJjeHHH, HO yxKe MeHblie. Takum oGpasom
nepBoe, cTapliee, COOCTBEHHOE 3HAUEHHE TOBOPHUT, HACKOJILKO YBEJHUMBACTCS
BekTop. [loka uTo B 0JHOM HampaBJ/ieHHH, HO JOBOJBHO §ICHO, UTO, TaK Kak
B OCTaJ/IbHbIX HAMPABJEHHSIX OH YBEJHUMBAETCS MeHbllle, TO U JIIOOOH BEKTOP
OyJleT yBeJIMUnBaThLCS He OoJblile, ueM B (1) pas. Ero aymHa nocsie npumene-
HUsI orepatopa yBejuuuBaercs He OoJiee, ueM B «(l) pas. Ecau Mbl Tenepb
XOTHM TOCMOTPETh, UTO MPOM30MJET, KOrJAa Mbl MojeicTByeM martpuuei C,
TO y Hac 3TOT BeKTOp (ero JuiMHa) noj jeicTBHeM oneparopa A yBeJaHuuTCS
camoe OodJiblliee B «(l) pas, nmox neiicTBueM orepatopa B oHa yBesJHUHTCH
B 3(1) pas. 3Hauut, CyMMapHoO JJIMHA 0 HEPABEHCTBY TPEYTrOJbHUKA HE MOXKET
yBesMuuThest Godbliie, yeM B «(1) + G(1) pas. Tak nosyyaem 310 TpUBHAJILHOE
COOTHOILIEHHE.

BuaHo, uto cooOpaxkeHue ¢ yBeJHueHHeM JIMH Xopoulee. Pa3BuBast 1o
coobpaxenue, [ Beib B 1912 1. nokazan 0600611eHHe 3TOr0 HEPABEHCTRA, KO-
TOpOE BBINJISIUT TakuM o6paszom: v(R) < a(i) + ((j), ecim k+1=i+j. U ne
TOJIbKO TAKOE COOTHOLLIEHHE, HO elle LEJbIH PsiJl COOTHOLIEHHH HAa COOCTBEHHbIE
3HaueHus. Takue HepaBeHCTBa s Oyjy Ha3blBaTb HepaBeHCTBaMU Belsi.

Hano ckasatb, uto ecin =2, To cooTHOLIeHUs! Beilnst akTHuecku nator
OTBET Ha 3Ty 3a1auy. To ecTb 7y yAOBJETBOPSIET TAKHM COOTHOLLIEHUSIM H, Ha-
000pOT, ecJIM Y HaC 3a/laHa KaKasi-To TPOHKa umMceJ, KOTopble CBA3aHbl TAKHMH
COOTHOILIEHUSIMH, TO CYLIECTBYIOT U MAaTPHILbl, KOTOPble UMEIOT TaKOH CIEeKTp.
Mozker ObITh, CTOUT Ha cJlydae f1 =2 OCTAHOBUTHCSI UyTh MOJPOOHEE, MOTOMY
YTO OH B MMHMATIOpPE TMOKA3bIBAET, KaK YCTPOEHO /€70 M B 0OLIeM cJyuae.

[Tyctb A —matpuia 2 x 2. Kak s y2ke roBopuJI, MO?KHO CUHTaTh 6€3 0c060-
ro yuiep6a, uto cJjef 3toil Marpuibl paBen 0. Torna sta marpuia OynetT HMeTb
TaKkoi npoctoit Bux: A = (5, f;). OHa, KaK BHHO, TIOJIHOCTBIO OMpeJessieTcst
CBOEH MepBOH CTPOUKOH, MO3TOMY B KAKOM-TO CMbICJIE MOXKHO TOBOPUTb He
MO MaTPHLIbI, @ MPOCTO NPo BeKTopbl. I1ycTh (a, a’) € R? — Kakoii-To BEKTOp
Ha MJOCKOCTH, U Mbl y2Ke MOKeM BHJIETb HaIJIsAAHO, UTO NpoucxoauT. MaTtpuua
B — Toxe Kakoi-To BeKkTOp; a C, COOTBETCTBEHHO, — CYMMa 3THX BEKTOPOB,
MOTOMY UTO TaM BCE CKJIAJbIBAETCS.

Tenepb naBaiiTe MocMOTpPUM, KaK YCTPOEH CHEKTp Takoi maTpuiibl. Jljs
3TOTO HAJI0 HAMKCaTh XapakTepucTHyeckoe ypaBHeHue. Tak Kak caen paseH 0,
TO ujieHa npu A He OyzieT, a OyIeT CTOATb TOJbKO OMpeieNUTeb MaTpHlbl A.
W xapakrteprcTHuecKkoe ypaBHeHHe uMeeT Takoil Bua: A2 +det A =0. A onpe-
JleIuTeb MaTpHlibl 2 Ha 2 nocunTath Hecs0xkHo. OH paBen det A = —a® — a'?.
Takum o6pasom Aj9=+va?+a’?. A urto Takoe KOpeHb KBajpaTHbIH W3
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cymMMbl KBajapaToB? Matpuily A st mpeacTtaBsiio B Bujae Bekropa (a, a’); co6-
CTBEHHbIE 3HAYEHHUST 3TOH MAaTPHLbl — 3TO JUIMHA STOTO BEKTOPA MU MUHYC JUIMHA.
MuHycoM, MO MOHSITHBIM COOOpaXKeHHsIM, Mbl He OCOOEHHO HHTepecyemcsl.

Tenepb Mbl GepeM aHAJOTHUHBIH BEKTOP JJIst MaTpHllbl B; ero JjnHa — 310
B(1). U cnpaumBaercst: kakoBa GyJleT JyIMHA CYMMbl BEKTOPOB.

UeMmy paBHsieTCsl, cKa3aTh HeJb3sl, HO Mbl MOXKEM JIETKO TMOHSATb, KaKhe
3HAUeHHs] MOXKeT MPUHUMATh JIIMHA 3TOro Bekropa. Dyjgem cuutath, uto A
JyinHHee, uem B. IlpoBeieM okpyKHoCTh paauyca (3(1) ¢ ueHTpom Ha pac-
crostuuu (1) oT Hauvana koopauHaT. BceBo3dmoxkHble paccTosiHUSI OT Havasa
KOOPJMHAT JI0 TOYEK 3ITOH OKPYKHOCTH TOAATCS B KauecTBe OTBeTa. SICHO,
yto jyimHa C, ecjiM y HAc M3BeCTHbl AIHHBI A M B, 3aj1aercsi HepaBeHCTBOM
TPeyroJibHUKa: OHa He MOYKeT ObiThb OoJiblie, ueM cymma JuiiH A u B, He
MO2KeT ObITb MeHblIIE, UeM HX Pa3HOCTh. DaKTHUECKH 3TO B TOYHOCTH TOT OTBET,
KOTOPbII JaeTcsl HepaBeHCTBOM Beiisi.

$1 xoTes1 To/IBKO 0GPATUTh BHUMaHHE HA TO, UTO BCEBO3MOXKHbIE 3HAUEHHUSI
st y(1) 3anoansitor orpesok ot «a(l)+ B(1) no a(l) —B(1). 11 Bropoe 06-
CTOSITE/ILCTBO, KOTOPOE TOKE BUAHO HA 3TOM UPE3BbIYANHO MPOCTOM MPUMeEpeE,
COCTOMUT B TOM, UTO KpakHHe 3HaueHus (Makcumym ~y(l) u munumym (1))
JIOCTHTaloTCsl B TexX cJjydasix, korma A u B npornopuroHasbHbl. JTo 06CTO-
SIT€JIbCTBO HMEET MECTO He TOJIbKO B 3TOM YaCTHOM CJyuae; MpH MPaBUJIbHON
(hopMyJIHpPOBKE OHO BepHO B 00lleM cjaydae. S npo 3To ele uyTh noapodHee
CKaxy.

ITOT NpUMep HABOJAMT HA MbICJIb, YTO MHOKECTBO BO3MOKHbIX 3HAUEHHH 7,
BO-TIEPBBIX, SIBJISIETCS BBIMYKJIbIM MHOTOIPAHHUKOM (B JAHHOM CJlyuae — OTpe3-
KOM); U BO-BTOPbIX, TPaHHUHbI€ 3HAUEHHSI ITOTO MHOTOTPAHHUKA COOTBETCTBY-
0T KAKOMY-TO ClellHalbHOMY COOTHOLIeHHI0 Mexxay Matpuuamu A u B. [Torom
51 PO 3TO cKaxky. MoxKHO M cefiuac ckasaTb, uto A W B Haxousitcsi B Bbl-
JIeJIEHHOM TOJIOJKEHHH, €CJIH y HUX €CTb HeTpHBHaJbHOe obllee coOCTBEHHOE
NoAnpocTpaHcTBO. B uacTHoM ciyuae, rie Bee fesaeTcst BpyuHylo, s 00pucoBal
CUTyalllIo U yMalo, UTo B cJyuae 71 =2 BCe MpeebHO SICHO.

[TocJsie Toro kak Befisib ycTaHoBH/ CBOe HepaBeHCTBO, OblIO HEKOTOPOE 3a-
THIIbE, a CJelylollas BCnbllika HHTepeca Oblia rae-to Mexy 1949 u 1962 r.,
1 ona 3arponysa Mocksy. A umenno, M. M. Tenbdann sanntepecosascst stoi
3ajiaueil, Kak MOXKHO MPOYNTATh y 3€JE€BUHCKOTO. 3eJeBUHCKHH FOBOPHT, UTO
[enbhana nepBbIM MocTaBus 3aj1ady 00 ONMMCAHWM MHOXKECTBA BCeX 3HAUEHHH
7, KOTOpble BO3MOXKHbI B 3TO 3a1aue. Panbliie Hapoj 6oJblie HHTepecoBaJcs
3aJayaMu TaKoro THIA: KAKUM MOKeT ObITh, CKayKeM, BTOpPoe COOCTBEHHOE 3HA-
ueHue y(2), K UTO MOXKHO CKAa3aTb MPO TPEThe — KaKHe eCThb OrpaHUueHHsT Ha
KOHKpeTHble cOGCTBEHHbIE Uhc/a. [esbgani nepBbiM MocTaBus 3aaauy Gosee
MPaBUIILHO: KaK, BOOOLe, MHOXKECTBO BCEX 3THX 7y YCTPOEHO?
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Moxet ObITb, 3/1eCb Cpady CTOUT BBeCTH oOo3HaueHusi. MHOXKecTBO Ta-
KHX 7y, KOTOpble MOTYT BCTPETUTLCS B KAUeCTBE OTBETa B 3TOH 3ajaue, si Oyjy
o6o3HauaTh cumBosioM H(a, (), rie o U 3 — CHeKTpbl MaTPHIL, KOTOPble Mbl
paccmarpuBaeM. B 3aBUCHMOCTH OT TOro, Kak HX cOOCTBEHHbIE perepbl pac-
MOJI0ZKEHbI, MOXKET TOJIyuaTbCsl TOT WJIM HHOH OTBET /s 7. DTO MHOMKECTBO
BCEBO3MOKHBIX OTBETOB s1 Oyjly oOo3HauaTh H.

S1 yxke ynomunan lenncanna. Tyt Hajo ynomsinyTb v JIMaCcKoro, KOTophbii,
BUIMMO, 10 nopydenuto lenbdanna, neitancs GoJiee 3jeMEHTAPHO B3TJISIHYTh
Ha 3Ty 3aj1auy, U y Hero Obljla CPaBHUTENbHO KOPOTKast 3aMeTka B «Jloknanax»,
IJle TIOUTH HUYEro He JI0Ka3blBaJOCh, a (POPMYJHUPOBANUCH STH YTBEPAKIEHHS.
Eute nyxHo ynomsnyts Xopha. S ormerus 1962 r. motomy, 4to B 3TOM ro-
Jly BbIlLIA cTaTbsi XOpHA, B KOTOPOH OH BOCCTAHOBWJ 3TH He TMpHUBEJIEHHbIe
noKazatesberBa JIuackoro. A TyiaBHOe, UTO OH B 3TOH »Ke paboTe BbIUCaJ
TUITOTETHYECKH BCE YCJIOBHSI.

B nauiem npoctom npumepe Mbl BHJEJNH, UTO H — 3TO MHOTOTpaHHUK.
XopH, BUAMMO, UyBCTBOBAJ, YTO U B 0OL1EM CcJ/yuyae 3T0 OyaeT MHOTOTpaHHHUK.
A pas 3To MHOTOTPaHHHUK, OH 3aJ1aeTCsi KAKUMU-TO JIMHEHHBIMH HEPABEHCTBAMH.
M 3anaua cocrosizia B TOM, 4TOObI 3TH HEPABEHCTBA SIBHO BBIUCATh.

Ecnu Mbl paccmaTpuBaeM JByMepHbIH CJyuadl, TO 3TO TOJYIJIOCKOCTB;
B 00llleM CJlyyae y HAC eCThb HECKOJIbKO HepaBeHCTB. XOTesloch Obl CKa3aTh,
UTO 3TO KOHYC, Kamepa Befsis. Bce 3T0 1eHCTBUTENbHO CTAHOBUTCS Kamepoi
Befinis, ecain Mbl HaJIOXKUM €llle YCJOBHE HYJIEBOTO CJIe[a; TOT/Ia Mbl MOJYUHM
JIEHCTBUTE/IBHO HAcTOsILLyI0 Kamepy. TyT ecTb JIMLIHSAS Pa3MepHOCTb, KOTopast
He HY»>KHa, TaK UTO MPaBUJIbHO pacCMaTpPUBATb MATPHULBI C HYJEBLIM CJEIOM.
[Toka st MeHs1 9TO He OYeHb BaXKHO.

Ecnn ¢ukcupoBanbl v v (3, To y Hac mosiBjsieTcsi MHOXKecTBO H(av, [3)
BO3MOKHBIX 3HaueHHWH aas y. $1 paccmaTpuBaio 3agady o TOM, KaK ycTpoe-
HO 3TO MHOXKECTBO, YTO MPO HEr0 MOXKHO CKa3aThb. XOPH JOTaJbIBAJICS, 4TO
370 OyjleT MHOTOTPaHHHK, W MbITAJCS HaAmMucaTb, WJH yrajaTb Te JHHEHHble
HepaBeHCTBa, KoTopble ero 3agaiT. OH jaj CHMCOK HEPaBEHCTB, KOTOpbIE
JIOJDKHBL JIaBaTh 3TOT MHOTOTPAaHHMK. $1 MX BbIMHUCBIBATH He OY/y, a TOJbKO
XOuy MOJUYepKHyThb, uTo oHW uUMeloT BuA Y(K) <a(l)+06(/), tne [, J n K —
3TO Kakue-To nojamuoxectsa {1, ..., n}, npuuem |/|=|/|=|K|; a a(l) — 310
npocro cymma y . «(i). Cayuait Beiliss — 3T0 TOT cjyuaid, rjie 3TH MHOXKeCTBa

iel
[, J, K cocTOosiIT U3 OJHOTO 3JIeMEeHTa; HO, BOOOIlle TOBOPS, OHU COCTOSIT U3
HECKOJIbKUX 3J1eMeHTOB. B runorese XopHa coep:KUTCSI, YTO MOLIHOCTH 3THX
TPeX MHOXKECTB OJIHH U Te Ke. TOUHO Tak ke, KaK W paHblile, IJe Mbl OpaJju 1o
enununuke. Koneuno, /, J u K ne npousBosibHbl. M XopH npeoxus HeKoTopyto
PEKYPCHUBHYIO MPOLIEYPY, KaK 3TH PaBHOMOLIHbIE TPOHUKH CTPOUTD.
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S He Xxouy 0OBSICHSIT, KaK YCTPOEHA 3Ta PeKypCHBHas Polleaypa, oToMy
UTO Y MeH$I TaKoe BreyaTyieHHe, UTO MMEHHO OHa Oblla KAKHM-TO MPENsITCTBUEM
JUIsl JI0KasaTe/bCTBa — OHA HEMHOXKKO 3anyTbiBasia aeso. KM MoxkeT ObITb,
MUMEHHO T03TOMY HH XOpHY, HH JIMJICKOMY He y/1aJl0Ch JI0Ka3aTh 3Ty THIOTE3Y.
51 B cBOGM 0KJ1a/e X0Uy cKasaTb, UTO, B IPUHLMIIE, T€X CPEICTB, TOH TeXHHUKH,
KOTOpOH 00J1a/1a/i 9TH JII0M (Hal0 CKa3aTb, UTO, KOHEUHO, OHM 3HAUMTENLHO
[PEBOCXOJUJN T€ BO3MOXKHOCTH, KOTOPbIMH §l, CKaxKeM, 00Jajato; T. €. OHH
JIOBOJIbHO BUPTYO3HO BJIaJIeJI BCEH 3TOH TEXHUKOH), ObLIO JOCTATOUHO JJIs J10-
KasaresbcTBa. MHe KaxKeTcest, 4To OHH CMOTJIH Obl JI0KA3aThb 3Ty THIOTE3Y, €CJIH
Obl y HUX Obl1a GoJsiee npaBuybHas GopMyaupoBka. OueHb cJl0XKHO paboTaTh
C TAKHUMM PEKYPCHBHO OMpejiensieMbIMH MHOxKecTBaMu. K GoJiee nmpaBu/ibHOM
(hopMyJIMPOBKE 1 MOCTENEHHO U Mepeiy.

HyxHo Tenepb ckazaTb 10 MOBOJLY 3TOH GoJiee PaBUILHON (DOPMYJTHPOB-
ku. Hapon, koTopblil 3aHuMasicst 3TOH 3ajaueli, MOCTENEHHO MOHSAJ, UTO YCJI0-
BUsl XOpHA MHTEPIPETUPYIOTCS B TepMUHax nepeceuennst uukiaos LllyGepra, u
cMOr ObICTPO [0Ka3aTh, UTO, AEHCTBUTEJbHO, BCE TaKHe HepaBEHCTBA BbINOJ-
HSIIOTCSI, T. €. MHOXKECTBO H JIEXKUT B MHOTOTPAHHHUKE, KOTOPBIN 3a71aeTCsl STUMU
HepaBeHcTBaMH. boJjiee TpynHas sajaua cocrosisia B TOM, YTOObI IOCTPOUTb ITY
matpully C. Tounee, He SIBHO ee MOCTPOUTh, HO 1I0Ka3aTh, UTO €CJIM Mbl BO3bMEM
JI0OYI0 TOUKY 7y, KOTOpasl YIOBJIETBOPSIET 3THUM HEPAaBEHCTBAM (T. €. JIeXKHUT
B MHOTOrpaHHHMKe, KOTOPBIH 3a7aH 3THMH HepaBeHCTBAMH), TO MOXKHO TakK
nono6path A U B, uTo ux cymma OyjieT UMeTh crekTp . Kak s yxke roBopui,
3ajauy B obpaTHyto, OoJiee TPYIHYIO Ha MOH B3IVIsiL CTOPOHY peluu Kisiuko.
[Torom Hapojx HEMHOXKKO 3aHMMaJICSl OCMBIC/IEHHEM ero pesysbrata. ¥ mHe
KayKeTCsl, BaXKHYIO POJib TYT Chirpajl 3eJIeBUHCKHE, KOTOPbIH Ha KaKoH-TO
KOH(hepeHIIMH paccKasbiBaJl po 3Ty 3ajiauy U, B YaCTHOCTH, TPUBJIEK BHUMaHHe
K TaK Ha3blBaeMblM NarrepHam bepeniurtefina—3e1eBUHHCKOr0, MPO KOTOPbIE
51 TOXKe TOBOPUTh He Oyay. M yxkKe 3TH marTepHbl Kak-To nojsurau KuyrcoHa
1 Tao — rnaBHbBIX ynpolareseil 3Toil cuTyalud K XoHHKoMOHO# (honeycombe)
Mozesd. UTo Takoe XOHUKOMO, 51 TOXKe paccKasblBaTb He X04y, HO 3TO YTO-TO
BpOJIe TOTO, YTO HAYT 3 MydyKa MNPSIMbIX 10 TPEeM HarpaBJeHHUsIM, U IOTOM 3TH
npsiMble cTajKuBatoTcsl. S mpo 3To pacckasbiBaTh He Oyiy, MOTOMY 4To Oyay
FOBOPUTH KakK Obl Ha IBOMCTBEHHOM sI3bIKE.

Korna mbl ¢ [yieGom yBHIeNH TaKylo KapTHHKY, Mbl C HHM 3aHUMaJiMCh
JIUCKPETHON BBIMYKJAOCTbI0. DTO 3ajiaya, OTHOCSILASICS K JUCKPETHOH Mare-
MaTHKe, K LeJOUYHC/EeHHOH maTteMaThke. B mnpocrteiiliemM cJjydyae, a HMEHHO,
B JIByMEPHOM, T€ KAPTHHKH WJIK Te 00pa3bl, KOTOpbIE y HAC BO3HUKAJH, UMEJH
KakK pa3 npumepHo Takod Bui. Korma Mbl yBHaEIH 3Ty KapTHHKY, Mbl Cpasy
MOHSIJIH, UTO 3/IeCh MaxXHEeT KaK-TO JUCKPETHOH BBIMYKJOCTbIO, H MPEANPHUHSIN
YCHJIHS1, 4TOOBI MOHSITh, KaK OJIHO C JPYTHUM CB$I3aHO.
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Tenepnb 51 ckaxKy HEMHOKKO PO AMCKPETHYIO BBIMYKJIOCTb U (POPMYJTHUPOBKY
B 3THX TepPMMHAX OTBeTa Ha 3ajauy XopHa. [Ipo XoHMKOMObI He XOTesoCh
Obl TOBOPHUTb, MOTOMY UYTO XOHHKOMOBI He Mbl MPUAyMaJH, a K JIUCKPETHOH
BBIMYKJIOCTH BCE-TAKH Mbl PYKH MPUJIOKHJIH.

Hexoropoe Bpemsi s1 Oyly BBOAUTb MOHSATHS, CBSI3aHHbIE C JIMCKPETHOH
BBIMYKJIOCTbIO, HO B MHHUMYM€, KOTOPbIH Hy»KE€H HUMEHHO il (POPMYJIHMPOBKH
HOBOro OTBeTa Ha 3Ty 3azauy. Ilis 3TOro mMbl CHOBa 3a1aauMCsl HEKOTOPbIM
UMCJIOM 71 (Mbl 3HAaeM, UTO TO — PAHT MATPHLIbI).

PaccmoTpum To, uTO s HasblBal0 «TPEYroJibHbIH
rpua» (grid uaM, mpocTo, pelleTka; HO TaK Kak CJo-
BO «pellleTKa» JIOBOJbHO CHJIbHO H306HMTO, TO Jyullle
HasbIBaTh TpujaoM). $1 paccmoTpio MHOXKecTBO A(n) =
={(i, j) €Z%: 0< j <i<n} uenbix Touek, T. e. map le-
JbiX uuced (i, j). Mtak, paccMOTpUM Liesible TOUKH, KO-
TOpbIE YIOBJETBOPSIOT TAKUM OTPaHUUEHHSIM. DTO OyIyT

LeJsible TOYKH B TpeyroJbHuke. Ha puc. 1 s1 u3o6pasus Puc. 1. Tpui A(6)
rpus A(6). PrucyHok Hy»KHO ellle JOMOJHUTh MPSIMbIMH
{i—j=1, i—j=2, ...}. Takum 06pa3om, Mbl HMeeM TPEYroJbHHK, KOTOPbIK

pasouT Ha MaJibie TpeyroJibHUKH. (ITpaBu/ibHee, KOHEUHO, 3TOT IPUJL PUCOBATH B
reKcaroHaJlbHOM BHJIE, HO JlaBailTe HAPUCYeM TakK; 9TO COBEpPIIEHHO He BayKHO,
KakK OH TaM pacrioJjioyKeH, MOXKHO ero adduHHO MpeoOpasoBbIBaTh, OT 3TOrO
Huuero He Mmensiercs.) Uepes A(n), 51 yxKe ckasas, s 0003HaUAI0 MHOXKECTBO
LeJIbIX TOUEK TPeyroJibHUKa, HO HHOrJa si Oyay TOBOPHUTH MPO 3TO Kak Ipo
TPEYroJibHUK, TOr1a OY/IeT HMEThCS B BUJLY, UTO 3TO — HACTOSILIUH TPEYroJIbHHUK,
a He TOJIbKO KOHEUHOEe MHOKECTBO.

MeHnsi OyayT HHTepecoBaTh (DYHKIIMH, KOTOPbIE 3a/aHbl Ha 3TOM IpHje, Ha
9TOM KoHeuHoM HaOope Touek: [: A(n) — R. Ho He Bce dyHKIMH, a PyHKIIHH,
KOTOpbIe 51 GYjly Ha3bIBaTh JMCKPETHO BOTHYTHIMU. UTO 3T0 03HauaeT? Mmeercsi
B Buay BOT urto. HaszoBem pomMGOM B 3TOM rpHje JiBa MaJbiX TPeyroJbHUKa
{a, b, ¢} u {b, ¢, d}, KoTopble conpuKacaroTcs JApyr ¢ Apyrom mno pebpy {b, c}.
YesioBre IMCKPETHOH BOTHYTOCTH 3anuchiBaetes Tak: f(b) + f(c) = f(a) + f(d).
OHO 03HAuaeT, 4To €CJIM Mbl BO3bMEM CYMMY UYHCEJ, CTOSIIIMX Ha OJHOW JHa-
rOHaJIM, TO OHA JIO/DKHA ObITh GoJibllle MM PaBHA, YyeM CyMMa YHCeJ, pas-
JIeJIEHHBIX JIPYroil JuHaroHajibio. K1 BOT ecjii 3TO HepaBeHCTBO BbIMOJHEHO
JUIsi BCeX POMOHKOB, KOTOpPbIE€ 3J71eCh MOXKHO cebe TpeaCcTaBUTh, TO TaKylo
(YHKLHIO 51 Ha3bIBaKD JUCKPETHO BOTHYTOH. JIHCKPETHO — MOHSTHO, MOueMy:
MOTOMY UTO OHa 3aJlaHa Ha JIMCKPETHOM MHOKECTBE, B II&JIbIX TOUKaxX. A mouemy
BorHytasi? Bot no kakoii npuunHe. Bo3bMem MajieHbKHH TPeYroJibHUK, B TPex
€ro BeplIMHAX 3ajlaHbl 3HaueHHs 3TOH (PYHKIMH; €CTECTBEHHO ee Ha 3TOT
TPEYroJIbHUK MPOUHTEPIIOJINPOBATh JIHHEHHBIM 00pa3oM (KakuM elile JPyruMm
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Croco60M MOXKHO (DYHKIIMIO Ha TPeyroJbHUKe HapuCOBaTh, €CJIM U3BECTHbI ee
3HaueHHsl B 3 BepLIMHAX?); U TOJA TO YCJIOBHE 03HAUAeT, 4TO y 3TOH (hyHKLMH
(y»Ke MPOUHTEPIIONIMPOBAHHOM, T. €. Mbl BMeCTO [ paccMaTpuBaeM [) HaJ 3TUM
pOMOMKOM ecThb M3J10M BHU3. Tak Kak oHa BJ10JIb Kax10ro pebpa (BHyTpeHHETO,
KOHEUHO, U1 TPAaHHUHBIX y Hee HUKAKUX YCJIOBHUH HET) JIoMaeTcsl BHU3, TO OHa
¥ BBITJISIIAT TaKUM BOT BOTHYTbIM 00OpPa3oM; T. €. OHa HArMOMHHAET (PYHKIHIO
y = —x? (a, npaBja, HapucoBaa 1-MepHyio). Ecain Mbl Haliy (yHKIMIO [ Kak
Obl €CTECTBEHHO MPOJOIKAM MO JIMHEHHOCTH, TO 3TO MOJYUYUTCS BOTHyTas
GbyHKIHS. DTUM 0OBSICHSIETCS TEPMHH «BOTHYTast». UTO MOXKHO CKazaTb PO
Takue QyHKIUN?

[lepBo-HamepBo MOXHO TOCMOTPETh, KaK yCTpoeHa 3Ta (yHKUHMS Ha
HH2KHEM OCHOBAHHWM TpeyrosibHMKa. PaccMoTpum mpupallienue, ckaxkeMm, Ha
orpeske ((i, 0), ({41, 0)), U cpaBHMM ero c TpHUpalleHUeM Ha OTpe3Ke
((i+1,1), (i+2,1)). B cuny HepaBeHCTBa, KOTOPOe 51 HANMcaJl, MpUpallleHHe
Ha ((i + 1, 1), (i +2, 1)) Oyner menblie, uem npupatienue Ha ((Z, 0), (i + 1, 0));
a ecJIi Mbl Terepb pacCMOTPUM NpHupalierue 3jeck Ha ((i + 1, 0), (i + 2, 0)), To
oHo OyzieT MeHblue, ueMm Ha ((i + 1, 1), (i +2, 1)); Takum o6paszom npupalieHue
Ha ((i + 1, 0), (i + 2, 0)) Oyner meHblie, uem npupatienue Ha ((i, 0), (i + 1, 0)).
UTo6bl 3TO Bee KYJBTYPHO OOPMUTh, AaBakTe JJisi Takod (yHKUMH [ depes
a(f) 6ynem o603HauaTh NMpuUpalleH|si Ha HUKHEM OCHOBaHWH:

a()=(J(1, 00 = 10, 0), /(2,00 = [(1,0), ..., [(n, 0) = f(n—1,0)) =
= (a(l), a(2), ..., a(n)).

3 Toro, uto st cefiuac 00bSICHU C MOMOILLIO HEXHTPOTO CPaBHEHHUST TTPH-
pallleHd# Ha 3THX Tpex oTpeskax, BUIHO, uTo «(l) > a(2)>... > a(n), 1. e.
3T0 OyJeT yObIBatolliast MoCJ/e10BaTe/IbHOCTb ukces. [IpupaiiieHre Ha HUXKHEM
OCHOBaHWM s Oymy o6o3HauaTbh uepe3 . AHAJOTMUHO MOYKHO TOCMOTPETH
npupaltlleHusi, Koraa Mbl OyJ1eM JIBUraThCsl TAKUMH €IHHUUYHBIMH OTpPE30UYKaMH
WM CTPeJIouKaMHu 110 MpaBoii cTopoHe. DTo si HazoBy (3. Hakower, si mory
paccMoOTpeTh MpHpallleHdsi Ha THIOTeHy3e, U TO, UTO OyIeT MPOUCXOMUTh Ha
rUIoTeHy3e, 0003Hauy uepes . Takum o6pa3om, Korjaa MMeeTcsi JIMCKPETHO
BOTHyTast (hyHKIIMsI, Y HAC BO3HHWKAIOT TpH Habopa uuces «, (3 U 7y, KOTOpPble
YIOPsIIOUeHbl 110 YObIBaHHIO. A 3TO y»Ke HABOJUT Ha MbIC/b MPO CIEKTPbI.

anee, naBaiite mocMoTpuM, ueMy OyjleT paBHa CyMMa BCEX (v — CJIOKHM
BCE v, IOTOM CJIOXKHM Bce (. DTo OyueT npupaiileHne Hauiel (YHKIHH BOT
Ha 3TOM TYTH; Hy W, KaK Jist 1060l (PyHKIMH, 3T0 GYIeT paBHO MpUpaLEHHIO
Ha Jilo6OM JIPYrom MyTH, B TOM UMCJIe Ha THIOTeHy3e, T. €. 3T0 OyJeT cymMMma
Bcex 7. M 3T0 cooTHollleHHe — 3TO B TOYHOCTH TO COOTHOLIEHHE, KOTOpPOe
51 BBIIMCBIBAJ JIJIst MAaTpHIL. Ecyin y1st MaTpuil 0HO ObIJIO, MOXKET ObITh, UYTOUKY
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HEeTPUBHAJIBLHO, TO ISl DYHKIMH 3TO abCcot0THO GaHalbHOe yTBep:KieHHe. Tem
He MeHee, TaKoe COBMNajieHne Wiu OJIM30CTb CBOMCTB, KOTOPLIMU 00./1a1a10T 3TH
«, 1 7y, HABOJIMT HA MbICJb, UTO BCE 3TO KAKOE-TO UMEET OTHOLIeHHe K TOH
3ajiaue, ¢ KOTOPOH s HAUMHAJL.

Uto6bl yCHJUTh 3TO BIeuaTJeHHe, PACCMOTPUM MPOCTEHIIUNA Cayual, KO-
ria n=2. MoxHO cuMTaTh, YTO B BeplIMHaX QyHKiMs paBHa 0, 3T0 cooT-
BETCTBYET TOMY, UTO Mbl CUMTaeM cJjejl paBHbIM HyJo; Toraa f(1, 0) =a(l),
[2, Y=7p(1), [(1, 1)=~(1); n ycloBHe JUCKPETHOH BOTHYTOCTH, €CJH €ro
NPUMEHHUTh, K KaXJIOMy M3 TpeX UMEIOUIMXCS MpH 7 =2 poMOUKOB, JACT, UTO
a(l)+6(1) =~(1), a(l)+~(1) = B(1), B(1) +~v(1) = a(l). D10 — B TOUHOCTH
ycJioBust XopHa, aaxe ycsaosusi Beiias. Takum o6pasoM, ciayuail n = 2 nokasbl-
BAeT, UTO JUCKPETHO BOTHYyTast (PyHKLHMS JaeT B TOYHOCTH TOT OTBET, KOTOPBIH
Mbl 3HAeM M IS MaTpHIL

ITO BCce MOABOJAUT K TOMY, UTO 3TH JIBE 3a/aul JIOJKHbI ObITb TECHO CBSI-
3aHHBIMH, M ceiuac 51 copmyanpyio otBeT. OTBET BBIVIIUT Tak: B 3ajaue
XopHa MOTYT BCTPETUTHCS T€ U TOJBKO Te 7y (CTMEKTPbl CyMM IMPH 3alaHHbIX «,
(), KoTopble ObIBAIOT MPH OTPaHUUEHHH HA THTOTEHY3y HEKOTOPOH JHMCKPETHO
BOTHYTOH (hYHKIMH, Y KOTOPOK 3HaUeHUsl MpUpallleHHH Ha KaTeTaX paBHbl o 1 [3.

BoJsiee akkypaTHo: BBejleM MHOxKecTBO ['(cv, (3) — MHO2KecTBO Bcex ([ ),
rie [ micKpeTHo BorHyThle U of) =, B(f) =[:

D(ev, B) ={y(]): | — mackperro Boruytas, o(f) = e, B(J) = 5}.

To, uto 51 paHee ckaszaj cjoBamH, sl Terepb Hamucas B Buae 3Hauka [', u oc-
HOBHOH pe3yJibTaT COCTOUT B ToM, uto H(«, B) =T(a, 3).

Teopewma. H(a, §)=T(c, §) — mMHOCOCpAHHUK.

dto Haua gpopmyJMpoBKa peliieHus 3ajaaun XopHa. Ho s 6bl He ckaszadt, uto
3TO CJMUIKOM YK 00JibllIoe H306peTeHne, MOTOMY UTO 3TO — HEMHOXKKO B Me-
pencaHHOM Bujie oTBeT, KoTopbiil y KHyrcona n Tao naercst B IBOMCTBEHHbIX
TEPMHHAX uepe3 XOHUKOMObI. A MOKeT ObIThb, B ellle 6oJiee 3aByaJlpOBaHHOM
BUe — yxKe y Kusiuko u Ipyrux Jiozed.

Beinucars I' — To2Ke, KOoHeuHO, HeKoTOpasi 3ajada. §1 ceiyac ckaxky npo
570. Ho npuHuMnuanbHas Belllb COCTOMT B TOM, UTO Yy Hac 37e€Cb HMEETCsl
paBeHCTBO. YTBep:KIaeTcsi, 4To MHOXKeCcTBO /1, B (DOpMyJIMPOBKE KOTOPOTO
YUacCTBYIOT KaKHe-TO CHMMeTPHUECKHe MaTpHLbl, KaKMe-TO HesUHelHble 00b-
€KTbl THMA CMEKTPOB, BbIpAXKAETCsl B TEPMHMHAX KAKMX-TO JIETCAJOBCKUX Be-
11lefi: HAPUCOBAJIM KaKylo-TO pelleTKy, paCCTaBUJ/IN KaKHe-TO Uuhc/ia, NPOBEPHJIH
KaKHe-TO HepaBeHCTBA, MOCMOTPEJIH, UTO MOKET TOJIyUMThCS Ha THIIOTEHY3E.

SI cchopmynupoBan teopemy. Tenepb s Xxouy nepeiTH K J0KA3aTesbLHOH
uactu. Hano ckazath, uTo MMeeTcs JBa MOJAXOJA K JIOKA3aTEJNbCTBY THIIOTE-
3bl XOopHa; ¥ 00a U3 HUX B BbICLIEH CTerneHH HeTpuBHabHbl. OIMH MOAXON,
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KoTopbIi Hallles1 Kysiuko, cBsizan ¢ Tem, 4To oH paboTtas ¢ aramu, I1edcTBO-
BaJ Ha HUX rpynnoi GL. 1 yxke roBopuJI, UTo y Kax10i CUMMETPHUECKOH MaT-
PULLbI [JIABHASI €€ YaCThb, B KOTOPOU CHIUT CIIEKTP — 3TO ee COOCTBEHHbIN HGa3uc.
A cob6cerBenHbli 6a3uc (0coO6eHHO, eCsiM (v YIOPsIoUeH0) — 3TO, (haKTHUECKH,
cdaar. Kssuko paccmaTpuBan JedcTBME Ha HHUX MOJHOHW JIMHEHHOH TIpPyMMbl
1 HepaBeHcTBa XOpHA OH MHTEPNPETHPOBAJ KaK YCJOBHUS CTAOHJIbHOCTH —
CcTabUJBHOCTH B CMbICJ/I€ TEOPUW HHBAPUAHTOB JIEHCTBHS STOU TPYMIbl HA 3TOM
mMHoroo6pasuu. M ectb ipyroii noixoj, KOTopblid onupaercs Ha TeOPHIO 0TOG-
paxKeHUs MOMEHTOB H CHMILJIEKTHUECKYIO pejyKuuio. M ToT, n apyroi noaxof,
KOHEUHO, KaK § y’Ke CKaszaJl, B BbICLICH CTelleHH HeTPUBHAJbHbI, H, UTOObI 3TO
pacckasbiBaTh, HAJI0 WK 3HAThb 3Ty TEOPHIO, WJH JIOBOJILHO JIOJITO H3Jaratb
OCHOBBI 3TOi Teopuu. Mbl npeyiaraeM Hekui 6oJiee 3JeMeHTapHbIA MOJXO/L.

Ecau nmocMoTpeTh Ha TO, UTO HYXKHO JIOKAa3blBaTb, TO SICHO, YTO MHOXKe-
ctBo I' ropasno GoJiee MOHSITHO W MpocTO ycTpoeHo. [Ipexxne Bcero sicHo,
YTO 3TO — MHOTOTPAHHHK, MOTOMY UTO JIMCKPETHO BOTHYTble (DYHKIIUH MOXKHO
CKJIa/IblBaTh: HEpPaBEHCTBA BOIHYTOCTH JIMHEHHbIE, U €CJH Mbl BO3bMEM JBE
(DYHKIIMH, YIOBJETBOPSIOUIME THM HEPABEHCTBAM, Mbl HX MOYKEM CJIOXKHTh.
[TosTomy sicHO, uTO MHOKecTBO I' BbinykJioe. Tak Kak 3jechb yyacTByeT Ko-
HEeYHOe YHCJI0 HEepPaBeHCTB, 5ICHO, uTo I' — MHororpanHuk. Ecau Mbl 10oKaxem
paBeHctBo H =1T', Mbl MoJiyuum, 4TO MHOXKeCTBO XopHa H — ToxkKe MHOro-
rpaHHUK. $1 Ha 3TO yXKe HameKaJ, HO B TeopeMe 3TO sIBHO (hOpMyJHpyeTcs.
M ytBepxieHne o ToMm, 4TO f1 — BBINMYKJbIH MHOTOIPAHHHK, KOHEUHO, (haKT
JIOBOJIbHO HeTpUBHa/bHbIH. B ciyuae n=2 g nokasblBaj, 1Moyemy 3TO Tak.

K coxxanenuio, 31ech NPUXOJUTCS aneyIMpoBaTh K TEOPUH OTOOpParKeHUs
MoMeHTOB. Cchlasich Ha BBICOKYIO HAyKy, 5§ COPMYJUPYIO BaXKHYIO JIEMMY.

Jlemma. 1) H(a, B) — soinykaolii MHO2O2PpAHHUK.

2) Ecau A+ B umeem npocmoii cnekmp v u v € 0H(c, 3), m. e. eparnuye
H(a, B), mo A u B umerom obujee cobcmsenroe noonpocmparcmaso.

Bropoe yTBep:KjieHHe JieMMbl TOBOPUT: MYCTb Yy HAac 7y — CHEKTP CYyMMbI
1Byx Matpuil A u B, Bce (i) pas/iuuHbl, M 3Ta TOUKA 7y JIEKHUT Ha TPaHHULLe
Halllero MHOTOTpaHHHKA (MepBasi yacThb YCJOBHSI — 3TO HoJiee-MeHee yCJoBHe
00LLero MoJiozKeHHsl, a BTOPOe yCJOBHE, UTO ¥ JIEXKHUT Ha MPaHULE HAallero MHO-
rorpaHHuKa — BaxkHo). Torya (s1 y»ke mpo 310 roBopus) A u B umeloT oblilee
coOCTBEHHOE MOJIIPOCTPAHCTBO, T. €. PACIOJNOKEHbl JOBOJNBHO ClelHaNbHbIM
00pa3oM OTHOCHTEJbHO JPYT JIpyra.

To, utro H — MHOrorpaHHHK, He BBIBOAUTCS U3 TOTO, UTO I' — MHOTOrpaHHHK;
9TO HY2KHO HE3aBUCHUMO. DTO [VIABHOE HevJieMeHTapHoe yTBepxKieHue. Uro H —
MHOTOTPAHHUK, HA/J0 3HATh 3apaHee. DTO J0KA3bIBAETCS C MOMOLIbIO TEOPHH
oroOpakeHUsi MOMeHTOB B pabore Kuyrcona. A BooGlie-To, 3TO Kakue-
TO obue (akTbl Mpo oToOpaKeHHe MOMEHTOB; eCJii OpOMTa OTHOCHTENbHO
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JIECTBUS HEKOTOpOH rpynmbl JIM oToOpakaeTcsi ¢ MOMOIIBIO CrelHaIbLHOTO
oToOpaxKeHHs] MOMEHTOB, TO 00pa3 SIBJSIETCS BbIMYKJIbIM MHOTOTPAHHUKOM.
Bbl Buaenn crnpaBeIMBOCTb 3TOr0 YTBEp:KJIEHUs B ciaydae n=2. ITO
YTBEpsKJIeHHE JIOKA3bIBAETCS] B TOM [MPEANOJIOXKEHHH, UTO 7y HE JIEKUT Ha
rpanuile Kamepbl Beiisis. 9To BaxkHasi oroBopka, MoToMy YTO B MPOTHBHOM
c/lydae yTBepKJeHHe HEeBepHO, HO 3TO OroBOpKa, Ha KOTopylo s oOpauiath
BHUMaHHs1 0COOEHHO U He Oyy.

Sl 3TUM BocmoJib3yloch JIst TOro, uToObl MoKa3aTh BKoueHue H(a, ) C
CIl(«, (). 51 ceituac xouy Jl0Ka3aTb CPaBHUTENLHO JIETKYIO 4aCTh THIOTE3b
XopHa: uto Jo6asi ToUuKa 7y, KoTopasi MosiB/SIeTCsl KakK CHEeKTP CyMMbl, JIEKHUT
B 9TOM MHOTOTpPAHHUKE, T. €. YIOBJIETBOPSIET JIMHEHHBbIM HEPABEHCTBAM, KO-
TOpble, KaK Mbl TIOTOM YBHJMM, HMEIOT TpsIMOe OTHOLLEHHe K HepaBeHCTBaM
XopHa.

Y Hac ecTb BbINykJ0oe MHOXKecTBO [ (BbiMyKJI0CTL [ yoke 0ObsicHsIIACD).
Tenepb Bo3bMeM Kakyto-HHUOYb TOUKY Ha rpanuue f1; s nokaxy, uto Jjiodas
TOUKa Ha rpanuue /1 Oyzner npuHamiekath MHororpaHuuky I'. Mue Hy»KHoO 10-
KasaTh, UTo MHOKecTBO H siexkut BHyTpH I'; a g nokaxy GoJiee ciabylo Belllb,
a UIMeHHO, 4To Jito0ast rpaHnuHas Touka H JexKUT BHYTPH; TOrAa oTcioja 6ya1eT
CJIeI0BaTh, UTO U BeCb OH JIeXKHUT BHYTpH. [loTomy uto H — 3TO KOoMmakTHoe
MHOKECTBO, CIEKTP He MOXKET pacT 0 OeckKoHeuHocTH, yxke (1) 3axaro.
[TosTomy, ecsin Bce rpaHHuHble TOUKM JexkaT BHyTpu I', To u Bce H Oyner
JexkaTtb BHYTpu ', W 51 noJiydy 3TO BKJIIOUeHHe. 3J1eCh 51 MOJIb3YIOCh TE€M, UTO
I" — BbIyKJIbIA MHOTOIPAHHHK.

Bepem Touky ~ Ha rpanuile H(c, (3). KoHeuno, 3jech Hajo Kak-To mo-
1IeBeJIUTh 3ajauy, yToObl y Hac Bce ObLIO He Ha rpaHulle Kamepbl Befss, Ho
9TO TOJIBKO OTBJIEKAET HAC, MMO3TOMY s Ha 3TO He Oyiy oOpalllaTb BHUMAHHSI.
Ecau 51 Gepy Takyio TOuky 7, Kotopas siBjasietcsi criekTpoM A+ B u jexut
Ha rpanuie, To Torna A u B uMelT cOOCTBEHHOE MOAMPOCTPAHCTBO. IDTO
03HauaeT, UTO OHHM MPHUBOJSATCS K OJOUHOMY BHy, T. €. A umeer Bua A & Ao,
B uwmeer Buin By @ Bo, rie, KoHeuHo, Ay W By JIeACTBYIOT B OJHOM M TOM
»Ke nojnpocTpaHcTse. To ecTh MOXKHO BbIOpaTh Takoi 6asuc, YTO OHH UMEIOT
6J10UHbBII BUJ ¢ OJIOKAMH OJIMHAKOBOTO pa3mepa.

Torna uro 51 nenato? §1 6epy matpuiy A + Bj;y Hee eCTb CHEKTp 7y — €CJIU
Mbl PACCMOTPUM TOJIbKO YAaCTh 3ajlauM, KOTOpasi OTHOCHTCS K 3TOMY IMOJIPO-
cTpaHcTBy. Bee yxKe nMeeT MeHblyI0 Pa3MEPHOCTh, MO3TOMY 10 HHIYKLHH 7|
JIEXKHUT B CBOEM MHOTOrpaHHUKe. A GoJiee MPaBUIILHO CKA3aTh, UTO 7| MPOUCXO-
JIAT U3 KAKOH-TO (PYHKIMH [| — 51 IOJKEH B3ATh KaKOH-TO He TaKOH GOJbIION
TpUJ, a TMOMEHblIe, eCJu Y MeHsl 3TO MOJNPOCTPAHCTBO HMMeeT pa3mep R,
TO 51 JIOJKEH B3ATh Kakylo-TO (PYHKIMIO [, ITHCKPETHO BOTHYTYIO Ha Tpuje
A(k). AnanornuHo st BTOPOH Mapbl: 7o OyAeT MPOUCXOAHTb H3 KaKOH-TO
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dbyHKIMH fo Ha Tpusie A(n — k). Y Tenepb Bce 3aBepliaercs TeM, UTO MHE HY»K-
HO TIOCTPOUTH KAKYI0-TO IMCKPETHO BOTHYTYIO (DYHKIMIO [ HA GOJIBIIOM IPHJIE,
W JIeIAeTCsl 3TO C MOMOLIbIO €ellle OJIHOH Orepalli, KOTOPYIO s He YIOMSIHY.JI,
HO KOTOpasi Mrpaer BaxKHYIO POJIb — 3TO OTepalllsi CBEPTKH (KOHBOJIOINH).
$1 ceituac ckay, uTo 3TO Takoe. DTO onepals, KOTopast 3 AByX (GYHKLMI Ha
MaJleHbKHX TPEYroJibHHKAX CTPOUT HEKOTOPYIO HOBYIO (DYHKIIHMIO HA CyMMe THX
JIByX TPEYroJibHUKOB — cyMMe 1o MUHKOBCKOMY, KoHeuHo. Korna Mbl Bo3bMeM
f1 Ha A(kR) u [y Ha A(n — k), To nosyuurcs HekoTopasi hyHKIMs [ = fi * fo Ha

cymme. Kak ona ycrpoena? f(x) = max (f1(x1) + fo(x9)) —T. €. ee 3HaueHne
X1+Xxo=x

B TOUKE X — 3TO MakCUMyM f[i(xy) + fo(x9), Tie x| + xo =x. Benb 3ta Touka
M0 OMNpe/e/eHHI0 eCTh CYMMa KaKOH-TO TOUKHM X| U KaKOH-TO TOUKH Xg9; Mbl
UX CJI0XKMM, M MOJIyuuTCsl Touka x. B KauecTBe 3HaueHust QyHKUHH B 3ITOH
TOUKE HY2KHO B3§ITb, Ipy00 TOBOPS, CyMMYy 3HAUEHUH B 3TUX TOUKaX, a OoJiee
aKKypaTHO HaJI0 B35ITb BCEBO3MOXKHbIE PA3JIOXKEHHUST X B TaKHE CYMMbl, H B35ITh
COOTBETCTBYIOLLMH MAKCHMYM.

Jlerko npoBepsieTcst, UTo CBepPTKa JABYX TMCKPETHO BOTHYTHIX (DYHKIIHI TOXKeE
Oyner auckperHo BorHyTod. CoOCTBEHHO, ITUM CBOHCTBOM H 00bSICHSETCS
MHTEpeC TOro, YTO Mbl paccMaTpuBaeM MMEHHO TPHbl TaKOro CreluHalbHOro
BUJA, (DYHKIMH HMEHHO TaKOTo CrelHaJbHOr0 BUIa U T. 1. MO0XHO CKas3aTb
TaK: MCKPETHO BOTHYTble (PYHKLMH YEM-TO MOXO0KH Ha HACTOSILLIME BOTHYTbIe
(bYHKIIMH, KOTOpble BCTPEUAIOTCS B BBIMYKJIOM aHa/ju3de. C BOTHYTHIMH (DYHK-
LUMSIMH MOKHO J1eJ1aTh J0BOJIbHO MHOTO PasHbIX olepauui, HO TJlaBHble U3 HUX
JIBE: BOTHYTble (PYHKIIMM MOXKHO CKJa/lblBaTh, H CyMMa JIByX BOTHYThbIX CHOBa
BOTHYTasl, U BTOpoe — ¢ (DYHKLMSIMH MOKHO JlelaTh CBEPTKY, U OHa ToxKe OyjeT
BOTHYTOH (DyHKIIHEH.

Ecan y Hac ecTb /1Be BOrHYTble (DyHKLIMH, TO UTO 3HAYUT UX cBepTKa? Hyx-
HO B35ITb WX MOArPaUKH M CJOKHTh, MOJYUHUTCS CHOBA HEKOTOPOE BOTHYTOE
MHOKECTBO, HaJl0 B35IThb €ro orubarolilyio, 3to 1 6yzeT cBeptka. To ecTb paKkTh-
yeCcKH CBepTKa (hyHKIMH — 3T0 cymMMa Mo MHHKOBCKOMY HEKOTOPBIX MHOKECTB.
Boo0iile, B TOM, 4TO Ha3bIBAETCSl TEOPHUSI BOTHYTHIX MJIM BbIMYKJbIX (YHKIHH,
camu (PyHKLMH He OUeHb CYLIECTBEHHbI, OTOMY UTO (paKTHUeCKH paboTa MaeT
MPOCTO C BBIMYKJBIMH MHOXKE€CTBAMH CIEIMAJNbLHOTO BHA, KOTOPbIE C KaXKI10H
TOUKOH COJEP2KAT BeCh Jyu, KOTOPbIA UIET BHUS.

HetpynHo yGenuthbest, 4To, KOTJIa Mbl JleJlaeéM CBEPTKY, Mbl MOJYyYHM B
TOUYHOCTH HY>KHBIH HaGop unces v. ¥ Kaxaoi QyHKIMH Ha THIOTEeHY3e ObLI0 TO
7, KOTOpOe Hy>KHO ObJIO; a Terepb, KOr/la Mbl TPOHU3BE/IEM CBEPTKY, 3TH HAOOPHI
yuces y Tak Jpyr B Jpyra BCTaBSITCS, UTO MOJIYUMTCSl KaK pa3 To, UTO HYKHO.

Wrak, 51 nokazan (uiu, no KpariHein Mmepe, oObsICHUII, KaK JIOKa3bIBAETCsl),
uto rpanuua H nexur B I
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Tenepb Hamo MpoBecTH J10Ka3aTeNbCTBO B 00PaTHYIO CTOPOHY, M 3T0 GoJiee
cJoXKHas 3ajaua. PaccykieHne B KAKOM-TO CMbIcjie oueHb roxoxee. §1 Oyuy
JIOKa3bIBaTh, uto, HaoGoport, dI' C H. W3 storo caenyet, uro I' C H, nockoJib-
Ky H BbINyKJIO€ 110 JleMMe. A BMecTe C TIpeblIyliM yTBePKIeHHEM 3TO GyieT
03HayaTh PaBEHCTBO.

31ech yxKe Mbl JIOJRKHBI B3SITh KAKylO-TO TOUKy 7y Ha rpanuue I'. Tyt mbl
MPUXOJIUM K HEOOXOIMMOCTH pa3bupaThbesi B TOM, KAKHMH YPaBHEHUSIMHU 3a/1a-
ercst Hall MHororpaHHuk I'. To, 4To 9TO MHOrorpaHHHK, Mbl U TaK MOHHUMAJIH,
a Tenepb MPUXOJUTCS 00palllaThCsl K OMUCAHWIO TPAHHIbL, WK K OMHCAHHIO
TeX HepaBeHCTB, KOTOpbiMU 3anaercs ['. Kakue MoryTt mosyuutbesi 7y, ecJu
M3BECTHO, UTO 3TO OTpaHUUYEHHE Ha THIOTEHY3Y IMCKPETHO BOTHYTOH (hYHKIIMH,
YTO 3TO PaHHUUHblE 3HAUEHHS TMCKPETHO BOTHYTOM
¢dyukunn. TyT ToxKe MOSIBJSIOTCS HEKOTOPbIE HH-
TepecHble BelllH.

[Tycth n=06. Hapucyewm rpua u Bo3bMeM ciie-
NYIOUMA MaJiblii TPEYroJIbHUK B HEM.

[lycts o/, B’ u v — npupalieHusi auckper- M3 <1502
HO BOTHYTOH (PyHKUMH Ha ero cTopoHax. Temepb /,o/
BO3bMeM TPETHH OTPe30K Ha OCHOBAHUHM, B JAHHOM ES
cayuae a(3). AnanornuHo BosbMeM ((2) u y(4),

Kak Ha puc. 2. [locse storo s mocras/io 31ech

ctpenku. [loka He oyeHb MOHSITHO, UTO OHM 03HAYAlOT, HO BOT WJYT TaKHe
cTpesiku. PaccmaTpuBaloTes MpoeKIMM YepHOTro TPeyroJbHUYKA HA CTOPOHbI
OO0JIbIIOTO TPEYroJibHUKA: HA TOPU30HTAJIbHbBIA KAaTeT — BJIOJIb THIOTEHY3bl,
Ha BePTHKaJbHbIH KaTeT — ropu3oHTaJbHAs, Ha ~6)
TUNOTEHY3y — BepTHKasbHasl. Ternepb MOCMOTPUM
npupailienne (QyHKUMM HA HHKHEH TpaHH 3ITOr0
TpeyrosibHuKa. M3 coobparkeHuil TMCKPETHOH BO- B(4)
THYTOCTH, 51 y2Ke roBopuat: of < a(3). Hy u, nao6o- v(3) 2
pot: v(4) <. Tak kak \

v(4)

Puc. 2.

A
v'=d +4, i ‘ A(1)
a(2) a(d)

MBI [IOJIy4aeM, 4To
(4 <ad3)+5Q2). Pue.s

AHanoruyHo, MOXKHO MNOHAThb, uto (' < (3(2). Ecau nocmorperb Ha uucia,
KOTOpbIE 3/leCh CTOAT — 4, 3 U 2—TO 3TO KaK pa3 Te uucjia, KOTopble JOJIKHbI
buryprupoBath B HepaBeHCTBe Beils.

Jlerko moHsiTh, uTO BCe HepaBeHcTBa Beilsisi mosyuaioTesi MMEHHO TaKUM
o6pa3oM: Mbl OepeM KakOH-TO OJIMH TPeyroJbHHUUEeK, H OHH TYT BO3HHUKAIOT.
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Bosiee obline HepaBeHCTBA MOJYYaAlOTCSl, €CJH Mbl Oy/eM paccMaTpUBaTh
60Jiee XUTpPble KOH(Urypatnu. BosbMeM, HanpuMep, KOHPUTYpaLHiO U3 pUC. 3.

Tyt umeercs 4 uepHbIX TpeyroJibHUKA, COeAMHEHHBIX Kopuaopamu. Ha ko-
pUIOPaXxX HAPUCOBAHBI CTPEJIKH; IBUrAsiCh 10 ITUM CTPEJIKAM, Mbl EPEXOJIUM K
COOTBETCTBYIOUIUM TapaJijie/ibHbIM CTOPOHAM 3THX 3auepHEHHBIX TPEYroJbHU-
KOB. Kaxk/iblil pa3 y Hac npu JBUKEHHUH MO TOH CTPeJKe, TaK CKa3aTb, MOTOK
WM CYMMa MOKeT TOJIbKO yObIBaTh, @ BHYTPH Y€PHBIX TPEYroJbHUKOB HUKAKOM
NoTepH He MPOUCXOAMT, MOTOMY UTO CyMMa MpHpalleHHH Ha JABYX KaTeTax
paBHa MpUpalleHuio Ha TuroTeHyse. M3 3Tux coobpaKeHu# JIerko MoHsITh, YTO
noJiyuaetcst HepaBeHCTBO v(3) + v(6) < a(2) + «(5) + (1) + (4). Tlo dopme
OHO TMOXOKe Ha HepaBeHCTBO XopHa (M (haKTHUECKH SIBJISIETCS UM), HO 3J1eCh
yKe He OJIHO cjiaraemoe (hUrypupyer, a JBa.

EctecTBeHHO, UTO Ha/l0 060OLIUTL BCE 3TO U paccMaTpUBaTh OoJiee C0K-
Hble KoHdurypauuu. Takue kongurypaiumn Kuyrcona u Tao HasbiBasu nasna-
MH, Mbl MIPEINIOUUTAEM HA3bIBATH UX TajlepesiMH.

[anepest COCTOUT M3 UepPHBIX TPEYroNbLHUKOB, Ge/bIX TPEYTrOJbHUKOB U KO-
PUAOPOB MEX/Yy HUMH. DTH KOPUJOPbI YCTPOEHBI TaK, UTO Y HUX 3TA CTOPOHA U
3Ta CTOPOHA UepHble, 3Ta CTOPOHA U 9Ta CTOPOHA OeJible; U TPABUJIO TAKOE, UTO
yepHble CTOPOHBI JIOJIKHBI C UEPHBIMH COCEJICTBOBATh, a GeJsible — ¢ OeJsbIMH.
Tax uto 31ech Geblil TpeyroJibHUK PUMbIKAET clofa. B obiiieM, BeCh 3TOT Halll
TpUJL MoJlydaeTcsl 3aMOLLeHUeM; M 3TO JEHCTBUTEJBbHO MOXO0XKe Ha Masd, T. €.
KOTJ1a KaKylo-TO KAPTHHY HY2KHO H3 KAKMX-TO MaJieHbKHX KYCOUKOB 3aMOCTHTb.
Ona y Hac mnoJiyyaercsl 3aMOLIEHHEM M3 UYEepHBIX TPEyroJbHUKOB (TaKUX H
nepeBepHYTHIX), GesbIX TPEYrOJbHUKOB M, CKaxKeM, TaKUX POMOMUYECKHX (hu-
uiek. [aBHoe, 4To y 3THX poMOHUECKHX (DHUILIEK HEKOTOPbIE CTOPOHBI YEpHBIE,
KOTOPBIMH OHH JIOJKHBI TIPUMbBIKATh K UEPHBIM TPEYroJbHUKAM HJIH K UEPHbIM
)Ke uiikam (MOTOMY UTO 3TH (PUIIKM MOTYT OJIHAa 3a OJIHOH WJITH, KaK 3/1eCh
ObLJ10, 0JIHA K OJIHOH TIPUMBIKAIOT). TakK uToO y HAC BCS 9TA NOBEPXHOCTH JIEJIUTCS
Ha 3 rpymnbl: uepHble 3aJbl, Oesble 3aJbl U TPOMEKYTOUHbIE KOPHIOPbI MEXKLY
HAMH, KOTOpble Hesb3sl OTHECTH W He CJle/lyeT OTHOCHTb HH K UYepHbIM, HH
K OeJIbIM, @ 3TO Kak Obl Mepexojibl Mexy 3TUMH 3ajamud. MoxKHO npeacTaB-
JISITb, UTO UepHble HAXOMASTCS Ha HHUXKHEM ypOBHe, OeJible HaXOIATCs BbILIE,
a BJIOJIb KOPHUJIOPOB Mbl MOYKEM XOJMTb H3 UEpPHBIX B UEpPHbIE, a B 3TOM XKe
KOPHUJIOPe MOXKHO CBEpXY XOIUTb U3 Oesbix B Oesble. OHU pasaBanBaloTCsl Ha
JIBYX YPOBHSIX: Ha OJIHOM YPOBHE MOKHO XOJIUTh OeJbIM JIIOJISIM, a Ha JIPyroM —
yepHbIM, OHH JIPYT C JPYroM He repeceKaroTcs.

Bor eue npumep rajepeu, uyTb 6oJiee CJI0KHOM.

Jlio6asi ranepesi naer HekoTopoe HepaBeHCTBO. Hampumep, rasepesi u3
puc. 4 naer HepaBeHcTBO «(l)+ a(3)+ (D) + B(1) + B(4) + B(6) = ~v(3) +
+ v(5) +~(6). [Ipruem s1 Xouy 3aMeTHTD, UTO YEPHDBIX BLIXOJOB HA -CTOPOHY
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Oy/IeT CTOJIbKO K€, CKOJIbKO BBIXOJIOB Ha [3- 7(6)
CTOPOHY, U CTOJIBKO K€, CKOJIbKO BBIXOJIOB Ha
Y-CTOpOHY; T. €. Kak y XopHa.

[Ipocrast yacTb COCTOMT B TOM, UTO JIIO- 9 B(4)
6asi Takasi rajepes J1aeT HEKOTOpoe JIMHEeHHOe v(3) 7
HEepaBeHCTBO Ha «, (3 U 7y, MPHUEM TOTO BHJA, /

Kak y XopHa: v(K)<a(l)+5(/); [,/ n K— 4 6
3TO BBIXOJIbl UEPHBIX KOPHIOPOB WJIM UEPHbIX 2 (1)
3aJ10B Ha TpaHully, Ha 3TH 3 CTOPOHBLL. ITO
COBCEM 3JieMeHTapHasi Belllb. A MeHee oue-
BHJIHASI Belllb COCTOUT B TOM, UTO raJjiepeiHble Puc. 4.
HepaBeHCTBA Jal0T HeoOXOIUMble M JI0CTaTOU-

Hble YCJIOBHUSI TOrO, 4TOObl <, 3 U -y MPOJOJKAIUCH 10 AUCKPETHO BOTHYTOH
¢ynkunu. To ecTb uTO rajepeiiHble HepaBeHCTBA 3a1alOT MHOTorpaHHuk I

IT10 yTBepKAeHHe, Tpebylollee J0BOJbHO JJIHTEJIbHOH BO3HM W HEKOTOPOMH
n3obperaresibHOCTH. Ho TyT y»Ke HeT HMKaKUX MaTPHIL U CIIEKTPOB; 3TO YHCTO
3ajlaya MoJn3ApaibHOl KOMOMHATOPHKH, UMCTO 3ajaua JIMHEHHOrO Mporpam-
MupoBaHusi. TyT HUKAKOH BbICOKOH HAayKH MCMOJIb30BATh HE HYXKHO.

Kak »Ke 3THMM CBOHCTBOM MOXHO BOCIMOJIb30BAThCS Uil J10KA3aTebCTBA
obGpaTHoro BKJIoYeHusi? [IpennosioxKum, uTo Halla TouKa <y JIEXKHUT Ha FpaHu-
e I'. D70 03HAuaeT, 4To OHA YIOBJIETBOPSIET OJHOMY U3 rajleperHbIX PABEHCTB.
[anepeiinble HepaBeHCTBaA 3a/1al0T Bce HepaBeHeTBa A1 I'. M ecoin y Hac Touka
JIEKUT Ha IpaHulle, 3HAUYUT, KAKOE-TO rajiepeiiHoe HepaBeHCTBO oOpallaeTcs
B paBeHCTBO. A Terepb MojyMaeM: a u4To O3HauaeT oOpallleHHe B PaBEHCTBO
KaKoro-To rasepeiiHoro HepaBeHcTBa? Korja Mbl paccmaTpuBaem Kakoi-ToO
KOPHUJIOP, Mbl CPAaBHUBAEM MpHUpallleHle Ha BXOJIe ITOT0 KOPHUA0PaA H Ha BbIXOJE
3TOro Kopumopa. M y Hac Oblin M3-3a AMCKPETHOH BOTHYTOCTH HepaBEHCTBA,
UTO 3/1€Ch NpUpallleHle MeHbllle, UeM 3jiech. M 3Tu npupaliieHns: HakanJIMBatoT-
cs1. Ecain y Hac Tenepb rasepefiHoe HepaBeHCTBO MPeBpalllaeTcsl B paBEHCTBO,
TO 3TO 3HAUWT, YTO MOTEPb HUKAKUX HET; UTO MPHU JABHKEHUH MO KOPHIOPY
y Hac npupaileHusi paBHbl. B yacTHOCTH, Ha KOHUAX KOPHIOPa MpHpaALIEHHs]
OJIMHAKOBBbIE.

M 3T0 HABOAMT HA MbIC/b, UTO Mbl TelEPb MOXKEM CJleJaTh HEKOTOPYIO
npoleypy, o6paTHylo K cBepTke. A MMEHHO, BCIO 3Ty KapTHHKY, KOTOpas
3/leChb HApUCOBaHa, MOXKHO Jle3arpurupoBaThb. Mbl JOJDKHBI ClIeJaTh BOT UTO.
$1 roBopus, uTO 3aMaTh rajsepero — 3TO 3HAUMT Pa3bUTb BCe HA UepHble Tpe-
YroJIbHUKH, OeJible TPeyroJbHUKK U KOpuaopbl. Kopuaopsl Mbl youpaewm, a Bce
yepHble TPEYroJbHUKH C/IBUraeM ApYyr K JIPYry; Y Hac 3jech obpasyeTcst Takou
UUCTO YepHbIH TpeyrosibHUK. Bce Gesble TpeyrosibHUKH ToXKe ciapuraeM. Ko-
puopbl HaM Kak Obl He HY»KHbI, Mbl UX HUKYyJa He CIBHUTaeM, Mbl MX MPOCTO

a(l) o(3) o(5)
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BbIOpacbiBaeM. A OHM HaM HYKHbI TOJIBKO JUIsl TOTO, UTOObI CKa3aTh, UTO 3/1€Ch
Halla TMIOTeTHYeCKast (PyHKLHMS JOJKHA UCTIBITBIBATH KAKOE-TO MpHpallleHue,
1 3/16Cb OHA MCTILITBIBAET MPHUpallleHHe; Mbl 3TH JIBa TPEYroJbHUKA KOTr/la CKJIeH-
JIU, TO Y Hac NpHpalleHHs Ha CKJIEeHHbIX CTOPOHAX OJIHO U TO ke. [Tosatomy Bece
CKJIEUTCSI B HEKOTOPYIO «uepHyto» ¢yHkumio fi. [Ipupaiuenus, Kkotopble Oblin
Ha OeJbIX CTOPOHAX, CKJesATcs B «Oesylo» yHKUMIO [o. M HeTpuBHasbHOE,
HO JIOCTAaTOYHO IMPOCTOE, YTBEP:KJAEHHE COCTOMT B TOM, UTO Halla (yHKUHUsS [
OyJieT CBepTKOH uepHOi (yHKIMK [i U Gesloll PyHKUHU fo, M KaxKJas U3 3THX
¢yHKUME OyleT IMCKPETHO BOTHYTAsl.

Ha puc. 5 g uzo6pasui, kak cobepyrcsi BMecTe OeJible

5 TPEYroJibHUUKKA U3 pUC. 4 U 06pasyloT TPeyroJbHUK pa3me-
pa 3.
4 78 ATO o03Hauaer, uTO $§ TMPOCTO TO, 4YTO $ paHb-
o 15 lle TOBOPWUJI TPO pasJioxKeHHe, MpoJiedblBalo B oOpaT-
1,736| Hnyio cropoHy. ¥ wMeHsi Oblia <y, 3TO ObIO TpaHHu-

HOe 3HaueHWe (QYHKUMM [, KOrjga sl Tak pasjoxkua 3Ty
(YHKIHMIO, Y MeHs TOJNYUHJIOCh <y; M 79, 3TO TpaHWu-
Hble 3HAUeHUs] HEKOTOPOH IMCKPETHO BOTHYTOH (DYHKIMH.

[To nHAYKUMK Mbl 3HAaeM, UTO OHM MPOUCXOAAT M3 HEKOTOPBIX IPMHUTOBBIX
MaTpHIL; HaM »Ke HY:KHO OT (PyHKILMH TepedTH K pMHUTOBbIM MaTpuiiaMm. Kak
3T0 npoucxoaut? [lo MHAYKIMK Mbl MOCTpouM Matpuubl A| W By, KoTopble
COOTBETCTBYIOT UepHOH cuTyalnu. AHasornuHo 6epem MaTpuibl Ao U By, KOTO-
pble COOTBETCTBYIOT OeJiolt cutyalmu. Ecan B3sth npsimyio cymmy, A=A, & Ao
1 B =B| @ By, TO yXKe J0BOJIbHO JIETKO YOEIUThCS, UTO Mbl 3/1eCh MOCTPOUJIH
napy marpuil A u B Takyto, 4TO CHEKTP UX CyMMbl PaBEH .

Bor takasi cxema nokasarenbctBa. OOCyMM Ternepb KPATKO MOJyUeHHbIH
OTBeET.

MHe 3TOT 0TBeT KaxKeTcst KAKMM-TO HEJIOTOBOPEHHBIM. Mbl MOJyuH/IH COB-
najieHue JBYyX MHOXKECTB; Mbl MOJIYUHJIH, UTO Mapa SPMUTOBBIX MaTPHLL UMeeT
KaKoe-TO CMyTHOe, He OYeHb TOHSITHOE OTHOlLEeHHe K JMCKPETHO BOTHYTHIM
¢yukuusam. Korna mbi ¢ [ne6om untamu Knyrcona u Tao, Mbl HUKaK He MOTJIH
MOHATB: Hy a TJle »Ke OHU M0 MaTpULAM CTPOSIT IUCKPETHO BOTHYTYIO (DYHKLMIO
WJIM XOHUKOMOBI? W riie oM 1o XOHUKOMOY CTPOSIT MaTpHLbl? DTOr0 HHUEro
He 6b10. Mbl MPOCTO BUAMM, UTO y HAC €CTh JIBA MHOXKECTBA, Y KOTOPbIX 06pas
OJIMH U TOT 2Ke. §I cefiyac ja)ke He oUeHb XOuy OOBSICHSITh, UTO ITO 32 MHOXKe-
cTBa. BoT 011HO MHOKeCTBO, CBfI3aHHOE C MAaTPULAMH; JIPYroe MHOKECTBO —
3TO KaKHe-TO JIMCKPETHO BOTHYThble (yHKLMH. MbI 1 TO, U JIpyroe otoGpakaem
B Kamepy Befing — npoctpancTBo HaOOPOB UKCes; U Mojydaem oT oJHo# H, oT

Puc. 5.
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JIpyro# Mbl noJsydaem I'.

[Tapwr (A, B) BN JIMCKpeTHO BOTHYTbIe
IPMHUTOBBIX MATpPHIL dbyHKmH HA A(r)
cnektp A+ B NpHpalleHus Ha
THIIOTEHY3e
Rfl

C noMmollbIo KaKMX-TO XUTPbIX (WM TPsI3HBbIX, KaK ckazaj Obl Kisiuko)
YJIOBOK, CBSI3aHHBIX C PAaCCMOTPeHUEM TPAaHHUHBIX TOUEK — M3-3a TOro, uTO
rpaHula OJIHOTO COBMAJAET ¢ rpaHULIEH IPYroro, U MoJib3ysich elle HHIyKLHEH,
s IOKasaJi, 4To 3TH JiBa MHoxKecTBa H u ' coBnajaior.

Hacrosiiiee o6bsicHeHHe JOKHO 3aKJI0U4aThCsl B TOM, UTO CYLIECTBYET
KaKkoe-To, Mo-BUUMOMY, O0Jiee HJIH MeHee SIBHO BbITMChIBaeMOe 0ToGpakeHue,
KOTOpOe 10 Mape MaTpHll CTPOUT JAUCKPETHO BOTHYTYIO (pyHKIHMI0. M 4ToGbI
o6pa3 Obl1 OJIMH U TOT »Ke, KOHEUHO, 3T0 0ToOpaXkKeHHe JIOJKHO ObITh CIOPb-
eKTHBHbIM. Ho, K coxkajieHuto, HaM He YlaJoCh 3TO JIOKa3aTb. A si TOJBKO
XoTes1 Obl TIPEINIOKHUTh SIBHYIO KOHCTPYKIMIO TaKoro otToOpaxkenus. [Tpunymarts
€ro Mbl MPUYMaJH, HO He yMeeM JJIsi HEro JIOKasblBaTh TO, UTO HYXKHO. ITO
oToOpaxKeHHe OMUCHIBAETCS CJEYIOIIUM 00pa3oM.

[TycTb y Hac naHbl aBe MatpHiibl A 1 B — CUMMeTPHUHbIE HJIK 3PMHTOBBI.
[To 3TUM 1ByM MaTpuliaM s Ha 3TOM TpHJIE OMPEIENI0 HEKOTOPYIO (PYHKIHMIO.
Ona onpeiensieTcsi TaKUM siBHbIM 06pa3oM. [TycThb aHa Touka ¢ KoopjiMHaTaMu
(i, j). PaccMOTpUM MakcuMyM M3 CJEI0B (SICHO, UTO CJle/lbl KAKYIO-TO JOJIKHbI
urpatb poJsib) marpuit AP+ BQ, tie P u () — opTOroHaJsibHble MPOEKTOPbI
1 BBITIOJIHSIETCSI TAKOE YCJIOBHE: UTO cJell (MK panr) P pasusierces i, tr Q@ = j,
u P> Q. HepaBencrso P > () 03HauaeT, uTo PasHOCTb MEXKJIy HUMH — 3TO
MOJIOXKUTEJLHO OTpeJlesieHHast MaTpHIA.

Ecnn Ha 31y hopmysly mocMoTpeTb, TO CTaHET SICHO, UTO TpHpalleHne
Ha OJIHOM OCHOBAHHM — 3TO B TOYHOCTH CHeKTp A, HA BTOPOM OCHOBAaHHH —
crniekTp B, a Ha runoteny3e — criektp C =A + B.

Paccmotpum, K mpumMepy, npupallleHus Ha TUrnoteHyse. B sTom cayuae
i =j. 3nauut, P =@, NoTOMy 4TO 3TO JIBa MPOEKTOPa C OJMHAKOBBIMH pa3-
MEPHOCTSIMU, U OJIMH COJIEPKHUT Jipyroi. [TosTomy ¢ MOXKHO 3aMeHUTb Ha P
¥ HanucaTb npocto AP + BP; P MO0KHO BbIHECTH 3a CKOOKY, M TOJIyYHTCS
(A4 B)P. A to, uTo Takasi Belllb U JJa€T B TOYHOCTH CIIEKTP HJIH TO, UTO HY>KHO
JIUIs1 9TOTO — 3TO U3BECTHOE CBOMCTBO COOCTBEHHBIX 3HAUEHHH.

Mrak, Mbl MpHUBeH JIOBOJILHO €CTECTBEHHYIO (OpPMYJIy, ONpeNestolLyio
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HeKoTopylo (yHKUMIO Ha rpuae. M Hallla rumoresa COCTOMT M3 JIBYX yacTeid:
nepBasi — u4To 310 Oy/IeT TMCKPETHO BOTHYTasH (hyHKIIMS, KaK Mbl yXKe ee ornpe-
JIeJIUJIH; BTOpasi — 4o Jto6ast AMCKPETHO BOrHyTast (hyHKLMS MOJydaeTcsl TAKHM
06paszom.

[To Bumy TyT Bce oueHb ryaaxko. Mel ¢ [ieGom 10Jr0 BO3uWIUCh C J0Ka3a-
TEJNLCTBOM. B HECKOJIbKHX YaCTHBIX C/ydasiX Mbl JI0Ka3aJH, YTO 3TO JTUCKPETHO
BOrHYTast PyHKIHST *), HO B 00lleM cjlyuae 3TO, TaK CKa3aTh, OCTAETCS BUCEThb
B BO3JIyXe.

13 mapra 2003 r.

*) TToapoGHOCTH MOXKHO HAWTH B Hallell cTaThe «JIMCKpeTHasi BHIMYKJIOCTb H 3PMHTOBBI
marpuibl» (Tpyast MMAH. T. 241. 2003. C. 68—89).
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CJIYYAUHBIE NEPECTAHOBKH, CJIYYAHHDBIE CJIOBA
U PABHOCTHbIE YPABHEHUS NMEHJIEBE

CayuyaiiHble nepecTaHOBKHU

$1 HauHy cBO# pacckas ¢ pedysbraTa, KOTOPbIH OblJ 10Ka3aH O JIeT Hasall,
B 1998 . On o6biuHO HasbiBaeTcsi TeopeMoil Baiika—Jleiibra—Hoxanccona
(Baik—Deift—Johansson 1998). 9ToT peay/brat nopoaus Heblil psifi ucce-
JIOBAHWH B COOTBETCTBYIOLLIEM HAIpPaBJAeHUH U, B 001lleM, caM 1o cebe sBJsieTcs
3ameuaresbHbIM. UT0ObI ero copMysMpoBaTh sl HAUHy C CHMMETPHUECKOH
TpyIMIbl — FPYMIbl EPECTAHOBOK 7 CUMBOJIOB.

Kaxnbl#i a/1eMeHT cHMMeTprHUuecKor rpynmbl S, y100HO 3aNUChIBATh B BUJLE
nepecTaHoBKH umces ot 1 o n. Hanpumep, 32145 MoxKHO paccmaTpuBaTth Kak
3JIEMEHT CUMMETPHUECKON TPYMIibl, MepecTaBsolMid 5 cuMBoJ0B. Korna mbl
3aMychiBaeM T1€PeCTaHOBKY B TaKOM BHJIE, Mbl MOXKEM pacCMaTpHBaTh BO3-
pacratolye nojanoc/ae10BaTeNIbHOCTH TaKOH MocJeoBatesnbHocTH. Hanpumep,
15 — 310 BO3pacTaiolas nojnoc/ae0BaTebHOCTb. Hae OynyT uHTEpecoBaTh
camble JUIMHHBbIE BO3pacTatollye MoJrocae/oBaTe/NbHOCTH. B nanHOM cayuae,
Hanpumep, 145 — ojiHa U3 caMbIX JAJHHHBIX BO3PACTAIOLIMX MOANOC/E/I0BATE b=
HoCTel; 245 uMeeT Takyto e JuHy. Takum 06pa3om Jijist KaxKJI0H rnepecTaHOB-
K 0 €S, 51 Oyy o603Hauath uepes [, (o) mIMHy MaKCHMaJsbHON BO3pacTalolilen
MOJNOC/EI0BATENbLHOCTH.

JlaBaiiTe Terepb TPENOJNOKUM, UTO BCE MEPECTAHOBKH SIBJSIOTCS PaB-
HoBeposiTHbIMH. M TeM cambiM crenaem [/, ciydaiinoii BeqauuuHoil. Bompoc
0 pacnpejiesieHuu [, jocratouHo sacayxenublil. B 1961 r. Cranucsaas Yiaam
BbICKa3aJ/l TMIIOTe3y M0 MOBOAY MOBeAeHHs [,. A UMEeHHO, NMPOBe/s KaKHe-TO
9KCIMEePUMEHThI HAa KOMIbIOTEpAX, UTO TOTJIA ellle ObI0 SK30THKOH, OH Mpe/rno-
JIO2KUJI, UTO OXKMJaHHe [, BeleT ceOsl KaK KOHCTaHTa, YMHOXKEHHAsi Ha KOpeHb
u3 n: El, ~cy/n. Bonpoc okasaJjicsi HenpocTbiM. CHaua/ia Oblid YaCTHUYHbIE
pesysibrathl. HakoHery, B 1977 r. He3aBucumo Bepuuvk v Kepos B JleHuHnrpase,
a Jloran (Logan) u [enn (Shepp) B Amepuke n0Kazajin 0oJiee CHJIbHbBIA pe-
3yJIbTaT, 2 UMEHHO, He TOJIbKO, UTO MaTeMaTHUeCKoe OKHaHHe BeJleT cebs Kak
KOpeHb U3 1, BOOOLIEe, CydailHasi BeJUurHa [, /\/fn CXOIUTCsI 10 BEPOSITHOCTH
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I
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pesyJsibTaT, Ha UTO YKa3blBaeT W MPOMEKYTOK BPpeMeHH, NMOTpeOOBABLINACS /115
€ro IMoJiyueHHs.

Cuaenytolinii Bonpoc, KOTOpbIH XoueTcsl 3a/1aTh, — Kak BejleT cebsi OTKJIO-
HeHWe 3TOH CJy4alHOH BEJMUHHBI OT €€ CPEeJIHEro; Kak aCUMNTOTHUECKH BejleT
cebs ucnepcus. ATOT BONPOC oKazascs elle 6oJgee TskeabiM. OTBET Ha Hero
bl Hali/leH Kak pa3 B paGote Baiika—lefira—oxanucona B 1998 r.; B Heil
OBLIO JI0KA3aHO, UTO eC/IH MOAEINTb cayuaiinyio Beanunny Ha n'/® 1o Gyner
CYLLLECTBOBATb Mpejiesl pacrpesiesieHnsl, KOTOPbIH K TOMY »Ke Obljl TMOCUUTaH.
5 370 Hanuily B TaKOM BUJIE!

K KOHCTaHTe, KOTOpasi K TOMY »Ke paBHa 2: — 2. DTO J0CTATOUHO TOHKUH

Jim P {2 <} = oo
ITO BEpOSATHOCTb TOTO, YTO LEHTPUPOBAHHAS HOPMHUPOBAHHAS CJyyaiiHas Be-
JIMUMHA He MPEBOCXOJUT X. DTO HEKOTOpasl aHaJuTHuecKas (PyHKUHS OT X,
KOTOpasi, KaK 3TO HHM YJMBHTEJbHO, BO3HMKAJ/A B HayKe paHblLlIe.

Takoe pacnpesnesneHre 06bIUHO Ha3biBaeTcs pacnpeneneHrem Tpericu—Bu-
jnoma. Brniepele oHO Obl10 noJiydeHo B 1993 r. kak pacrpejesieHHe MakcH-
MaJIbHOTO COOCTBEHHOTO UMCJIA CJAYYaHHON PMUTOBOK MAaTPHLLbl, KOTJA pa3mep
MaTpHULbl CTpeMUTCsl K OeckoHeuHocTH. OO 3TOM g B JaHHbI MOMEHT pac-
cKasbiBaTh He Oyjly — 3ameuartesbHOe COBMAjeHHe, KOTOpoe MMeeT Ty0oKue
npuunHbl. BooOblie, cBsi3b MeXK1y Nepeurc/uTe/bHbIMU 3aa4aMi KOMOMHATO-
PUKHM M Teopuel cJiyuallHbIX MaTpull okazajach 6oratoil. Ha 3ty Temy Oblio
HaMUCAHO HECKOJILKO JECATKOB padoT.

$] »Ke CKOHIEHTPUPYIOCH B HACTOSIIIMI MOMEHT Ha 3TOH (yHKIMHU Fy. HUTo
»Ke 310 3a ynkumsi? OOuiasi Bepa COCTOUT B TOM, UTO HeJIb3si Hanucartb
dopmysty s 3TOH (YHKUMM, 9Ta (yHKUMS TpaHClUeHaeHTHA. Jlyuiunee, uto
MO2KHO CJ/lelaTh — 3TO HamucaTtbh HeKoTopoe auddepeHuuaibHoe ypaBHeHHe,
U3 KOTOPOTr0 3Ty (DYHKLHIO MOXKHO TOJIyUHTb.

HuddepenunanbHoe ypaBuenue Ilennese Il

HuddepenumansHoe ypaBHeHue yno0HO NUcaTh He Ha camy (yHKUMIO Fo,
a Ha KOpeHb U3 ee BTOPOH NMPon3BoaHONH. BosbMeM BTOpYIO slorapudMuieckyo
MPOU3BOJIHYIO OT (PyHKIMK Fo. OKasbiBaeTcs, Takasi (GyHKIMs OTpULIATEbHA.
Ec/M MOJACTaBUTh 3HAK MHHYC, TO MOXKHO H3BJeub KopeHb: —(In Fo)” = u?.
Torna HoBast pyHKUMS u, onpeesieHHas TaKUM 00pa3oM, YJIOBJIETBOPSIET MPO-
cTOMy (Ha nepBblii Barasn) auddepenimansHoMy ypasHennio w” (x) = 2xu + u’.
IT0 HesMHelHoe U depeHnanbHoe ypaBHeHHe BTOPOro Mopsiaka, KOTopoe

0ObIUHO Ha3bIBA€TCsl BTOPbIM ypaBHeHHeM [leHseBe.
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Henocrarouno 3Hath ypaBHeHHe, HAlO 3HAThb ellle KaKHe-TO IpaHHuHble
yCJI0BUS. DTO MOXKHO JeJ1aTh pa3HbIMU crioco6aMu. OObIUHO UX 3a1al0T TaKUM
06pa3om, UTo aCUMNTOTHUECKH 1 (X) ~ —Ai(x) npu x — +00. M0KHO 1MoKa3ath,
UTO TOrJIa PeLleHHe CYLIeCTBYEeT, €JMHCTBEHHO W COOTHOCHUTCS C Ipe/le/ibHbIM
pacrnpeznesiendeM 9 TakMM BOT 06pa3oM.

Hano ckasatb napy c/oB o ToM, oTKyna BooOule OepyTcsl ypaBHEHHS
[lensieBe W mouemMy OHM JOCTOHHBI COOCTBEHHOTO HWMeHH. 3ajaaua BO3HHKJA
B Hauase XX Beka. [lensieBe, dhpaHily3cKuil matemaThk, pojauscs B 1863 .
Ero pa6ota oTHOCHUTCSI NPUMEPHO K MepBoMy JecsiTueTHio XX Beka. YIUBH-
TEJIbHO, YTO MOTOM OH CTaJs npembep-munHucTpoMm Ppanunu. Jlaxe, roBopsr,
B CopOonHe, B [lapuke, ecTb HebGoJibllIasl, HO OY€Hb CHMIIATHUHAs MJIOLIA/b
[TeHsieBe.

[lensieBe craBuJ ciemylollylo 3ajaudy: JaBaiiTe paccMOTpUM auddepeH-
LMaJbHOE ypaBHEHHE BTOPOTO MOPS/IKA, pa3pellieHHOe OTHOCHTEJNbHO CTap-
et pousBoaHoi 1’ = R(u', u, x), e npaBasi uaCThb SIBJSIETCS] PALMOHATBLHOH
(hyHKIMEN M0 MepBOi MPOU3BOJIHOM, anreGpanueckoll PyHKIIHeH OT HEH3BeCT-
HOM (DYHKLMHM M aHAJUTHUECKOH (yHKUHMeH oT x. M Mbl XOTHM CJeylolero.
BooG1iie roBopsi, pelieHusi Takoro ypaBHeHHsl MOTYT ObITb CKOJIb YTOIHO MJI0-
xue. OnHako Mbl TpeGyeM, uTOOBI I MPOM3BOJIbHBIX HAuaJbHbIX YCJIOBHH
peLIeHHs Halllero ypaBHEeHHUs! CYLLIEeCTBOBAJIH BO BCEH KOMIJIEKCHON MJIOCKOCTH
(MBI paccMaTpUBaeM X B KOMIJIEKCHOH MJIOCKOCTH), U TIPU 9TOM €IMHCTBEHHbI-
MH BO3MOKHBIMH 0COOEHHOCTSIMH TaKUX PelleHH MOTYT ObITh TOJILKO MOJIOCHI,
T. €.y pelleHHs] He MOKeT MOSIBJSATLCS CYLIECTBEHHO 0COO0H TOUKH, HUKAKOM
TOUKH BETBJIEHHS], KpOME KAKUX-TO HarepeJl 3a/laHHbIX Touek. Hanpumep, sierko
MOHATb, UTO /ST TOTO ypaBHeHHsI Ha OECKOHEUHOCTH y (PyHKUMH u 00si3a-
Ha ObITb CYLIECTBEHHAsl 0COOEHHOCTb. HeoueBHaHOE yTBepKIeHHE MPO 3TO
ypaBHEHHE COCTOMT B TOM, UTO J/Is JIIOObIX HauasbHbIX ycaoBuH, ckaxeM u(0)
u 1'(0), cylllecTByeT eIMHCTBEHHOE MEPOMOP(HOE PellieHHe ITOr0 ypaBHEHHSI
BO BCeH KOMIUJIEKCHOH MJIOCKOCTH. DTO oueHb obiiee ycjoBue. Ha apyrom
SI3bIKe OHO 4acTO Bblpaxkaercsl (pasol, uTo y ypaBHEHHSI HeET JBHKYILIMXCS
CYLLECTBEHHBIX OCOOEHHOCTEH — JBHIKYIIMXCSI MO OTHOLIEHHIO K Haua/JbHbIM
ycaoBusM. Ecii Mbl MeHsieM HauaJibHble YCJI0BHS, TO, B IPUHLIMIIE, Y HAC MOTJIO
Obl MEHATBLCS M0JIOXKEHHE CYLIeCTBEHHOH 0COOEHHOCTH; STOTO MPOUCXOIUTh He
JIOJIKHO.

YIMBUTENLHO, UTO, T10CJIE TOTO Kak c(hOPMyJIMPOBAHBI IPAHHUHbIE YCJIOBHS,
BCE ypaBHeHHs BTOPOro nopsijika, obJaaaionide TakuMm CBOHCTBOM (OHO Ha3bl-
BaeTcs cBoiicTBoM [leHseBe), MOKHO KJaaccupuurpoBath. TouHoe yTBepxK/e-
HHE COCTOUT B TOM, UTO BCSIKOE TaKOe YpaBHEHHE, He CBOJISILIEECS K yPaBHEHHIO
MepBOro MopsiiKa, MPUBOAUTCS K OJHOMY H3 6 ypaBHEHMI, KOTOpble Ha3blBa-
totest ypaBHeHusiMu [lensieBe (¢ cootBerctBytotmmu Homepamu — 1, 11, 111, TV,
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V, VI). ¥YpaBuenune VI — 310 camoe oflilee ypaBHeHHe, IPH HEKOTOPOM Ipe-
JIeJIbHOM Tepexojie OHO CIyCKaeTcsl B ypaBHeHHe V, W Jlajiblie eCTb HeKOTopast
NpocTasi cXema BbIPOXKIEHHUSI.

CayuyaiiHble MepecTaHOBKU U CJyyaliHble MaTpULbl

JIJ1s acCHMIITOTHKHY Hallell TOC/1e/I0BATENbHOCTH CJyUalHbIX BeJIMUHH [, 110-
JIyUHJICSl TaKOH 3ameuaTesibHbId 0TBeT. Borpoc, KoTopblil GyeT MeHsl CerojiHs
3aHUMaTh, TO MOXKHO JIM MPUJIYMaThb UTO-TO B TAKOM K€ JyXe JI0 TOro, Kak
Mbl cJieslaeM MnpesiesibHblil nepexoa. Mbl MoxkeM HamucaTb (PyHKUHIO pacrpe-
nesienust Juist L,; Harnpumep, 0603HauUUM uepes Pl(e”):P{lﬂ < k} BeposiTHOCTb
TOTO, UTO [, < k. MOXKHO JIM HAMMCATh UTO-TO MOX0XKee, KAKOe-TO PAa3HOCTHOE
ypaBHEHHE WJIH UTO-HUOY b BOOOLILE, /7S TOTO YTOOBI MOCUMTATH 3Ty (DYHKIIMIO?
OkasbiBaetes, uTo y106HO paboTaTb He ¢ caMOi MocJ/e10BaTe/bHOCTbIO P,i”),
a c ee npousBojsiel dyHkuuel. Beenem Takoe o6o3HaueHue:

P(Q) *8792 Z ﬂeﬁz
ko n!
n=0

rae ¢ — 3To NPOU3BOJIbHOE TOJ0XKHUTEJbHOE uncio. Mbl 6epeM 3KCMOHEeHIM-
aJlbHyI0 TIPOU3BOJIALLYI0 (DYHKLMIO, yioOHee B3aTh 6. Takas npousBojsiias
(bYHKIIMST UMEET CBOIO JIMUHYIO BEPOSITHOCTHYIO HHTEpIpeTaluio H, BOOOIIE,
OKa3bIBAETCST 3HAUMTEBHO OoJiee YI0OHOH sl pacCMOTPEHHSI.

BepositHocTHasi uHTepnperauus caenyiouias. BosbmeM nepBblit KBaapaHT
U paccMOTpUM B HeM mipouiecc [lyaccona ¢ miotHocTbio 1. dTo o3Hauaer, uto
y Hac ecThb Kakasi-To cJiydyailHasi ToueuHasi KoHUrypauus B KBaJapaHte u rpu
TOM Ha eJIMHUILY MJIOLIAa/I NPUXOAUTCS B cpejiHeM 1o ojHoi Touke. Tenepb
BO3bMEM B 3TOM KBajpaHTe TOUKY C KoopauHaTamu (#, 6) u paccMoTpuM Bce
Jgomanble, uayipe ud Toukd (0, 0) B Touky (¢, #) Tak, uTo OHH Bceraa UIyT Ha
CeBep M HAa BOCTOK M UMEIOT MECTaMU M3JI0Ma KaK pPas TOUKM HaLleH CJyuyaiHok
ToueuHoil KoHpurypaumu. M3 Bcex Takux JloMaHbIX Hac UHTEpeCyeT JoMaHas,
KoTopasi 1o myTH cobepeT HauboJbliee KOJMIeCTBO ToueK. Torna yTBepKieHne
COCTOMT B TOM, YTO BEPOSITHOCTb TOTO, UYTO KOJIMUECTBO TOUEK HA MAKCUMaJILHOH
JIOMAHOH He MPEBOCXOAUT R, Oy/lET B TOUHOCTH P/(f).

TanncrBennoro Tyt Huuero Het. Jlerko yBuaeTh CBfI3b MEXKIy 3TOH Kap-
TUHKOH W TepecTaHoBKamMu. Ecsii Mbl 3aHymMepyeM TOUKM B HallleM KBajpare,
CKakeM, M0 KOOPAMHATE X 110 MOPSIAKY U MOCMOTPUM Ha KOOPJAMHATY Y, TO OHH
KakuM-To oGpasom mepecraBsitcs. (B nanHom cayuae x — 5, 2, 1, 6, 4 u 3.)
Y nac, Takum 06pa3om, BOSHUKHET HEKOTOpast epecTaHoBKa, B JAHHOM CJydae
Ha 6 cumBosax. KosimuecTBO Touek siBjisieTcst ciyuainbiM. Ha camom neie,
pacripeziesieHo KcroHeHlManbHo. Kak pas 3mech npousBojsias GyHKIUsS —
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COOTBETCTBYIOLIAS (PyHKLMSI pacnpenenenusi. M jnauHa Takod HauOoJbllIel
JIOMAHOH — 3TO B TOUHOCTH JUIMHA HauOoJiblleld Bo3pacTatollell nocJjeaoba-
TEJILHOCTH JI/I51 TePECTaHOBKH.

[lepen Tem Kak opMy/IMpoBaTh COOTBETCTBYIOLLEE YTBEpK/IeHHe, 51 chop-
MyJIMPYIO €ellle OJIHYy UHTEpPIpeTalHio uhcel P,ie). A wumenno, P,” MoxHO onu-
caTb KaK HEKOTOpOe CcpejiHee 10 YHUTapHOM rpyrre pagmepa R no mepe Xaapa.
CpeniHee Haj10 6paTh OT TAKOH MPOCTON BEJMUHHBI: eGQP;f) :EU(k)e“ oU+UTh,
M 370 TyT 2Ke naet, ecsiu BOCMOJb30BaTLCs GOPMYJION 11l pajlaibHON YacTH
Mepbl Xaapa, rnpeacraB/ieHde TOH BeJHUMHbI B BU/le TEMJIMLEBA ONpeleuTes:
eegP,ie) =det[y;_;]ij=1,. k. OTO—onpeneanteab MaTPULbLL R X R, MaTpHuHble
3JIEMEHTBI 3aBUCST TOJLKO OT IMaroHa/M, U PH ITOM MPOU3BOASILLYI0 (PYHKIHIO
MaTpPHUHBIX 3JIEMEHTOB JIErKo HamucaTh: Y. @,2" =e?@+27) — popHo To e
camoe, UTo CTOUT B ITOM CPEJIHEM.

MO}KHO Hanucarh elle J1Ba WM TPH OIpeesieHus s P ). 4 Hanuuly ere
OJIHO. Pk MMeeT HEKOTOPbIH SIBHBIH CMBIC/I C TOUKH 3PEHUS] TEOPUH TPEJICTAB-
JIEHHH CHMMETPHUECKOH TIpymnmbl. A MMEHHO, 3TO UMCJIO MOXKHO MPEICTaBUTh
KakK CyMMy 110 BceM auarpamMmmam HOHra npousBoJsibHOTO pagmepa ¢ eIMHCTBEH-
HbIM OIpaHHUEHHEM, UTO MepBasi CTPOKa Mo JUIMHE He PeBOCXOAUT k. Bec coor-
BETCTBYIOLLEH auarpamMmbl fOHra — 3T0 KBajpar pasMepHOCTH HEMPUBOIMMOrO
NpeJICTaB/eH!sT CHMMETPHUECKOH TpyMibl, OoTBevatollero auarpamme A. Eue
HY>KHO TIOJIS/IUTh Ha KOJHUYECTBO KJETOK JuarpamMmbl (hakTopuas B KBajpare.
M npousBonsinias GyHKuMs Ta ke camasi, uTo M panblie. ONsaTh MHE Hao0
MOCTaBUTb HOPMAJIM3ALMOHHBIH MHOXKHTEJIb!

L2

6> pO) _ dim™ A joA|

P =y IAI!QG .
ALk, AEY

Takoro ponma Beca HasbiBaloTcs Mepoil [lnaHuepensi wisi cuMMeTpHuecKoi
TPYTITIbL.

Pa3nocrHoe ypaBHeHue [lenneBe

YTBep:kaeHue, KoTopoe s Xouy copMyJMpoBaTh, COCTOUT BOT B ueM. Jla-

BaiTe OMpee/NuM M0CJAeI0BATENbHOCTD Vg, U1, Ug, ... C MOMOUIbIO HAYAJbHBIX
. @1 11(20)

caoBuil vp=1, vy =—=— .

Y ’ w0 120 7

Bbillle. $IBHO OHM muuIyTCcsl uepe3 OeccesieBbl (yHKIMH. $1 Hanuuy B Tpa-

JIMLIMOHHBIX 00603HAUEHHSX, pACCMATPUBAs UX KaK KO3(DQUIMEHTb COOTBET-

cTBylolLlero psina. M ectb pekyppeHTHOe COOTHOLLEHHEe, KOTOPOe HMeeT cJie-

JIYIOILUH BUJL Uyt + Uy | = 9(’;70”1), > 1. Torna Bropasi jorapudmuueckas
Uy —
(©)

NPOM3BOAHAs uncesn P,”, KoTopas cefiuac Oyl1eT 3aMeHeHa Ha Pa3HOCTHYIO

— 9TO Te€ ¢, KOTOpbIE MMOABJAINCH
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JIOrapUPMHUECKYIO TPOU3BOJIHYIO, €CTh | — U% Pk%gk_l =1- vg, kR>1. (Tyr
Be3Jle CTOMT CUMBOJI #, KOTOPBIH 51 OIycKato, 4ToObl He 3arpoMozk1aTh 00603Ha-
UeHHH. )

PasnocTHoe ypaBHeHHe, KOTOPOE 3/1eCh HalMCaHo (HeJHHeHHOe pa3HOCTHOe
ypaBHEHHE BTOPOTO MOPSJKA), TOXKE, KAaK BBIICHUJIOCH, MOSIBJISIOCH paHbIIIe.
W He ynuBuTEBLHO, UTO HA3bIBAETCST OHO HA CAMOM JleJie pa3HOCTHOE ypaBHEHHE
[Tennese II. §I pacckaxy uyTb GoJibliie 06 3TOM ypaBHEHHH uyepe3 HEKOTOpoe
BpeMms.

[Toka s xouy cKasaTh, UTO €CJii B3SITh TIPOCTO 3TO YTBEPKJEHHE H POU3BE-
CTH (hopMaJIbHbIN MPeIesIbHbIN MEePEX0/I, TO HETPYIHO YOENIUThCS, UTO B TIpeJiesie
BO3HUKHET Kak pa3 HerpepbiBHOe ypaBHeHue [lensiese II. M1 Ha camom jnene
TaKoH crnoco® MOxKeT ObITb OCHOBOH JI/IsT SMITUPUUECKOTO yrajblBaHHsl, KAKOT0O
pona (opMyJIMPOBKY 371€Ch HAJ/I0 MOCTABUTh U UTO MOJIYUHTCS B OTBETE, €CJIH Mbl
XOTHM CUHTATh achnTome Pk Hano ckazatb, uto 3aj1aua BbIUHC/IEHHS] aCHM-
NTOTHKH TPU 1 — 0O JIJIs P 9KBUBAJIEHTHA (9To He COBCEM TPUBHAJBHO, HO
He OUeHb CJI02KHO) aCHMIITOTHKe 6 — 0o J1s1 P ). paHblile HanucaJl, uTo P(”
rie by menst Gyzer 2v/11 + xn'/8, crpemurcst k Fo(x). S yrBepikaaio, uto eciu
3aMEHHUTh 3/IeChb /1 Ha €, TO MOJYUUTCSl SKBUBAJEHTHOE yTBepxKaeHue. M 3uas
0 pasHOCTHOM ypaBHeHuH [leHsieBe, MOXKHO yraJiaTh, KAKOTO pojia TpelebHbIN
nepexoj Hajuo Opatb, UTOObI MOJYUHJICS OCMbBICJEHHbBIH Mpeles Y ypaBHEHHUS.

Uro ke Takoe pazHocTHoe ypaBHeHue [lenseBe? Kakum oOGpazom Mox-
HO MbITaTbCs 0O0OUIMTL KJaaccHueckoe cBOHCTBO [lensieBe miisi HempepbiB-
HbIX ypaBHeHHI? Bornpoc HeoueBUIHbIH, U, MOXKET ObITh, MOITOMY PA3HOCTHbIE
ypaBHeHus [lensieBe He BO3HHMKAIM MM He ObIIM MAEHTU(PULUHMPOBAHBI BIJIOTh
Jo Hadasa 90-x rojoB.

Bot onHO CBOHCTBO 3TOr0 peKyppeHTHOTO COOTHOLIEHHSl, KOTOpOe JIerko
NPOBEPUTH, HO KOTOPOE, C JIPYroil CTOPOHBI, COBEPIIEHHO HE SIBJISIETCS Oue-
BUIHBIM, €C/M ero He 3HaTh. OueBMAHO, UTO ecau y MeHs v, ==+l, Torna
BO3HHMKAIOT HEKOTOPblE TPYAHOCTH C ONpeIeJeHHEM U, |, MOCKOJbKY B TOM
BbIpayKeHNH 51 BbIHY:KJIeH 1eanuTh Ha (. JlaBatite cmolienHnuaeM. CJjierka Bo3-
MyTHM HauajibHOe YCJIOBHE TakuM 00pasom, uTo v, y MeHs Oyner +1 mJoc
Magasi BequuuHa €. Torna ecsu Mbl pasjioKUM U,y B PsiLl 110 9TOMY €, TO
CHavaJsia y MeHst OyjieT ujieH ¢ 1 /e, a nasbiie OyeT psijl, OrpaHHUYeHHbIH MPH &£,
crpemsuemest K 0: v, =~ 4+ O(1).

HetpuBuanbHoe yTBep:K1eHHEe COCTOUT B TOM, UTO Uy 19, Uyt 3 M BCE OCTAJb-
Hble ujieHbl UMetoT Tpenesbl npu € — 0. To ecTb pellleHHe Halllero ypaBHEHHs
NPOJ0/KAETCS uepe3 0CoOYI0 TOUKY.

51 Bac yBepsito, uto ecsiM Bbl nmonpoGyeTe Harmucath MPOU3BOJbHOE HEJIH-
HeliHOe peKyppeHTHOe COOTHOLIEHHEe BTOPOro MOpsijika, TO TaKOTo CBOHCTBA
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Bbl He OOHApY:KMTe, Ballla 0COOEHHOCThL OyjleT ceOsi MOBTOPSThH. DTO 3a0aB-
Hoe cBoicTBO. [lo-anrsmiicku oHo HasbiBaetcsi confinement of singularities.
Kakoe-To Bpemsi npejnoJiarajoch, 4To 3T0 €CTb IPaBUJbHBIN aHAJOr YCJ0-
BUSI MHTEPUPYEMOCTH B IUCKPETHON CUTyalMH. ECTh pas3Hble BapUaHThI TOTO,
YTO HaJl0 CUMTATb MHTErPUPYEMOCTbIO JU/Isl IMCKPeTHbIX ypaBHeHHH. Kakoe-To
BpeMsi Obla MOMYyJsipeH 3TOT OTBET, HO ceHuac, BUJIUMO, CUMTAETCS, YTO 3TO
cauikom caadoe yesoue. OIHAKO OHO He Takoe YK cyaboe.

IT0 yTBEpKIEHHE B CJlydae KOHKPETHOTO YpaBHEHHUS!, KOTOPOe HAaMKUCaHo Ha
JIOCKE, UMeeT OueHb M3SIIHYI0 FeOMeTpPUUecKylo MHTepripeTaiio. MHTepnpe-
Tauust caeyrolast. Jlapaidte paccMOTpUM 3TO ypaBHeHHe KaK oToOpaxKeHHe
uz C? B C?, kotopoe Geper napy v,_, U, 1 0ToOparkaeT ee B Napy Uy, Upi.
Y nac ectb C?, KoTopoe GHpPALMOHANLHBIM 00PAa30M OTOOPAKAETCS OMSITh-
taku B C2. OKasbiBaeTcs, 4TO MOKHO TPUIyMaTh HEKOTOPYIO HAJCTPOHKY Hajl
stum C?; no-uayuHomy 310 Oyner HaswiBaThbesi CP?, pasmytoe B 9 Toukax.
S noJkeH MocTaBUTh 3/leCh HOMEP, MOCKOJIbKY pasayTHe Oy1eT 3aBUCETb OT
mara. Ecain 310 oto6paxkenue 6yaer f,, To 310 [, MOJHUMETCS Ha MOEM pas-
JIyTHH J10 HEKOTOPOro H3omMopuama anredpanueckux MHorooopasuii. Ecsin sto
otobpaxkeHue OyjeT GUpaloHaIbHOE, TO MOXKHO SIBHBIM 06pa3oM pa3peliuThb
0COOEHHOCTH; TO MHOrooOpasue, Ha KOTOPOM 0COOEHHOCTH paspeliatoTcesi, 3To
CP?, pasayTtoe B 9 TouKkax:

Zn — EﬂJrl
| ]
C?- = »C?
!
JlaBaiiTe s cKaxy, KaKk 3TO MOXKHO MPEACTaBJsATL cebe reoMeTpPHUEeCKH.
Y nac ectb C?, y Hac ecTh Kakasi-To Takas JAMHAMHUECKasi CHCTEMa 371eCh,
B KaKOI-TO MOMEHT Mbl He 3HaeM, KyJa HaM npbirHyTb. OKa3blBaercst, 4TO Mbl
He 3HaeM, MOTOMY UTO y HAC HeNoJIHOe MMPOCTPAHCTBO: CloJla HYXKHO BKJICHTb
cepy, ¥ TOTIa Ha CJIeIyIOLIEM LIare Mbl TPbITHEM Ha 3Ty camylo cdepy, a oTom
Ha CJIeJIyIOLIEM L1are PoBHO TakK »Ke U3 Hee H BbIIPbIrHeM. DTO TOBOPUT O TOM,
UTO Up19, Upts, -.. NPEKpacHo onpesnenensl. M torna, ecsun Bl BKjeute 9 cep
B CP?, T0 oueMy-To OKaKeTcsl, 4To Bee XOPOLLO, Aablie Hallla AHHaMUYecKast
CHCTeMa BCIOJly OlpejiesieHa.
3/1eCb MOXKHO CKasaTh GoJibliie: ecsn B3sith CP2, pasmyThb ero B 4, 5, 6, 7,
8 TouKax, To rpyInra aBToMOp(pHU3MOB COOTBETCTBYIOLLEI0 MHOr000Opasust Oy1eT
KOHeuHa; 9 Touek — 3TO MepBoe YUCJIO0, e IPyIna CTAHOBUTCS GeCKOHEUHOM.
A ecnn st 9 ToueKk HaxoasATCs B OOLIEM MOJIOXKEHHH, TO TOTJa Tpymnna aB-
TOMOP(U3MOB — 3T0 adppuHHAs Tpynna Eél). B nanHoMm cjyuae 3Ta cutyalusi
CHJIBHO BBIPOXK/IEHHAS!: OJIHA TOUKA KPATHOCTH O, OJiHA JBOWHAS U JIBe TIPOCThIE.
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CayuaiiHble cJoBa

51 HeMHOKKO 00600111y cefiuac paccMaTpUBaeMylo CHTYaLMIO, C TeM UYTOObI
OTBETUTb Ha BOMPOC, HACKOJBLKO YacTO Mbl MOXKEM O0XKHMJaTb TOro, U4TO 3Ta
KOMOHMHATOpHAasl 3a7aua TUIa NepecTaHOBOK BeJleT K ajre0po-reoMeTpHuecKoi
KapTHHKe. $1 Temepb Xouy paccMaTpUBaTh He CJyuyaiHble MepecTaHOBKH, a CJIy-
yaliHble CJI0Ba — BCEBO3MOXKHbIE CJI0BA JUIMHbI /1, COCTABJICHHbIe U3 aji(aBuTa
¢ [ OykBamu. [locsie 3TOro s pOBHO Tak »Ke ONpeJeIo q,(eﬂ) — 310 Oyner
pacrpese/ieHde caMoll JUIMHHOH HeyOblBaloLlel MOANOC/E10BATeNbHOCTH MO-
€ro cJioBa (s MPearosioxKy, 4To Mo ajdaBUT ynopsiaioueH — Mou GYKBbI 3TO
ay, ..., a;). CjoBa y MeHst 6yyT onsiTb PaBHOBEPOSITHLI. Besnunna q',i”) Oynet

BEPOSITHOCTb TOTO, UTO JIIMHA He rnpeBocxogut k. M ato anasornuHo P,i”).
PoBHO Tak »Ke 51 X04y OIpeeUTh qf) — POBHO TaKylo Ke MPOU3BOJISIILYIO
(hyHKIHIO.

Ha camom jie/ie HecJ105KHO JI0Ka3aThb, UTO KOria [ — 00, ¢, OYJIyT CXOJUThCS
K Pj,. EcTb ipocToe 00bsicHEH e JIst 3TOTO0: €CJIM Y Hac JJIMHHOE CJIOBO H OUY€Hb
MHOTO OYKB, TO BEPOSITHOCTb TOT0, UTO GYKBa OYyJIET MOBTOPSTLCS, OUeHb MaJa,
MO3TOMY Hallle CJIOBO — 3TO, TIPAKTHUECKH, MePeCTaHOBKa.

Tenepb 51 Xouy ckasaTb, UTO €CTh aHaJIOT TaKOro yTBep»KjeHus. Pasuuua
COCTOMT TOJILKO B TOM, UTO 371€Ch B IIPABOM YaCTH y MeHsI OMsATh Oy/IeT TEMJIUIEB
omnpeJie/IuTeb, B IPABOI YaCTH 51 J0JKeH noctaBuTb dyHkimio e (1 4z~ 1)L.
EcTb anasior onpeseneHus U3 TE€OPHH MPEJICTaBIEHHH. DTO OMNpe/ieieHHe Bbl-
MISUT Tak. DTo Gyaer cymma no jauarpammam fOHra ¢ nepBoil CTpOUKOH, He
npeBocxo/siieil 2. Paguuiia cocTouT B ToM, UTO y MeHst OyJIeT He KBajpat pas-
MEpHOCTH, COOTBETCTBYIOIIEH CHMMETPHUUECKOH Ipyrine, a Oy/leT NPOU3BeIeHHe
pasMepHocTel, OJHa W3 KOTOPbIX OGyJeT COOTBETCTBOBATH CHMMETPHUECKOH
rpynie, a Bropas 6yznet coorserctBoBath GL(/), rie [ — 310 KosiMuecTBO GYKB.
U1 Bce, B 06111eM-TO, [TOX0KE, HO TOJIbKO TYT UyTh OoJiee oOlilee:

02 () dimgy) A dimgry A 2|\l
e dg _Z [ =

Y Hac apyrast HOpMHPOBOUHAsl KOHCTaHTa. M3MeHeHue ofHOrO hakTopHala Ha
[N 06BsCHsIeTCA TTOCUNTAHHBIM KOJMUECTBOM CJIOB (DMKCHPOBAHHOH JUIHHLL:
3jiech [", a KOJIMUeCTBO MepecTaHOBOK — 3TO MPOCTO 71!,

Bonpoc B TOM, ecTb JiM KaKoe-TO Pa3HOCTHOE ypaBHEHHE, KOTOpoe 3Ty
MoOJiesIb 00CJ/yKMBAeT. YTBepzKAeHHe COCTOMT B TOM, UYTO OMNSATb Mbl MOXKEM
BbIYMCJIUTD 3TY I10C/E0BATENBLHOCTD € [TOMOLLBIO HEKOTOPOIO PEKYPPEHTHOTO
COOTHOLLIEHHs], KOTOPOE, TeM He MeHee, Heslb3sl TaK YK Jerko sanucatb. [lo
KpalHell Mepe, He TaK M3sLIHO. $1 Hamuuly ero Ha JIOCKe, TeM He MeHee,
4ToObl 1POCTO ObLIO BHIHO, HACKOJBKO CJIOXKHBIMH T10JIy4aloTcst (opmyJbl.
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Onsith pekyppeHuust OyneT 2-MepHasi, B TOM CMbICJIe, UTO €e MOYKHO OfHcaTh
KaK GupanuonanbHoe otobpakenne C2— C2. Ho s yxe He cMory Hamucathb
€ro ¢ MOMOUIbIO OJHOH MOCJeA0BATEbHOCTH, MJIs KOTOPOH 5 MpocTo Oepy
JIBa MOCJIEI0OBATE/NbHBIX UjieHa. ¥ MeHs OyJeT JBe MOoC/eI0BaTeNbHOCTH, 5 UX
Ha30BY, CKaxeM, [¢ U g¢; Uy MeHs OysieT oToOpazKeHue, KoTopoe U3 HUX Jle/1aeT
HOBYIO Mapy (fsi1, Ss+1). Terepb naBaiite st Hanuiry HopmyJIy:

_ 92gs
Y R g A g
2
1
Git g =—— ST o543
fs+1 1= Tsx1

YnuBuTeNbHBIM 00pa3oM 1ocJe TOro, Kak 3TH ypaBHEHHSI HAlMHCaHbl, OKa3bl-
BAETCS, UTO TaKHe COOTHOLLUEHHsI ONSATb-TaKH M0siB/IAI0TCS He Briepsble. M 60-
Jlee TOro, Ja)ke MMeIOT creuualbHoe HassaHue. HerpyaHo yrajgateb, uto 310
Kakoe-To JucKpeTHoe ypaBHeHue [leHsieBe; B 1aHHOM cJlydae OHO Ha3blBaeTCs
JMcKpeTHoe ypaBHenue [lennese IV.

Kakum »xe 06pa3om OHH MOSIBUINCHL paHbliie? BriepBble Takoro poja cooT-
HOLLeHUs OblJIM BbIMMCAaHbl OYKBaJIbHO MOJITOPA WJIH JIBAa I0jla Ha3ajl SOHCKUM
mMaremMatHkoM 1o damuanu Cakan, KOTOPbIH HCCEI0BaJ CJEeIyIOIMH BOTPOC.
Ou 6pan CP?, pasayroe B 9 TouKkax (HEKOTOpHIE M3 HHX MOTYT COBMAjaTh) H
paccMaTpHBas aBTOMOP(U3Mbl 3TOH MoBepXHOCTH. OKasbiBaeTCs1, MPH HEKOTO-
pOii KOHKPETHO# KoHurypaiyu Touek Ha CP? 310 U ecTh (opMmyaa, KoTopas
JlaeT TIPH COOTBETCTBYIOLIEM NOAHATHH H3oMophuam sToro CP?, pasaytoro B 9
Toukax. ¥ Cakau Ha caMoM JeJjie Oblin OoJiee 00LIMe ypaBHEHUSI: IUCKPETHbIE
ypaBHenusi Ilennese V u VI. Ecau B3ATb TOukM B 0OLIEM TMOJOMKEHUH, TO
BO3HMKaeT To, uto Cakau Ha3BaJl JIIMNTHUECKUM ypaBHeHueM [leHseBe VI.
PekyppeHuusi nuiercst uepes sJuMNTHIECKHE (DYHKLMH, W TIPUMEHEHHUST 9TOH
peKyppeHLMH B APyrof HayKe s HM pagdy He Buaes. Hymepauus, Hano ckasarb,
HECKOJIbKO TMpoK3BoJibHAsA. Cakau ee MoJiydyaeT MPOCTO M3 TPYMIbl CUMMeT-
pU# COOTBETCTBYIOLIEH MOBEPXHOCTH, HO, HAIIPUMEP, OJIHO W TO 2Ke JTHUCKpeT-
Hoe ypaBHeHHe [leHJieBe MOXKeT BbIPOXKJIATbCA B PA3HbIX PEKUMAX B pasHble
HenpepbiBHble ypaBHeHus [lensieBe. B obuiem, sTa Hayka GoJiee cjoxKHast, 4eM
HernpepbIBHAs.

S nosmKeH 3aKOHUMTbL YTBep:KJeHHE, KOTOPOe COCTOMT B TOM, UTO €CJIH

51 HAMHILY OMSITh BTOPYIO JIOTapU(MHUECKYIO TPOU3BOJIHYIO, T. €. L“Z"’/*l, TO
Tk
9TO MUILIETCS] KaK HEKOTopas siBHAsl palloHasbHash (DYHKIMS OT MOCJen0Ba-
TeJIbHOCTH [p, Gp.
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Manl/lllele NMOJHUHOMDbI

[Tocnenytoumi mar 6yaeT COCTOATh B TOM, UTO si 000011y CUTYallHIO ellle
jgajbiie. Yto6bl 00bACHUTb, KaK § 3TO CJesaio, s JaMm elle OJHy HHTep-
MpeTauuio JJIsl MocJ/e/10BaTelbHOCTH qff). WMurepnperauusi ouenb 6J1M3Ka TOH
dbopmyJie, KoTopasi TYyT HanucaHa, eJIMHCTBEHHO, Terepb sl Xouy Iepenucarb
9Ty ¢opMyJly B TePMHHAX CcTpouek Moux auarpamm IOura. $I BBemy HOBble
KOOPJMHATBI: A; + 1 —i 51 0003Hauy uepe3 x;, U TOrJa OKaxKeTcsl, 4To TO, UTO
MHEe HY?KHO CyMMHPOBAaTh, 3TO TaKO€ BblpaKeHHe:

G = > [Jei—xp? [T wira).
X1>x9>..>x;, X <k+[—1
dro onpenenutenb BangepMonaa (B3sThIH OT 3THX X;) B KBajJpaTe, YMHOYKEH-
HbI HA HEKOTOPYIO MYJIbTHIIJIHKATUBHYIO (PYHKIMIO OT KoopauHaT x;. CyMMHU-
poBaHue Oepercsl M0 BCeM MOHOTOHHBIM LIeJIbIM T0CJe0BATENbHOCTM U3 [

MKCOB, TJle MepBoe MaKcuMaJsibHOe He npeBocXoauT R+ [ —1. §1 He ckasaus,
2x
0
UTO TaKoe . W(X) B JAHHOM CJlydae MPocTo o Xi € Z . BolpaxkeHust Takoro
pojia Ha caMOM JieJle 4acTo MOSIBJSIIOTCS B TEOPUH CJaydakHbiX MaTpuil. Eciau
B35ITh TayCCOBCKYIO Mepy Ha 3PMHTOBBIX MATpHIAX M CIIPOEKTHPOBAThL ee Ha
coOCTBEHHbIE 3HAUEHHs, TO sIKOOMAH Kak pas OyjeT ornpenenutenb Banpep-
MOHJIa B KBajipaTe.

N obiiee ytBepKieHHe, KOTOpoe s XOuy cj/ieslaTb, COCTOMT B TOM, UTO
JUISi HEKOTOPOTo 00I1ero Kjacca BeCOBBIX (DYHKIHMH W, BXOJASLINX B 3Ty (hop-
MyJly, CYLLECTBYeT peKyppeHTHOe COOTHOLIEeHHE, MO3BOJISIolIee MOMYyYHTh CO-
OTBETCTBYIOLLYIO TOCJeN0BaTeNbHOCTL. Ec/u Halll Bec uMeer Jorapudmude-

wx —1 P(x
CKYI0O MPOU3BOJIHYIO, KOTOpasi €CTh pauMoHajbHas (yHKLHS 7;()6) ):—Q((x))
(P(x) 1 Q(x) — MHOTOUJIEHBI), TO CYLIECTBYET HEKOTOPAs peKyppeHLHsi, KOTO-

past B 4aCTHBIX CJlydasix MO3BOJISIET BBIUHCISATL TaKoe pacrpejiesienre nepBou
YacTHILbl 110 BEpPOSITHOCTHOHM Mepe Takoro BHaa. Kak ke 3Ty peKyppeHLHio
CTPOUTHL? YoKe I TAKOro MPOCTOrO CJiydast s BbIHYXKJEH MucaTh Ha JIOC-
Ke JIOBOJIbHO Hesierkue (opmysibl. OKasblBaeTcsl, UTO MPaBUJbHbBIA 53bIK, Ha
KOTOPOM HYKHO Pa3roBapuBaTh, 3TO SI3bIK MaTpHll, OoJiee TOro, MaTPUUHBIX
MHOTOUJIEHOB.

Pexyppenuusi yetpoeHa Tak:

(As, Ms(2)) = (Asy1, Ms11(2)).
[Iar pekyppeHLMH COCTOUT B TOM, UTO y HAC €CThb Mapa: HUJIbIOTEHTHASI MaT-
puiia As pasmepa 2 X 2 U MaTpHUHbIA MHOTOUJIeH M (2) = MOzm 4 m™

(aT0 mpocTo ecTh popmasibHast JiMHelHHAs KOMOUHALUST KO3(PPHUIIHEHTOB, Kax-
JIbIH U3 KOTOPBIX €CTh HEKOTOpAsl MaTpUlla); HeKoTopoe oToOpazKeHHe, KOTopoe
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10 TaKOMy OObEKTY CTPOMUT CJIEYIOWHUI 0ObEKT, U peLenT, Kak »Ke 3TO Mpo-
ucxoauT. Pelient coctouT B 0iHON cTpouke. Celuac st ero BbIMHULIY:

Ms(2)(z +As —s) = (2 + As 1 — S)Ms11(2).

To, uto s ceifuac nuuly, 3TO HEKOTOPOE TOXKJIECTBO MATPUUHBIX MHOTO-
UJIeHOB; 2 — 3T0 (hopMaJibHasi MepeMeHHasl, KoTopasi cO BCeM KOMMYTHPYeT.
Nnest cocTOUT B TOM, UTO €CJH 51 3HAIO JIEBYIO UaCTh (HUJIBMOTEHTHYIO MaTpHUILy
2 X 2 ¥ MaTpUUHbBIF MHOTOUJIEH), TO TOTJIAa ITO TOXK/ECTBO €/IMHCTBEHHBIM 00pa-
30M onpejiesisieT HUJIbIMOTEHTHYIO MaTpHUIly M MaTPUUHbIA MHOTOUJIEH B MPaBoOM
yactd. YToObl 3T0 OblI0 00Jlee KOHKPETHO, sl CKaxKy, UTO B 3TOM CJyuae, C
KOTOpOro si HauaJs, maTpuua Mg sMHelHa 1o z. B ofuem ciydyae Ha camom
nese crernedb Mg ecTb MakCHMyM cTereHd P W crerneHd (); B JaHHOM cJjyuae
9Ta creneHb papHa 1. Crapuuuii yieH — JMHEHHbIN UJleH, ero JIerko Hanucath.

Jlasiblile UeT HEKOTOpasi HEH3BECTHAsl MaTpHIIa.
9% .
B cayuae, xorna w(x) = - My nuneiiHo To 2.
BooGiie rosopsi, As — 3T0 KaKasi-TO HHJILIOTEHTHAsi MaTpPHIA, MOXKHO
Harucath ee MaTpuuHble 3JieMeHTbl. [locsie 3TOro y MeHsi BO3HHKHET 6 me-

pemeHHbIX — 4 st Mg u 2 s Ag:

M@=y 0)z+ (2 5), A=( %), pi=-ras

Ecsin 51 paspelry matpuuHoe ypaBHeHHe, 3aMIMCAHHOE B TAKOM KOMIAKTHOM
BUJIE, TO OKAa3bIBAETCS, UTO €CJH s Jajiee MPaBUJILHO MapaMeTpU3ylo MOH
MaTpHllbl, MHE YJIacTCs HCKJIOUMTb 4 M3 6 NepeMeHHbIX, W OcTaBlidecs 2
nepemMeHHble OyJyT 3BOJIOLMOHUPOBATHL COTJIACHO 3TOH JHMHAMHKE, KOTOpas
3aTeM BeJleT K HEKOTOPOi asreGpanueckol reoMeTpuH.

Tem He MeHee B 00llleM cJiyuae, KOHEUHO, SIBHO TOCUMTATb HHUETO He
ynaercsi. MckiouaTh nepeMeHHble MOXKHO B KaxKJI0M KOHKpeTHOM cJjydae. Ho
oOLIMH cyyall BeJeT K TaKOH MaTpUUuHON JuHamuke. K uToObl Kak-To nposic-
HUTb, TI0OYEMY TaKOTrO pojia MaTPUUHOE COOTHOUIEHHE MO3BOJSIET OTPENEJUTD
JIMHAMHKY, 51 X0uy CcOpMyJUpPOBaTb HEKOTOPYIO JIEMMY, KOTopas JJisi MeHs
OblJ1a HEOXKHUIAHHOM.

ATO YUCTO JIMHEHHO-areOpanueckoe yTBep:kaeHue. Jlyist moutu Bcex mar-
puiL npousBosibHOro nopsizika S, T € Mat(m, C) (s1 eule creunasnbHo norpedyio,
utoObl Sp SN Sp T =) cylllecTBYIOT eIMHCTBEHHbIe MaTpullbl S u T Takue,
uto Sp $=Sp §, SpT=Sp T W umeeT Mecto PaBEHCTBO CJIEYIOLIMX MaT-
PUUHBIX MHOTOUJIEHOB!

z=S)z-T)=@z-T)z-3).

Ecsii npupaBHsieM KO3 HUIHEHTbI, TO Mbl YBUIUM, UTO 3TO PABHOCHUJBLHO TOMY,
uro S+ T=8S+TuST=TS.
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EcJii Mbl BepHeMcst K TOMY, UTO HAMUCAHO 3/IeCh, U MPEATNOJI0KUM, HATIPH -
Mep, uto Mg JiMHelHbl M0 2, TO TOrJia KaK pa3 3TO eCThb MepecTaHoOBKa JIBYX
JIMHEHHbIX MHOXKUTEJIeH.

H3omoHoapoMHbIe MpeoOpa3oBaHus

Bo Bropo#i yactu 10K/1aaa s Xouy pacckaszatb, KAKHM 06pa3oM MaTpHUHble
COOTHOILIEHUs] BO3HUKAIOT COBCEM B JIPYrOM CIO’KeTe, CBSI3aHHOM C TeM, KaK Ha
JMCKPETHYIO CHTyalHt0 0000LINTL H30MOHOAPOMHbBIE MTpeoOpa3oBaHusl.

JIBa cjioBa 0 TOM, UTO TaKoe H30MOHOAPOMHOE TpeobpazoBaHne B 0ObIU-
HOM, KJIaCCHUECKOM cJlyuae. 3ajaua BOCXOJHUT, MO-BUAUMOMY, K Pumany. Mel
paccMOTpUM MaTpuuHOe 0ObIKHOBEHHOE Mu(depeHlanbHoe ypaBHeHre

WO 5~ By (¢
dg C—xj
OHo 6yseT UMeTh, KOHEUHO, 0COOGEHHOCTH B TouKax (x;). Peilienne Gyner Ber-
BUTbCSI: €C/IH Mbl 000(1eM BOKPYT TOUKH X, TO, €CJIM Mbl BO3bMeM (hyHIaMeH-
TaJIbHOE pelleHne, OHO JOMHOXKHMTCS CIIPaBa Ha HEKOTOPYIO MaTPHILy; OHA 3aBH-
CHT TOJILKO OT FOMOTOIHUYECKOI0 KJlacca COOTBETCTBYIOLIeH NeTyu: y — i - M.

He BnosiHe oueBMaHO, KaK TaKoOro pojia KapTHHKA A0J/KHA 060011aThCs Ha
JIUCKPETHYIO CHTYyalllio, MOCKOJIbKY ypaBHEHHe, KOTOpoe si Xouy Telepb pac-
cMaTpuBaTh — UTO-HUOYIL B TakoMm poje: Y(z + 1) = A(2)Y(z). ITocse storo y
MeHs1 He Oy/JIeT HUKAKOTo BeTBJeHHs. TeM He MeHee, MOHSATHE H30MOHOIPOMHOH
JlepopMaliiy 0CTaeTcsl.

51 He ckasaJi, uTo Takoe U30MOHOAPOMHas edopmauust. MisoMoHonpoMHast
necopMalisi — 3TO KOrja Mbl XOTHM MEHSTb MOJIOXKEeHHe TOUeK (X;) U XOTHM
NPH TOM, 4TOObI MaTPHLLI MOHOAPOMUH M., ocTaBanuch NOCTOAHHBIMH. s
3TOr0 HaM Hajao MoTpeGoBaTh, UTOOBI KO3 hHULIMEHTbl 3aBucesu oT X;. U
TOTJIA 3ajlaua COCTOUT B TOM, MOXKHO JIH BooOlle 3TO cesath. 3aaadya Oblia
pewena B 1912 r. lllnesunrepom. OH Hanucas HEKOTOPYIO CUCTEMY YPaBHEHHH
C YaCTHBIMM TPOM3BOJHBIMU Ha B;, KOTOpas Mo3BOJISIET ITO CEATh.

Bo Bropo#i yactu J0K/1ada s MONbITAIOCh PacckasaTb, UTO HAN0 Je/1aTb
B JIUCKPETHON CHUTYalH, KaK HaJl0 MOHUMATb MOHOAPOMHIO U H3OMOHOJIPOMHYIO
JechopMalnio KaK MaTpUUHble COOTHOLLIEHHSI.

JIuHeliHble pa3HOCTHbIE YPaBHEHUS

Tenepb s abcTparupytoch OT MEpBOH UacTH CBOero jokJaazaa. S mepeimy
NPOCTO K OOCYXKJIEHHIO Pa3HOCTHBIX MATPUUHBIX JIMHEHHBIX ypaBHEHWH BH-
na Y(z+1)=A(2)Y(2), e Y u A — 3T0 HEKOTOpbIe KBajApaTHble MaTpHIIbl
NPOU3BOJILHOTO TIOpsiaKa, npuueM A pairoHasnbHast. Jlerko coo6pasuthb, uTo
Ha caMoM JieJie Mbl He 00si3aHbl paccMaTpuUBaTh pallMoHaJbHYlO A, pocta-
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TOYHO paccMaTpUBaTh MOJHHOMHAJBLHYIO, TIOTOMY UTO KOTJa Mbl YMHOXKHM Y
Ha noaxojsilyo ['-yHKIHMI0, TeM caMbiM A YMHOXKHUTCS WJIM pa3JeJIMTCS Ha
MoOOH JIUHEHHBIH MHOXKHUTENb OT 2. [ToaToMy Bce 3HaMeHaTe M, KOTOpble eCTh
B A, moxxHOo cokpatutb. To ecTb ¢ 3TOro Momenra 51 Gyjy rnpejrnosaraTb, uTo
A — mHorousieH. BoJiee Toro, ecsu s BCe COMPSTY W MPEANOJNONKY, UTO OHO
B 00II1eM MOJI0’KEHHH, TO MOXKHO CUHTATh, UTO Y MeHs CTaplini Ko3ppuimeHT
JIHaroHaJIeH:
Pl

2"+ AZT A

Pn

Xopolummii npuMep TaKoro ypaBHEHHS, KOTOPBIH yxKe HeceT ¢ co60#
MHOTO MHTEPeCHbIX Belllell, 3T0 npocto I'-(hyHKIMs, KOTOpasi yIA0OBIETBOPSIET
u3BectHoMy ypaBHenuio: ['(z+41)=2z-I'(z). Ilaaiite s yGepy otciona I’
W Hanuuly Y, uTo6bl He ObIo cobJiadHa 3aMeHsTh 00lllee pelleHHe YACTHBIM:
yz+1)=zy(2).

Xouercsl 3ajaTh BOMPOC, UTO TAKOE MOHOAPOMHS /ISl ypaBHEHMs, CO-
otBetcTBylollero I'-dynkunnu? Kaxk Boo6lie BBeCTH MOHSATHE Yero-To THIMA
M30MOHOJIPOMHOTO 1peoGpa3oBaHmsi, COXPAHSIOLLEr0 BeTBAEHHE?

Tenepb §1 moTpauy HeCKOJIbKO MHHYT Ha H3JI0)KE€HHE HEKOTOPOH TeopuH,
kotopasi npuHamiexkut Jkopmky bupkrody. Ona Obl1a pasButa UM B JBYX
pabotax, ony6ankoBanHbiX B 1911 1 1913 rojax. to 3ameuatesibHble paboThl,
KOTOpPbI€ OCTAJNMCh HE OUeHb H3BECTHBIMH; X UMTAJH, HO MaJlo.

YTBep:kaenue neppoe. CylllecTBYeT eIMHCTBEHHOE (opMasibHOe pelleHHe
ypaBHeHHs], HMelolllee BUJL

nov izt
Y@ =(l+2L+2+... 2"%e "3,
< z pzzd,,
n

Y petenust )A/(z) €CTh CHauaJjia 4acTh, KOTOpasl BBHIMJISIUT Kak TroJoMopcHasi
(bYHKLIMST B OKPECTHOCTH 0O, 3aTeM HEKOTOpasi AMaroHajbHasi 4acTb, KOTOPYIO
MOKHO yrajath, ¥ Ha JIHAroHaJu elle MOSBJSIOTCS CTeleHHble MHOXKHUTEJH,
MJII0C HEKOTOpble cKaJsipHble MHOXKUTe W 2% u e ™. Uto s noapasymenaio
noj ¢opMajbHbIM pellieHHeM ypaBHeHHs1? Ecsiv B35iThb BbIpakeHHe TaKoro
BHUJIa, TIOJICTABUTb €r0 B ypaBHEHHWE W PasJioxkKHUTh 00e 4acTH B (hopMasibHbIN
CTereHHol psif mo 1/z, To Torma MOXKHO 10100path (€IMHCTBEHHBIM 06pa-
30M) TaKMe KOHCTaHTbl — CKaJisipHble MaTpulibl Vi, Yo, ..., @ Tak:Ke KOHCTAHThI
dy, ..., dy, UTO 3TO ypaBHeHHe MPEBPATUTCST B TOXKJIECTBO.

st ypaBHenusi Ha ['-yHKIMIO TaKOH CTETNEHHOH Psijl BBITJISIUT CJIeTyI0-
wuM 06pasom:

y(z)= (1 + é +> e 227712,
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ITO Ha caMoM JieJie eCcTh He UTO MHOe, KaK acHMMTOTHUeCKoe pas/oxKeHue
I'-¢byHKIIMH, C TOUHOCTBIO 10 KOHCTAHTHI.

HenpusatHocTb COCTOUT B TOM, UTO CTENEHHOH PsiJl, KOTOPbIH 3/1eCh MOSIBJIS -
ercsl, Bclofy pacxoautes. Koneuno, I'-(byHKLHMS He roloMopHa B OKPECTHOCTH
6ecKOHeUHOCTH. TeM He MeHee, OHa MMeeT TaKoe aCHUMIMTOTHUECKOe pasJioxkKe-
Hue. TeM cambIM, 3TO JIeHCTBUTE/BHO pelleHHe (hopMalbHOE.

Bropoe yrBepkaenne bupkroca cocTouT B TOM, UTO B JIEBOH HJIM MPaBOH
MOJIYNJIIOCKOCTH CYLLECTBYET W €IMHCTBEHHO rojioMopdHoe o6paTumoe peliie-
Hue (s1 310 Oyj1y 0603Ha4aTh Y! unn Y') Hawero ypaBHeHHs!, KOTOPOE@ acHMII-
TOTHUECKH PaBHO Y, T. e. MoeMy (hopMasbHOMY PSILy.

KoHeuHo, ecsin pellieHe CyLIECTBYET B MOJYIJIOCKOCTH, TO OHO CYLLECTBY-
eT BCIOJly: Mbl MOYKEM HCIMOJIb30BaTh ypaBHeHHe, UTOObl €ro Iar 3a larom
NPOJIMTL HasleBO MM HarpaBo. OJHAKO BAa)KHO, UTO Mbl MOXKEM BBbIUMCJIHTD
ACUMIMTOTHKY Hallero pelleHHsl TOJNbKO JIMUIb B TMOJYMJIOCKOCTH. Ec/an Mbl
notpebyeM, uToObl Halle pelleHHe OblJIO aCUMIITOTHUECKH PaBHO TAKOMY Bbl-
pakeHHuIo CripaBa WUJH cjeBa, OTBET MOJYUUTCS] PA3HbIM, U PElLLeHHs ToJyyaTces
pasHble.

Jnst ypaBuenust Ha I'-dynkuuio

I p o imz—in/2
R ]

Pellienre 3Toro CKasIipHOro ypaBHEHHSsl, KOTOPOe B TPABOH TMOJYMJIOCKOCTH
MMeeT TaKylo aCHMITOTHKY, 5TO NPOCTO ecTh I', OTHOPMUpOBAHHAS HA /27 —
310 Y. Y!(2) mOX03Ke, HO UyTh-UyTh JAPYroe: Ha CAMOM JieJie 3T0 \/%/F(l —2),
HO TOJIbKO ellle MOJMNpaBJeHHOe Ha 3KCIOHeHTY. Bce pelieHusi ornpeseseHbl
C TOUHOCTBIO JIO MEPHOJNUYECKUX (DYHKIIMH: BCET/Ia MOXKHO YMHOXKHUTh pelleHHe
Y cripaBa Ha MepHOJIMUYECKY0 MATPHIL, OT 3TOrO pellieHHe OCTAHeTCs PellieH -
eM. [TosToMy OMHOXKEHHe Ha TlepuoJnUecKue (YHKIMH He MEHsIeT pellleHHs.
3auem s ceiluac yMHOXKal0 Ha MEPUOJAUUECKYIO PYHKIHIO, 51 00BSICHIO MMO3XKe.

EMHCTBEHHOCTD MOSIBJISIETCSI TT0CJIE TOTO, KaK 51 3aDHKCHPYIO BETBU Jiora-
pudMa, KoTopble MHE HYKHbI, 4TOOBI OTIPEJIEJIUTH AaCUMIITOTHUECKOE MTOBEJIEHHE
CTerneHel z, KOTOpble 3/7eCh ydyacTBylOT. Kak ToJibKO si 3aMKCHpPYIO BETBH
Jorapucma, pellleHHe CTAHOBHUTCS €IMHCTBEHHbIM. Ec/in § MeHsio BeTBU JIO-
rapucma, To pelleHHst JOMHOXKAIOTCS ClipaBa Ha HEKOTOPYIO (PUKCHPOBAHHYIO
MepPUONUECKYIO (DYHKIIHIO.

YTBep:kaeHue TpeThe. JlaBaiiTe NmpH ornpejiesieHHH JIEBOrO M MPaBOro pe-
1IeHUs1 3apUKCHPYeM BETBM Jiorapudma TakiM 06pa3oM, UTO OHH COBMAJaloT
B BEPXHEN MOJIYMJIOCKOCTH. ¥ MeHs eCThb JieBasi W rpaBasi MoJyMJa0CKOCTH, MHe
Hano 3aUKCHUPOBaTh JIBE BeTBH. S 3apMKCHPYIO UX TaKUM 00pa3om, uTo OHH
COBIIAJAIOT TPH yX0Jle Ha GecKoHeuHoCThb. [locsie 3Toro naBaiite paccMoTpuM
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OTHOLLEHHE JIEBOTO U MpaBoro petnenus. Hano B3saTh npaBoe pelieHne B MUHYC
TepBoii cTeneHy 1 yMHOKUTE Ha Jesoe: (Y)~!Y! = P. Torna Takoe oTHolenue
ecTb MepHoiuecKas MaTpHLa, MOTOMY UTO, €CJIM Mbl CIBUHEM 3TO Ha €IMHMUILY,
TO 3JleCh TOSIBUTCSI MaTpula KosdduimentoB A(2), a 31ech NOSBUTCS Takas
»Ke MaTpulla, i OHM COKpaTATCs. DTO yTBEpKIeHHEe aHAJOTHUHO YTBEPXKIEHHIO
06 0ObIKHOBEHHOM U depeHIInalbHOM YPpaBHEHHH, a UMEHHO, O TOM, UTO
JBe (hyHIaMeHTaJ bHble CUCTEMbI PellieHHH BCerjaa OTaM4alnTest Ha MOCTOSTHHYIO
MaTpully. 37ech MOCTOSIHHAS MAaTpULA 3aMEHSIeTCs MePUOANYECKOH.

Onsitb-Taku B cyyuae I'-hyHKIIMKM HECJI0XKHO MTOCUHUTATh, UTO €CJIH 51 BO3b-
My OTHOLLIEHHE 9THX JBYX pelleHHil, To y MeHs nojyuntes P =1 — e 2™,

Ha camom nesie M0oxKHO TOKa3aTh, UTO MaTpHUUHbIE 3JIEMEHThI ITOH MaT-
PHIBI BCeria MHOroU/IeHbl 0T e2™2 W M0yKHO TOUHO yKasaTh cTereHb 3TOro
MHOrousieHa: OyjleT BHJHO, KaKoe KOJHUECTBO Kak Obl CBOOOJHBIX KOHCTaHT
€CcTb B 3TOM MHOTOUJIEHE.

51 onmcan Hekoe COOTBETCTBHE, KOTOPOE MO MaTpuile Ko3pduimeHToB A(2)
MPOU3BOJIUT HA CBET NMeproardeckyio Matpuiy P(z). CoBepllieHHO HeoueBUaIHOE
YTBEPIKJEHHE COCTOUT B TOM, UTO Takoe Npeobpa3oBaHue SIBJSIETCS] aHATOrOM
npeo6pa3oBaHusl UM O0TOOPaKeHHs, KOTOPOEe B HEMPEpPbIBHOM CJyuae CTaBUT
martpulle Ko UIMEHTOB YpaBHEHHs] B COOTBETCTBHE MATpPHUIly MOHOJIPOMHH,
MaTpully BeTBJIeHUS. S He cMOTy 0ObSICHUTD, MOUEMY 3TO JI€HCTBUTELHO aHa-
Jor. OJIHUM M3 ONpPaBAAHUH CJYXKHUT TO, UTO B MPEJIEbHOM Mepexojie, KOTOPbIi
MepPEeBOJIUT PA3HOCTHOE YpaBHEHHE B HENPEPLIBHOE, M0 MPeeIbHOMY MOBejie-
HUIO MePUOJMUECKOH MAaTPULbl P MOKHO TOJNYUMTh MaTPHUL MOHOAPOMHH CO-
OTBETCTBYIOIILETO MPeIeSbHOTO HEMPepPbIBHOTO YpaBHeHHs. BTopoe o6 bsicHeHne
COCTOMT B TOM, UTO TpeoGpa3oBaHusl PA3HOCTHOTO ypaBHEHHs, COXpaHsIoLe
3Ty MepPHOIMUECKYI0 MaTpHIly P, B TpeeJIbHOM Mepexojie ONsiTh-TaKu Mepexo-
JISIT B MOTOKH, COXPaHsIollMe MOHOAPOMHUIO.

Tenepb s1 Oyny HHTepecoBaTbCS TEM, MOTY JIM 51 KAKUM-TO 00pa3oM Mome-
HATb MO0 mMatpuily A(2) Tak, uto P(2) ocraHercsi poBHO Toil xe. Elile ojHO
yTBepKaeHure bupkroda cocrout B caenyioniem. Ecim y nac ectb A’(2), A”(2),
KOTOpble COOTBETCTBYIOT OJHOH M TOH »Ke P, TO CyllecTByeT Takas pailo-
HasibHast MaTpula R(2), uTo JieBoe U MpaBoe pellieHre OJHOH 3a/lauk CBsI3aHO
C JIEBBIM U MPaBbIM PellleHHeM JIPYroi 3a/lauu POCTO TOMHOXKEHHEM Ha 3Ty pa-
LMoHasbHyto MaTpuly. M cooTBeTcTBEHHO, MaTprlla KO((UIIMEHTOB MPOCTHIM
06pa3oM CBsI3aHa C TOH — CBsI3aHa MOUTH COMPSITAlOLIUM Npeobpa3oBaHUEM:

(Y/)Z :R(Y”)Z, (Y/)r :R(Yﬂ)r,
A"(2)=R(z+ DA (2R (2).

To ecth ecsn Mbl Bepum, uTo P(2) — 3TO aHaJOr MOHOJIPOMHM, TO BCSIKOE
M30MOHOJIPOMHOE MPpeoOpa3oBaHue MoJydaeTcs ¢ MOMOIIbI0 HEKOTOPOH paly-
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OHaJILHOW MaTpulbl. DTO OOBSCHSET, KaK JOKHO ObITh YCTPOEHO H30MOHO-
JIpoMHOe npeo6pa3oBaHue, HO He TOBOPUT O TOM, €CTb JIM OHH BOOOIIe. 3HAUMT,
€CJIM OHO CYLIECTBYET, OHO YCTPOEHO HMEHHO TaK.

51 moBTOptO yTBep:KIEHUE. Eca y MeHs ecTb jiBe MaTpHiibl KO3DduimeH-
TOB, KOTOpbIE JAI0T OJIMHAKOBYIO MAaTPHILy MOHOJPOMHH, TO TOTJA CYLECTBYET
HeKoTopasl palMoHaJjbHast MaTpulla R, KOTopasi CBSI3bIBa€T OJIHY H JAPYTYIO.

$1 mblTaloch MpUBECTH MpUMep R YISt TOMYJISIPHOTO ypaBHEHHsl, OTBeua-
tottero I'-ynkuuu. 1 Bosbmy r(z) =z. Torna s 10/KeH MOJMYUUTH YTO-TO
B TAaKOM JIlyXe: HOBO€ MPaBoe pellieHHe eCTb 2, YMHOKEHHOE Ha CTapoe TpaBoe
pellieHKe, a HOBOE JIEBO€ pellleHHe eCTh 2, YMHOKEHHOE Ha CTapoe JieBoe pellie-
HHe. DTo pellleHre ObLIO MpakTHuecku I'-(yHKIMS, TOJIBKO HOPMHPOBAHHAS:
2I(2)/V2m, 1. e. T(z + 1)/v/2m; T(z + 1) yroBaetsopsieT HOBOMY YpaBHeHHIO:

T(z+ 14+ 1)= @+ 1) +1).

[TosTomy MOst HOBast MaTpHila KO3 dHUIIMEHTOB eCTh 2 + | — g HauaJ co cTapo#
2, noJiyurs1 HoByto 2 + 1. Conpsratoniast MaTpuiia r — 3T0 MPOCTO PYHKIHS 2
B JIAHHOM CJlyuae.

Caenytoliiee yTBep:KaeHHe, KOTOpOe 51 ceiuac chopMyJIupyIo, 3TO KJIacCH-
(huKalKMs BCexX TaKUX MaTpHiL R, KOTOpble Aal0T H30MOHOJPOMHOE Mpeodpazo-
BaHHUe.

Mbl pukcHpyeM (B Haiux o6o3Hauenusix) A’(2) W XOTHM HalTH BCe pallk-
OHaJIbHble MaTpuibl R Tak, 4To 3T0 Bhipaxenue paer A”(z), koropoe Oyjer
MHOTOUJIEHOM TOTO »Ke Mopsiika W OyaeT UMeTh Takod ke BuJ. Koneuno,
3Ta Martpulla Bcerjna OyjieT palloHa/bHasl, OJHAKO Mbl XOTHM, UTOObI HOBas
MaTpHIla HaX0JIMJaCh POBHO B TOM »Ke MPOCTPAHCTBE, UTo U cTapasi. Ctapiini
KO3 UIMEHT THATOHANBHBIN, U TJIABHOE — MHOTOUJIEH, OH HE UMEET TOJII0COB
B KOHEUHOH TMJIOCKOCTH.

Ceituac g 06bsICHIO, KaK TaKHhe MaTpHllbl, BOOOlIle, noJyuatotesi. J{jist aToro
HaJl0 TOCMOTPETDh Ha HyJsH onpenenutens det A(z) =c(z —ay)...(2 — amy). To-
rJa yTBEPKJeHHe COCTOUT BOT B ueM. J1Jis JIIoObIX Le/IbIX CABUTOB a; — a; + ¢,
»; €7 (Tenepb sl BCIIOMHIO, UTO y MeHsI ellle OblIM HEKOTOpble MOKa3aTesu d,
PO KOTOpbIe 1 He OueHb MHOTO TOBOPWJI; JaBauTe paccMoTpuMm d;+— d; + 9;,
d;j TOXKe NPOU3BOJIbHbIE LIeJIble UMCIA; TAKUM 00pa3oM, UTo x4+ 0 =0)
CYIIECTBYET W eJMHCTBEHHA MaTpulia R(2) Takasi, UTo BbIparKeHHe

A(2) =Rz + AR (2)
oTBeuaeT a; =a; + s, dj=d;+9;.
A10 yTBep:kaeHne He bBupkroda, a Moe. Bripouewm, s HECKOJIBKO PHCKYIO,
KOTJla 3TO TOBOPIO, MOTOMY uTO B 1923 I KTO-TO 3ampocTO MOT €ro JI0Ka3aTh.
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[IpocTo Ha camoMm Jesie BOBMOXKHOCTH MoucKa B Jiutepatype 20-X rojoB j10-
BOJILHO OTpaHuueHHble. Bce, UuTo 51 BUJIe, He yKas3blBaeT HU Ha OJHY pabory,
HU Ha OJIHOTO UeJIOBEKa, KOTOPbIH BOOOIIe 3a1aBajicsl BOPOCOM PACCMOTPEHHS
BCEBO3MOZKHbBIX MTPe00pa3oBaHuil, COXpaHSIONIUX P.

O6patasich onsatb K ypaBHenuto aasi ['-dynxumu, y(z + 1) =zy(z), mbl
BHJIUM, UTO y MaTpHIbl KO3(DMUIMEHTOB OJMH €MHCTBEHHbIH HYJIb, paBHbINH
Hymo. M Mbl MoxeM nenaTh MPOU3BOJIbHbIE CIBUIM 3TOTO HYJsl Ha LeJble
yncaa. Ha camom zesie Bce ypaBHEHHS!, KOTOPbIE Mbl MOYKEM MOJYUUTb U3 3TOTO
ypaBHEHHUS], €CThb MPOCTO CJBHUT MaTpUIlbl KO3(DMUIIMEHTOB Ha 1eJI0€ YHCIIO:
y(z+1)=(z+ k)y(z). 3nech Mbl cienand CABUT Ha eIMHUUKY. Ecyin B 1aHHOM
cJlyuae Mbl TOCMOTPHM Ha aCHMMITOTHUECKHH Psifl, TO YBHIUM, uto d = —1/2. Y
Hac OJIHO d, OJIHO @, Mbl C/IBUraeM a BIPaBO, aBTOMAaTHUECKH BO3HUKAET CABUT
d BsieBo. D10 Bce npeobpas3oBaHus sl ypaBHeHUs ¢ ['-hyHKIIHEN.

Tenepb 1 Xouy BLUICJAHTH HEKOTOPYIo noarpynmy: Z™ =15 7m Y veus
eCTb mn HyJeH, y MeHs ellle eCTb N WTYK d; sl JOJKEH BbIUECTb €JIMHHILY,
nockoJsibKy cymma pasHa 0. $1 Xouy BblIE/IHTb HEKOTOPYIO 3ameuaTesbHyIo
noarpynny Z™. 31ecb n — 3T0 pa3Mep KBaJpaTHOH MaTpullbl, a M — 3TO
cTernieHb MHorousieHa A(2). §1 xouy BbIIeNUTb /m-MePHYIO MOJATPYIIY B 3TOH
rpyrnre, Kotopas npoiue, yem obiue npeodpazoBanusi. B yactHocTu, 51 6yay
B COCTOSIHMHM yKa3aTb GoJiee sIBHO, KAKMM 00pa3oM CTPOUTCS ITOT 3araJlouHbIi
R(2), npo KOTOpbIH 51 HUUEro MOKa He paccKasall.

Uro ke 370 3a noarpynna? MHe HaJ0 BbIIEJUTb MOATPYIIY B 3THX LIEJbIX
capurax. JlaBpaiite s HauHy ¢ TOTO, UTO MHOXKECTBO HYJIeH 51 pa300blo HA TPYIIIbI,
no 1 COOCTBEHHBIX UMCes B Kaxka0# rpynme. B nepoil rpynme y meHs: 6ynet
ot | 710 1, U TaK 0 mM-# TPyNbL:

1
{ay={a\", ..., ayu.. . 0{a\™, ..., oM},

51 370 mesan MpousBOJIbHBIM 00Pa30M; s TperoJarat, uto Bce co6CTBEHHbIe
3HaueHus pa3nuHbl. Tenephb s 3axouy cJBUTaTh COGCTBEHHbIE UMCIA B KaXKJI0M
rpyIire Ha OJIHO U To »Ke uhcsio. §1 Oyjy paccMaTpUBaTh LieJible CIBUIH, TeMeph
s1 TpUOaBJISI0 KO BCEM UKMCJaM B TPYIIe OJHO-€eJIHHCTBEHHOE UHCJI0. 3HAUMT,
aﬁk) C/IBUTaeTcsl Ha Kakoe-To fu s Beex i =1, ..., n. Takum o6pazom, Bo3-
HHKaeT m pa3HbiX CJBHMIOB. $1 ele xouy, uToObl Bce d TOXKEe CJBHraJMCh Ha
OJIHO M TO K€ UMCJIO, KOTOPoe 0053aH0 ObITb MHHYC CYMMOH [is, TTOTOMY UTO
obuiast cymma cjguros pasta 0.

Yewm ke mpusitHa Takas noarpynmna? [lpusitHa oHa, Harmpumep, BOT UeM.
JlaBaiite Bo3bMeM ) =1, puo=...= p, =0 (Bce 1 Kpome nepBoro pashbl 0).
Kak ke Torna onucatb R(2)? Torna R(z), okadbiBaeTcsi, eCTh MPOCTO JHHeHHAs!
(bYHKLIMS, MATPUUHBIN JIMHEHHBIF MHOTOYJIEH, 51 HATIMILY €ro B Buje 2 — B, rie
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3TO €CTh €/IMHCTBEHHbIH TpaBblil JleJuTe b MaTpullbl A(2) ¢ 3a1aHHBIM CreK-
TPOM — CO CIEKTPOM {a(ll), ath (mepBast rpynna co6CTBEHHbBIX 3HAUEHHI).
51 6epy matpuily A(z) u xouy oT(haKTOPU30BATH JIMHEHHbBIH MHOXKHTEbL ClpaBa
A(z)= 21\(2) (z — B) Takum 06pa3om, uToOGbl CMIEKTP MaTpHULbl B B paBoii uacTu
Obl TIpearncaHHbiM ¢ camoro Hauasa. OH, KOHEUHO, JIOJKEH HaXOJUThCS
Cpesu HyJiel onpeesuTe s MOel HCXOMHOH MaTpHllbl, HO KaK TOJLKO 51 (PUKCH-
pYIO 9TO MOJMHOXKECTBO HyJIEH, 1 MOTY 3TO CJ/ieJlaTh €IMHCTBEHHBIM 06pa3oM.
M okasbiBaercsi, UTo 3T0 2 — B M €CTb COOTBETCTBYIOLIMH MPaBbli 1eJIUTEb.

JlapaiiTe 370 mpoBepuM. I mocuuTato Av(z). Torna s noJkeH HanucaThb
R(z+ 1), 1. e. 51 jo/ukeH Hanucath 2 + | — B ymMHOXKHUTb Ha A(2), KOTOpoe o
Harnuiy B Buje A(2) :2(2) (z — B), u ymuoxkuth Ha R~!(2), 1. e. na (2 — B) ™!,
KOTOPBIN 0J1aronoJiyuHo cokpataercs. Takum o6pazom, MOsi MaTpulia Av(z)
MMeeT TaKoH BHJL

A@)=z+1-B)A@R)(z-B)(z—B) "=z +1-B)A(2).

Ecau g Xouy npoaoJiKaTthb, Hallpumep, €CJiu s OlsiTb XOUYy B3dATb (] = 1, TO
TOrJa MHe OISITh B 9TOU MaTpuLe A HY2KHO BbIACJ/INTb HpaBbIﬁ JICJINTEJIb. H 9TO

JIOJI2KEH HaMUCcaTh B BUJIE %/l\(z) YMHOXKHTb HA KaKo#H-To 2 + | — B. [TocmoTpum
Ha 3TO COOTHOllIeHHWe, 3a0yJeM Mpo BCe OCTaslbHOE, MPOCTO CPaBHUM JIBA
BblpaxKeHusl. To, 4To 3/ech HaMMCcaHo, €CTb MaTPHUHbI MHOTOUJIEH; JIMHEeH-
HbIl MATPUUHBIF MHOXKUTEb. M Mbl 3TOT JIMHEHHBI MATPUUHBIH MHOXKHUTEJNb
[IPOHOCUM uepe3 Hall MATPUUHbIA MHOTOYJIEH W [0JlydaeM KaKOW-TO JIPYrou
pesyJibTaT:

A(R)=(z+1—B)Az)=A(2)(z+ 1 — B).
MmenHo Takoro poja COOTHOLIEHHE IMOSIB/IAJNOCH B JMHAMHUKE, HYXKHOH MHe
JUISl BBIUHCJICHHS] BEPOSITHOCTHOH BEJIMUMHBI, O KOTOPOH s FOBOPHJ. ITO He
cayuaiiHo. Ha camom nene Besikasi BepOATHOCTHAsi MOJeNb M3 ONUCAHHbIX
paHee ecTeCTBeHHbIM 00pa3oM NPUBOJAUT CHauajla K HEKOTOPOH JIMHEHHOH 3a-
jlaye, K Pa3HOCTHOMY JIMHEHHOMY YpPaBHEHHIO, a IOTOM K COOTBETCTBYIOLLEH
M30MOHOIPOMHON JlechopMallii 3Toro ypasHeHusl. M kak pa3 ypaBHeHusi Ha
M30MOHO/IPOMHBIE JlehopMalik NMPUBOAAT K PEKyppPEHLHsIM, KOTOPble B 4acT-
HbIX CJlyuasix JAlT Pa3HOCTHOe ypaBHeHue [lensieBe, T. €. TO, ¢ 4yero s Havadsl.

OTBeTbl Ha BOMPOCHI U 00CyXKaEeHHE

Pasbuenne Hysell onpese/nTes1si He HY:KHO (DUKCHPOBATb KaxK/blil pa3
3aHoBo. Korzma s Bbiiessiio 3Ty noarpyniy, s yxKe (ukcupyto pasbueHde Ha
HEKOTOpble TPYIIIbl; Telepb s KaxKAyl W3 STHX TPYII CABUralo Ha CBOE LeJoe
uuesio. 1 B35 MepBYIO TpyIiy, CABHHYJ ee Ha | OIMH pas3, MOTOM 51 Xouy
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C/IBUHYTb ee Ha | eule pas3, W Ui 3TOrO MHE HYXKHO BbIIEJUTb B TOH Ke
MaTpHLIE ellle OJIMH MPaBbli JeJUTeb.

YpaBuenue [lennese, BooOllle roBopsi, He BO3HHKAET TakK, OHO BO3HHUKAET
Kak camonojobHas penykuusi s Kn®, 310 He JIMUHO OJHO W3 ypaBHEHHH
Kn®. Ectb Hekas nesiTesbHOCTD 3/1eCh, CBSI3aHHAs C TeM, YTOObI M0Jy4aTh, TakK
CKasaTb, pa3HOCTHbIe ypaBHeHHus1 [leHsieBe U3 KaKMX-TO IMCKPETHBIX aHaJ0roB
MHTErpupyemMbIX MoJe/iell. DTa JIesaTebHOCTb M0Ka Ha MOH B3IVIsIIL He NpHUBeJa
K 60JIbLIOMY yCIeXy, HO 3TO OTYACTH MOTOMY, UTO He OUeHb MOHSATHO, UTO TaKoe
pasHocTHbli aHagor [leHsieBe; nmMeeTcsi pagHorsiacue, Mo-MoeMy Tak e, Kak 1
MMeeTCsl pa3Horjacue, KAKUM MeTOJIOM CJielyeT CTPOUTh Pa3HOCTHbIE YpaBHe-
Hust [lenneBe. PasHble jiiojin nojipa3yMeBaioT Moj 3THM CJIOBOM PasHble BelllH.

Cuatyuaiinble 1ocC/IeIoBaTeNbHOCTH, 3a/aua O BbIUHCJEHHH pacrpeseseHust
HauboJIblIeH JJIMHBI BO3pacTaiollel MOoJNoC/aeN10BaTe/LHOCTH U T. J. MOTYT
ObITb chOPMyJIMPOBaHbI B KOHTEKCTe 0011iel 3a1aun. CyTb COCTOUT BOT B UeM.
Mbl paccmaTpuBaem BEpOSITHOCTHYIO Mepy Ha HaGopax 1eJibIX Ynuce, KOTopast
BBITVISIIUT CJIelylolliMM 00pa3oM. ¥ Hac ecTb onpenenutesnb Bannepmonaa ot
MO3ULIMK 3THX TOUEK B KBajpaTe, YMHOXKEHHbIH Ha MPOU3BeJeHHE BECOBOH
(DYHKLMH OT THX TOUEK:

[0 —x)? T wix).

OTo Mepa HA KOHEUHbIX MOCJeN0BATEJbHOCTAX MKCOB. KM Mbl XOTHM y3HATb
0 TOM, KaK M0 Mepe TAaKoro BHJA pacrpesiesieH MaKCHMyM 3THX MKCOB. UToObI
3TO BBIUMCJIMTb, OKa3blBAETCS, HYXKHO CJleslaTh CJIeIylolllee: HY»KHO IPOCTO
BBIUMC/UTb OPTOrOHAJILHBIN MHOTOUJIEH. $1 mpejroJiarato, YTo MOH UKChl — 3TO
0, 1, ... $1 Xouy BBIUMCJIUTL BEPOSITHOCTb TOTO, YTO MaKCHMMyM He TpeBOC-
XomuT Kakoro-to k. Torma s 3170 Mory cienatb, HanpuMep, TaKUM 06Pa30OM.
Ecau 51 ymelo BbIUHC/ISITH OPTOTOHAJbHblE MHOTrOUJIeHbl Ha HHTepBase OoT 0
no k ¢ BecoBOH (DyHKIMEH @, TO 3TO jiajo Obl MHE OTBET Ha TaKylo 3ajauy.
K coxasnenuio, Mbl, Kak MpaBu/0, TaKHe MHOTOUJIEHbI BbIUMCAUTD HE MOXKEM.
Jlaxke npu KJaccuyeckom Bece 3TO He BbiuMcssiercst. Ho Takue opToroHasbHble
MHOTOUJIEHbl 3aBEJIOMO Y/IOBJETBOPSIIOT HEKOTOPOMY Pa3HOCTHOMY JIMHEHHOMY
ypPaBHEHHI0, €CJIH Halll BEC I0CTATOYHO X0polinil. Teneps e ecjii Mbl BO3bMeM
pasHble 3HaueHusi k, Hanpumep k W k+ 1, To y Hac noJyuarcsi JBe pasHble
CHUCTEMbl OPTOTOHAJIbHBIX MHOTOUJIEHOB U JIB€ Pa3Hble CUCTEMbl PA3HOCTHBIX
JIMHEHHBIX ypaBHEHHH, CBA3aHHBIX C STHMH OPTOrOHAJbHBIMH MHOTOUJIEHAMM.
OTH JiBe CHCTEMbl OKAa3bIBAIOTCSl B OJIHOM KJacce 3KBHUBAJEHTHOCTH B 3TOM
CMbICJIe, CBSI3aHbl HEKOTOPbIM MpeoOpa3oBaHHeM Takoro Buja. Takum obGpa-
30M, 4TOOBI MPENbSBUTL KAKYIO-TO PEKYPPEHLHMIO M0 k ISl pacrpeieseHus
3TOr0 Makcumyma, k, R+ 1, ..., Mbl MO}Ke€M BMECTO 3TOr0 pacCMaTpUBaTh U30-
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MOHOJIPOMHbIE peoOpa3oBaHuUsi TaKoro poja cucteMbl. M1 3T0 okasbiBaercst
MpaBUJIbHBIM CITOCOOOM OMUCAHMS.

Ectb caenyiouiasi runoresa. Eciu § paccMoTpio Mepy Takoro BUJA, 3a-
Oy/ly Mpo TO, YTO UKChI IUCKPETHBI U MOCAaXKy UX HA BELIECTBEHHYIO MPSMYIO,
BO3bMY 3J/leCb I'ayCCOBCKHI BeC, pacCMOTPIO pacrpejieieHle ToyeK Mo 3TOMY
BeCy W BO3bMY MPaBUJIbHBIM 00pa3oM Tpefes MPH KOJHUECTBE TOUEK, CTpe-
MsilleMcsl K GeCKOHEUHOCTH, TO YyJeCHbIM 00pa3oM OKa3blBaeTcsl, UTO OTBET
COBIAJIAeT C TpeesbHbIM pacrpesienendeM Hysel (-pyHkuun Pumana, ecsu
Mbl 110 KPUTHUYECKOH MPSIMOH YXOJIUM B OECKOHEUHOCTb. DTO CBSI3aHO POBHO
TakiM o6pa3oM. [uroresa 4acTHUHO JI0KAa3aHa, HO TOJHOTO J0Ka3aTesbCTBa
Het. 1 ectb obuiasi Bepa B To, uto HyJsu (-pyHkunn Pumana Beayt cebsi Kak
coOGCTBEHHbIE UMCIa caydailHbiX MaTpull. OObCHEHHUS Ke STOMY, B HACTOSIIIUH
MOMEHT, M0 KpaiiHell mMepe, HeT. EcTh Kakoe-To o6bsicHeHHe s (-PyHKIHH
Ha QYHKIHMOHAMBHBIMU TTOMISIMU. Ho Hal KOMIJIEKCHBIM 110JIeM MHE HEH3BECTHO
HMKAKHX KOHIIeNTyaJbHbIX paboT, KOTOpble Obl 3T0 0OBSCHUIH.

27 mapra 2003 r.



O.B. lllBapuman

50 JIET TEOPEME LUEBAJIJIE

drot nokaan nocesileH Teopeme llleBassie, nokazaHHON rae-To Mexy
53-M ¥ 54-M rojoM MpPOILIOrO BeKa, U HEKOTOPbIM ee OoJiee Mo3HUM 0600-
IIEHHUSIM.

Hauny usnaneka: mycTb Ha KOMILJIEKCHOM MHoroo6pasuun X JeicTByer
JMcKpeTHas rpynna ero apromopduamon I' C Aut X. TTox nuckpeTHocTbiO N1eii-
CTBHSI MOHUMAaeTCs cJeiyloulee: s Job6oro komnakta K C X MHOXKeCTBO
{yeTl': vK NK # &} KOHeuHO, T. €. TIOUTH BCE 3JIEMEHThI <y rpynmbl I' «yBo-
JAT» KOMNakT K Tak Jajneko, 4To OH He TepecekaeTcsi Co CBOUM 06pa3om
vK. DTO OTHOCHTCS, B UACTHOCTH, M K JtI0OOH Touke x € X. Takum o6pasom,
crabummnzatop I'y ={y € ': yx = x} KoHeueH /15 J0OOH TOuKH X € X.

[pynna T' HasbiBaeTcsi KOKOMMAKTHON (MHOMJA KpHCTaIorpaduueckon),
ecsin (paxropripoctpancto Y = X/T" umu X (mod I') komnakrtro. §1 He npero-
Jarato, uto rpynna I' neficTByer 6e3 HeMoJBUKHBIX TOUeK (CKOPO Mbl MOHMEM,
nouemy 310 BaxkHo). [Tostomy Y siBsisiercst KomnyiekcHbIM 0pOUQOJIIOM.

Uepes Fix v 0603HauuM MHOXKECTBO HEMOJBUKHbBIX TOUEK dJeMeHTa ¥ B X.
[naBHast poJib B MOeM pacckase Jloctajach oTpaxkeHusiM. BoT ux onpejesnexue:
ssieMeHT 7y € Aut X HaszoBeM KomnaekcHolm ompasceruem (B NajbHellieMm
NPOCTO ompanceHuem), eCii ero nopsiaok koneuen u codime Fix v=1.

[Ipumepbl. a) cuMMeTpust B JiloOOH Touke KomIieKcHo# npsiMoit C;

6) amneiinoe npeodpasosanre C+! ¢ coGeTBeHHBIMY 3HAUEHUAMMU

(l, o1 exp(QW\/—_l/N)).

n

Bepremcest K KOMIakTHOMY KomruiekcHomy op6udosay ¥V = X/T'. OGuiast
TEOpPHUs MPEJICKA3bIBALT, UTO, KAK MPABUIIO, ¥ OKa3blBAaeTCs MPOEKTHBHLIM aJl-
rebpanueckuM MHoOTooOpasueM. XoTesnoch Obl, 4TOObI 3TO ajnrebpanueckoe
MHOroo6pasue OblJI0 KaK MOXKHO <«IPOLLE»: Harpumep, KOMILJIEKCHBIM [po-
eKTHBHbIM npocTpaHcTBoM CP™ uin ero «ckpydeHHbIM» 060011eHHeM — B3Be-
LLIEHHBIM MPOEKTUBHBbIM TpocTpaHcTBoM WP, Bo3HHKaeT 3aKOHHbIH BONpPOC:
JUist Kakux npoctpaHcTB X u rpynn I takoe ObiBaet?
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Ckaxy cpagy — Borpoc He u3 Jierkux. Knaccuueckasi Teopema [lleBase
MOJIHOCTBIO HA HEro OTBevyaeT B TOM cJjyudae, Korja X — 3TO MPOEKTHUBHOE
npoctpancteo CP”, a I' — KoHeuHasi rpymnmna ero aBToMop(Hu3MoB.

Teopema llleBange

B yno6Ho# a5t Hatmx tesiedt hopMyJMpOBKe OHA 3BYUHT Tak:

Teopewma 1. @akmopnpocmpancmeo CP"/T" moeda u moavko mo-
eda uzomoppro 83seuenHomy npoekmusromny npocmparcmey WP", ko-
eda epynna ' asasemca epynnotl, nopocdenHoil ompaxceruamu (Uau
npoOCmo epynnot OmpanceHul)

UTo6bl He MPULLIOCH OMPaBAbIBATBCS B JaJbHEHIIEM, JIOTOBOPUMCS, UTO
TPUBHAJbHAS TPYMNa — 3TO TPYNNa, MOPOXKAEHHAs! MyCTbIM MHOXKECTBOM OT-
pakeHHi.

Taxkum o6pasom, B ciyyae X = CP" npocrora (B HalleM NMOHUMaHWM) hak-
TOPNPOCTPaAHCTBA 00eCNeunBaeTCs KOHEUHbIMU MPOEKTHBHBIMHU IPYNIaMH KOM-
MJIeKCHBIX oTpaxkeHui. Bee Takue rpynnbl B CP" npu n > 1 Oblau HalieHbl
elile B Hauaje XX Beka. Mx knaccudukainu mMbl B MepByio ouepeab 06si3a-
Hbl Mutuesuty (Mitchell), Bauxdenbay (Blichfeldt) n Bepncaiiny (Burnside).
Kanacengukaums koneunsix noarpynn B PSL(2, C) — pesdysbraT KjaaccuuecKkuil.

[1puBenennasi GopMyJMpPOBKa HECKOJBKO OTJIHUAETCS] OT aBTOPCKOH, B KO-
TOpoli yTBepKaaeTcs caeyiolee: nycth B C'F! nefictyer Koneunas snmefi-
nast rpynna I'. Torma cdakropnpoctpanctso C*H /T torna u tosnbko Torma
HU30MOP(MHO KOMIJIEKCHOMY apUHHOMY MPOCTPAHCTBY, Korja rpynna ' ecTb
rpynna oTpakKeHuH.

OO6DBsICHUM CBSI3b IBYX MpeioKeHHbIX Bepcuil. [Ipexke Bcero 3amerum, uto
Mmo0Goe NPOEKTHBHOE OTpaxKeHue nojaHuMaetcst B suHeinyto rpynny GL,(C)
OTPaKEHHEM TOro Ke MopsijKa (ITOT MOJbeM OJHO3HAUEH, ecyu 1> 1).

Uepes T’ 0603HaumnMm noarpynny rpynnsl GL, 1 (C), nopoxxieHHyto «1noab-
emMaMu» Bcex oTpaxkenui u3 I'. Hecsoxuo nposeputs, uto ' — 570 KOHeuHoe
(ueHTpasbHOE) pacuiMpende rpynnbl I' W, pagymeercs, JuHelHas rpynna oT-
paxkenui. Mtak, Mbl OCTPOUJIN KOHEUHYIO JIMHEHHYIO TPYIIy OTpaKeHHH T,
po2KIaIoLLyI0 MPOEKTHBHYI0 rpynmy I

Terepb CTOUT HAMOMHUTB, UTO caMo NpoeKTHBHOe npocTtpaHcTBo CP” ecThb
daxropnpocrpanctso C*™! — {0} no nefictuio rpynnel C*: z — {2, | € C*.
Takoe jeficTBHE MepecTaHOBOUHO C JIEHCTBUEM JIMHEHHOMN TPYIIIbI, U, KK CJIejl-
CTBHE, Mbl TOJIlyuaeM KOMMYTATHBHYIO AMarpaMmy 1eHCTBHH

Cr {0y — s ent /T — {0y

o| e

cpr— Y y—»
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CorsacHo KJaaccuueckor Bepcuu Teopembl LlleBasie, npaBasi BepTHKab-
Hasi cTpesika CBsi3aHa ¢ nedctBhHeM rpynnbl C* Ha KommiekcHOM adduHHOM
npoctpaHcTBe 6e3 Touku. JlaBaiite pasdepeMcsi ¢ STUM JEHCTBUEM.

st 3T0r0 6bLI0 OBl HEMJIOXO 063aBECTUCH YIOOHBIMU (JIJIs1 €r0 U3yUeHMUs!)
ahUHHBIMK KOOpPAMHATAMH Ha (hAaKTOPIPOCTPAHCTBE (C”“/f. ITO MOXKHO
c/les1aTh, €cJIM MepeBecTH Kjaaccuueckyto TeopeMy llleBasie Ha s13bIK TeopHH
uHBapuanToB. C TOUKH 3peHUsI 3TOH TEOPUH TO OOCTOSATENLCTBO, UTO (haKTOp-
NPOCTPAHCTBO (C”*l/f ecTb athhuHHOE KOMIIJIEKCHOE MPOCTPAHCTBO, 03HAUAET

POBHO cJielylolliee: nofare6pa I'-unBapuanTHbix MHorounenos C[zo, ..., 2,]"
siBJIsieTcst CBOOOHON nosiMHOMUabHOH anrebpoit C| [y, ..., [,] oT Takoro xe
ypcJia epeMeHHbIX f;, KOTOpble MOXKHO BbIOPATh OJHOPOJHBIMU CO CTEeTeHsIMHU
deg [ =k;. Torna otro6paxenne

(CrHrl - {0} _)CﬂJrl/f B {O}
3ajiaetcst popmyJion

(205 .oy 20)— (Jo(2), ..., [2(2)),

T. €. OJIHOPOJIHbIE MHOTOUJIEHBI [; cayxKaT ad@UHHBIME KOOPJAMHATAMH Ha
(hakToprpocTpaHcTBe (C”H/IA“. Terepb y»Ke MOXKHO $IBHO yKa3aTb HCKOMOeE
neiicteue C* Ha stom akropnpoctpanerse: f(fo(2), ..., fn(2)) = (fo(t2), ...
o Tntz) = (tkofo(z), o R (2), )

OkoHuaTesbHbI BbIBoA Takop: Ha C"T! Ges wyns rpynna C* neiicTsy-
eT B3BelICHHBIM 00Pa3oM, yMHOXKas i-10 KoopauHaty Ha tki| { € C*. Takoe
B3BelenHoe Jeficteue rpynnbl C* wa C"*! — {0} kak pas u naeT B KauecTBe
(hakTOprpocTpaHCTBa B3BellleHHOE MPOEKTHBHOE npoctpancTBo PW ¢ Becamu
ko, ..., ky.

Urak: reopema | hakTHUeCKH eCTb MPOEKTUBU3ALIMS KJIaCCHUECKOH Teope-
mbl [leBasse. B smoGoit cBoeil hopMy/IMpOBKe TeopemMa yKa3biBaeT Ha pella-
IOLLYI0 POJib, KOTOPYIO UTPAIOT IPYMITbl OTPaKEHHH B MOUCKAX «MPOCTBIX» Op-
6udoanoB. M3 uncTo Tornosiornueckux cooOpaxkeHuil JIokasbiBaeTcst o6paTHoOe
YTBEPKJIEHHE: €CJIH KOMIJIEKCHBIH 0pOUMOJIL «ITPOCT» (Harpumep, siBJSETCS
B3BELIEHHBbIM MPOEKTHUBHBIM MPOCTPAHCTBOM), TO Tpymnna opboucdosana I' ectb
rpyrna KOMIJIEKCHBIX OTpaXKeHHi.

Hakonell, MOKHO YTOUHMTb M TyMaHHbIH BOIMPOC O «IPOCTBIX» (PaKTOp-
npocTpaHcTBax. BoT ojlHa M3 €ro BO3MOXKHBIX TOUHBIX MOCTAHOBOK: Ha30BeEM
napy (X, I'), cocTosiliylo M3 3pMHTOBA CUMMETPUUECKOTO MpocTpaHcTBa X
¥ KOKOMIAKTHOH AUCKpeTHOM rpynmbl otpaxkennit I' C Aut X, napoit [lleBasne,
ecsin opGuosn X/T' nzomMmopheH B3BEIIEHHOMY MPOEKTHBHOMY MTPOCTPAHCTBY.

3 anaua. Onucatb Bce napbl [lepasie ¢ TouHoCTbIO 10 H3OMOpdU3MA.

Eciu X = P*(C), To 31a 3a1aua MoJHOCTbIO pelleHa.
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Addunnbie napol Lllepanie: runoresa u npumepbl

KowmniekcHoe addprnHoe 3pMHUTOBO MpocTpaHcTBO 51 Oyay o603HavyaTh ye-
pe3 Ac. Peub moiiier o kpucrasuiorpadguueckux rpynnax orpaxkenui I, T. e.
0 JICKPETHBIX IPyMNnax ABH:KeHHH Ac, NOPOXKJIEHHBIX OTPaXKEHUSIMH, C KOM-
nakTHeIM aktoprpoctpanctBoM X = Ac/T", n3oMopdHBIM B3BelLIEHHOMY T1PO-
€KTHBHOMY MPOCTPAHCTBY.

Ho npexxne naBatite HeMHOTrO MOTOBOPUM O KpUCTaJIOrpauuecKux rpyr-
nax I' B Ac. [lyctb L — accoummpoBanHoe ¢ Ac KOMIJIEKCHOE BEKTOPHOE Mpo-
CTPAHCTBO CJBUrOB. ¥ Kaxjoro adduHHOro nmpeobpa3oBaHusi UMeeTcs: ud-
tepeHumnan d-y — 310 JIMHEHHOe (YHHTapHOE B HalleM cJjydae) mpeobpaso-
BaHue npoctpaHcTBa L. Paccmorpum romomopduam B3siTHs auddeperimana
d:I'—dI' C Aut L. Ecam rpynna I' siBasiercst Kpucrasiorpaduueckoi, To 1o
Teopeme bubepbaxa

a) rpyrnna JiMHelHbIX yacteil dI' KoHeuHa;

6) sapo d siBJisieTcsl pelleTKol cJIBUroB T MOJHOTO paHra.

Taxkum o6pasom, kpucrasorpagpudeckas rpynna I' B A¢ sBJjiseTcsi noutH
abeJieBOH: ee KOCTSIK COCTaBJIsIET pelleTKa napaJsiie/bHbIX MepeHOCOB MOJHOTO
panra. Kpucrannorpacguueckass rpynna I' HasbiBaeTcst HEMPUBOAMMOH, €CJH
rpymnmna ee JUHeHHbIX yacteil dI' neficTByeT B L HEMPHUBOIMMO.

Jlanee, Mbl XxoTuM, uToObl rpynna I' 6bna rpynnoi otpaxkenuit. Ho To-
rJla, Kak JIerko NMpoBepUThb, Ipymnma JuHelHbiX uyacteil dI' Heobxoaumo Gynet
KOHEUHOH JIMHEHHON IPYNIoi OTpaxKeHHUH.

Nmeercs runotesa bepuireiina—IlIBapumana (oxkosio 1976 r.), uto napa
(Ac, HenpuBoaMMAsl KpUcTasiorpacuueckas rpynna orpaxenui I') sisier-
cs1 napor llleBanne. [unoresa sra no ceil neHb He J0oKasaHa, XOTsl JUlsl ee
MOATBEP:KIEHHST 0CTAJOCh HCC/IEI0BATh KOHEUHOE UUCJIO CJyyaeB.

$1 pacckaxy o6 oHOM MpHuMepe, TJle TUIOTe3a MOATBEPXKIAETCS, U 3TO
MOKHO OOBSICHHTb, HE HCIOJb3Ys CJAOKHOH TEXHHKH.

Haunem ¢ ojHOMepHOro KoMIJIeKCHOro adduHHOro npoctpaHcrsa Ac,
B KOTOpPOM JeHCTBYeT KpucTasorpaduueckas rpynna I'= T, x dI" — noay-
npsiMoe MpOU3BeJieHe pelieTKH caBuroB 1 ¢ 6azucom (1, 7) W rpynmnbl Ju-
HelHbIX yacreil dI'=(—1) (ymHOKeHHe KoopmuHaThl Ha —1). [pynma T' mo-
pOXKIaeTcsl OTpazKeHUsIMU: TIOJylle/ible TOUKH pelleTKH 7, — CyTb 3epkasa ee
KOMIJIEKCHBIX OTpakeHuil. KoHCTpyKIMIO (aKToprnpocTpaHcTBa yIoOHO pas-
OUTb Ha JiBa 3Tana: cHauaja oJHOMepHOoe KoMIlJIeKcHoe adduHHOe npocTpaH-
ctBo C daxropusyercs 1Mo JEeHCTBHIO PELIETKH CABHUTOB 71,, UTO TPHBOJUT
K OJIHOMEpHOMY KoMmruiekcHoMmy Topy E,=C/T, Wim 3/uNTHYeCKOH KpH-
Boil. 3areM octaeTcsi NpoakTOPH30BaTh FJIUNTHUECKYIO KPUBYIO £ Mo neii-
CTBHIO MHBOJIIOLMKM 2 — —2. B pesysnbrarte nosyuaercsi kpusasi poga 0 — on-
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HOMepHoe TpoekTHBHOe npoctpanctso CP!. B sTom npocrefiem cayuae Bee
X0poulo.

PaccmoTpeHHblil pumep Jierko o6o6111aercesi, npeppaiiasicb U3 oJHOMep-
HOro B n-MepHbii. BriGpaB Hauaso KOOPAMHAT, OTOXKIAECTBUM KOMIJIEKCHOE
adeunnoe npocrpanetso A¢ ¢ C". Torna, BMecTo ojHoro, y Hac Oyner n
KOMIIJIEKCHBIX KOOPJIMHATHBIX HATIPABJIEHHH: 21, ..., Z,. [IyCcTh B KaXK/IOM KOM-
MJIEKCHOM HarpaBJieHHM JIEeHCTBYeT CBOSI pelieTka cABUroB 7. B pesysbrare
B C" Oyner nefictBoBath peuterka ' =7, @ ... @ T noJHoro pasra.

n
Tenepb Hy»KHO «CKpeCTUTb» peLleTKy 7' ¢ MoAXOASLLEH MPYNNOK JIMHEHHbIX

yacrtel, rnpuueM MocjeaHss J0/oKHAa ObITh TPyNnoi oTpaxkeHuid. B kauecTBe
Tako# rpynmel BeiOepem rpynny Beitis W(B,). Huuero ctpauinoro s He cka-
3aJl: peub WJET O TpyIre, MOPOXKIAEHHOH BCEMH MepecTaHOBKAMH KOOPJMHAT
21, ...y 2n, @ TAKKe M3MEHEHHSIMM 3HaKa y J000H U3 HUX. Jlerko 3ameTuTh,
yto rpynna W(B,) ecthb nojynpsivoe rnpoussejienue Zo" X S,.

Hyxxnas nam kpucrasnorpacgpuieckasi rpynna I' ectb moJynpsimoe npomus-
BesienHue pewetkd T u rpynnsl W(B,): I'=T x W(B,). Kak u B oiHOMepHOM
cayuae, nepexoi K pakroprpoctpanctsy C" /T MOXKHO OCYIIECTBUTH MO3TAIHO,
M0JIb3YsICh «paclleNnMMOoCTbio» rpynnbl I': cHauana noemorpum Ha C* (mod 7).
3areM, TO, UTO MOJyuHTCs, NPO(AKTOPU3YeM 10 AEHCTBHIO IPYMIIbl MepemMeH
3HaKa Zo" 1, HAKOHEll, — M0 JeHCTBHIO CHMMETPUUECKOH IPyIbl Sy,.

Ha nepBom 3Tane mMbl MoJyuuM Mpou3BeeHHe SJJIUNTHIECKUX KPUBBIX:

C"/T~E,®..®E;

(B camoM fiesie, B KaxKJI0M OJIHOMEPHOM KoMrJjiekcHoM Hanpasjenun C Hesa-
BUCUMO JleHCTBYeT cBosi peluerka 7). Ipynna nepemeH 3Haka He3aBUCHMO
JIeHCTBYeT YMHOXKEHHeM Ha —1 Ha Kaxjoil u3 kpusbix L. [TosTomy Ha 3TOM
yTarne B KauecTBe (PAKTOPNPOCTPAHCTBA Mbl MOJYUUM MPOU3BENEHUE 1 SK3EM-
MJISIPOB KOMILIEKCHOK NpoeKTHBHO# nipsiMoii CP!,

Hakonell, Kak Xopolio M3BeCTHO (KayKeTcsi, 3TO Ha3blBAETCs TeopeMoi
Buera),

CP' x ... x CP! /S, =CP"
N’

n

(rpynna S, ecTecTBEHHO J€HCTBYET MepecTaHOBKAMH MHOXKHTEJEN).
Canenosatenbto, A{./T' = CP". Takum 06pa3om, Mbl CMacCTePHJIM KPHCTAJI-
JorpauecKyto rpynny OTpakKeHHH B n-MepHOM apPUHHOM KOMIJIEKCHOM
n
NpocTpaHcTBe U yOeaunch, 4to akropnpoctpanctso Af (mod I') ecTb Kom-
MJIEKCHOE 1-MepHOe MPOEKTUBHOE MPOCTPAHCTBO.
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Addunnbie KokcTepoBckue napbl LlleBange: knaccudukauus

[unoresa nokasana st oHOro OGLIMPHOrO KJjacca Kpucrajsorpagpuie-
CKHUX TPYIIM, ¥ BOT €ro OMUCaHHe.

[lycts I' — HenpuBomumasi Kpucrajsorpadpuyeckasi rpynmna oTpaKeHui
B Ac. OHa HasbiBaeTcsi KOKCTEPOBCKOH, €C/IM TpyMna ee JHHEHHBbIX uacTei
dTl' siBnsiercst tpynnoit Beiisisi. 9To HeKoTopoe orpaHuueHue Ha JIMHEHHYIO
rpynny orpaxkeHu# dI' B KOMIJIeKCHOM JiMHelHOM nipoctpaHcTBe L. CocTouT
OHO B TOM, UTO B HeKoTopoMm 6asuce L rpynna dI' jo/ekHa 3amucbiBaThCs
BellleCTBEHHBIMU MaTpHullaMu. Boo6lile roBops, KOMIJIEKCHBIX IPYTIT JIHHEHHbBIX
OTparkeHuil HaMHOTO OoJiblile, ueM rpymnn Belss.

Tak Bot, cnpaBennBa caemyoulas

Teopewma 2. [lycmo I' — Henpusodumas Kpucmairroepaguueckas
Kokcmeposckas epynna ompascerutl 8 Ac. Toeda (Ac, I') — napa Ile-
sanne.

. DepHiuTeliH v IOKJa UMK CHAuala KJaacCUpUUMPOBasu Bce aphHHHbIE
KOKCTEPOBCKHE TPYMITbl OTPaKEHUH (C TOUHOCTBIO 10 ath(YUHHOH SKBUBAJIEHT-
HocTH). 3areM TeopeMa Obla JI0Ka3aHa sl Kax10i cepuu TaKUX rpyri ¢ Tou-
HBIM yKazaHueM BecoB akroprpoctpanctsa Ac/T.

CkaxKy KOpOTKO, Kak BBINJIIAT KOKCTEPOBCKHE TpYMMbl OTpPaKeHUH
M Kakue, K NPUMepy, B3BellleHHble MPOEKTHBHbIE (HaKTOPIPOCTPAHCTBA 3J/1eCh
BCTpeYaroTesl.

Okasasochb, UTO KOHCTPYKUHMSI KpHCTa/Iorpauyeckoil KOKCTEPOBCKOH
rpynnbl I' cBsizana ¢ nousitueM a@uUHHON cucTeMbl KopHel. HamomHto, uto 370
Takoe. Ha 3ToT pas /1ej10 poucxouT B BellleCTBEHHOM ah(hHHHOM €BKJIMI0BOM
npoctpaHcTBe A = Ag ¢ ero BellleCTBEHHBIM MPOCTPAHCTBOM CIBUTOB [ = L.
Yepes A* 0603HauMM JIHHEHHOE MPOCTPAHCTBO JIMHEHHBIX QyHKIME Ha A. Y
Kak0i JnHeitnoi dyHkiwu [ Ha A ectb muddepentman [ =df, nexanuii
B npocrpaHcTBe L*. Tak BoT, aduHHAas cHcTeMa KOpHell S — 3To, Mpexje
Bcero, mnoaMHoxkectBo B A* —{const}. JlioGas suHeiiHass QyHKIMSA a(X)
B A, OoTJIMUHAs OT KOHCTaHTbl, onpeensier a@UHHYIO THIEPNIOCKOCTh
Toa ={x €A: a(x) =0}. BoiGepem BekTOp Ay € L TaK, UTOGHI

a) BEKTOp h,, Obl1 OPTOrOHAJIEH 3epKaJy Ty

6) a(hy) =2.

YeqoBusiMu a) U 6) BekTop f, onpejessieTcsi ojHo3HauHo. M, KoHeuHo,
C KaXKJI0H HEeMmoCTOSIHHOW JIMHEHHON (DYHKIMEH (v CBSI3aHO OTPayKeHHe 7, Jlek-
cTBylollee B A* no dopmyse

ra(B)=0— ﬁ(hoz)a
[TonmuoxkectBO S C A* — {const} HasbiBaeTcst appuHHON CHCTEMOH KOp-
Hell, ecJin Jist IOObIX v M 3 M3 S BBITIOJIHEHBI YCJIOBUS: 7' (5) € S 1 B(hy) € Z.
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Kak 1 B c/yuae KoHeuHbIX cucTeM KopHei, uspectia A-B-C-D-E-F-G-
KJacCH(UKaLUS HelpUBOAUMBIX addUHHBIX cucTeM KopHed. Ilyetb S —
aduHHas cucTeMa KOpHeH M3 3Toro crnucka. BeiGepem KomrmuiekcHoe duc-
JIO T, JlexKallee B BepxHel nosynaockoctd Hy. B xommiekcHom acdunHom
npoctpaHctBe Ac = Ag + Lc pacemotpum Habop 3epkan m(a, k) ={ra =k},
a€S, keZ. C KakapiM TaKUM 3€pKajJoM CBsI3aHO OTpaKeHue r(c, k)
nopsiaka 2. Bce Takue oTpakeHHs] MOPOXKAAIOT KOKCTEPOBCKYIO KPHUCTAJIO-
rpacuueckyto rpynny W(S, 7) u, ob6patHo, nobasi HeNPUBOUMAsT KPUCTAJIJIO-
rpacuyeckasi KOKCTepoBcKasi rpyrnna otpaxeHui uzomopdua rpynne W(S, 7)
JUIsl HEKOTOPOH HeNpUBOJMMON a(hUHHON CHCTeMbl KOpHEH S U HEKOTOpPOro
TeH,.

Ecsn, Hanpumep, Bbl BbiGepere cuctemy Kopheid A, (mnu C,, n>2)
¥ rpodakTopuayere KOMIJEKCHOe adpUHHOE MPOCTPAHCTBO [0 Tpyre
W(A,, ) (mnu W(Cy,, 7)), TO MoJiyunTe B3BElLIEHHOE MPOEKTHBHOE MPOCTPaH-
ctBO ¢ Becamu (1, ..., 1), T. e. 0ObIUHOE MPOEKTHBHOE MPOCTPAHCTBO. BhiGop
cucTeMbl KopHeill B, (n > 3) npuBe/ieT B UTOTe K B3BELIEHHOMY MPOEKTHBHOMY
npoctpaHcTBy ¢ Becamu (1, 1, 1, 2, ..., 2).

Yro pagabuie

Takum o6paszom, npo napsl Lllease, cBszanHble ¢ ad(UHHBIM 5PMHUTOBbLIM
KOMIJIEKCHBIM [IPOCTPAHCTBOM, H3BECTHO HEMAJIO U €CTb HaJleXK/a MOJHOCTbIO
¢ HUMH paszobpartbesi. Ho, Kak XOpollo H3BECTHO, KOMILIEKCHbIE OTpaKeHHsl
MPUCYTCTBYIOT U B IPyIIe JBHKEHHH KOMIIIEKCHOTO TUrepOo/HUecKoro npo-
crpanctea H nim KommuiekcHoro wapa.

3/ecb UMeeTCsl JIULb KOHeuHoe uncsio npuMepos rpynn [lesasie, koTopble
OblIM B pa3Hoe BpeMsl U M3 pPasHblx cooOpaxkeHuil noctpoensl [Tukapom, Xup-
uebpyxom, Henunem u MoctoBbiM, ... Ho HeT HUKaKO# pa3BUTON TEOPUU WJU
Jla’ke HaMeKa Ha KJjacCU(UKaLHUIO.

15 mas 2003 r.



JI.b. dyxkc

y3Jibl B KOHTAKTHOW TEOMETPUU

B Amepuke 51 10/KeH Obll Obl HauaTh ¢ KAKHX-TO O€CCMbIC/EHHBIX (pa3
TOrO THIA, YTO s OYeHb OJlaroflapeH opraHu3aropam CeMHHapa W Ipouee,
u npouee. Tenepb s1 Bcé 310 nponyuly. Ho Bcé ke § He MOry He ckKasaTb,
KaK §1 CUacTJIMB ObITh OMATb CPeH Apy3eH.

JlexxaHapoOBblI KPUBbIE

TpynHo ckasatb, Kak 3TO TOJIyYHJIOCh, UTO sl OKa3aJjcs B psijly crielua-
JIUCTOB 110 KOHTAKTHOH reomerpuu. Ckasasjoch BiUsiHHe okpyxKeHus. KM B pe-
3yJibTaTe sl pa3 3a pa3oM OKa3blBalOCh aBTOPOM HECKOJbKHX PaboT U BCSKOe
npouee.

Moii cioxKeT oueHb TMpocCT: 51 Oyjly paccKasbiBaTh O JI€XKAHAPOBLIX y3Jax
B CTaHJIAPTHOM KOHTAaKTHOM IPOCTPAHCTBE. S OJHUM CJOBOM OGBSICHIO, UTO
3T0 Takoe. Mou 0ObsICHEHHsl, KOHEUHO, CKOpee MPUCIOCOOJ/eHbl JIsi ame-
PHUKAHCKOH ayIMTOPUM, OTOMY UTO /ISl HHX TJiaBHas rpobjemMa — npobJema
BOJKJIEHHS] MallIWHBI; 3]1€Ch, MOXKET, 3TO — npobJemMa He TepBasi, a, CKaxKeM,
BTopasi. Ho BCé :ke naBaiite, npejacraBbTe cebe, UTO Bbl BejleTe MalIHHY IO
yJIMIE C OJHOCTOPOHHUM JIBHXKEHHEM H BaM HeOOXOIMMO TPUIapKOBaThCS.
W ecTecTBeHHO, BECh PSijl 3aHAT YKe MPUIAaPKOBAHHBIMU MalIHHAMH, HO 51 BPYT
3aMeyaio MycTtoe MecTo, U XOouy MOCTaBHThb ciojla MauuHy. Kak sto cuenats?
$IcHO, UTO 3TO MOXKHO CJlesIaTh Pa3HbIMU COCOGAMHU: MOXKHO MOJIATh HEMHOXK -
KO BIEpe/l U MOCTaBUTh MallKHY; Jpyrasi BO3MOXKHOCTb — MOXKHO TPO€XaThb
HEMHOXKKO BIIEpeJ, MOTOM HasaJl, MOTOM MOCTaBUTH ee (puc. 1).

C I JC ] L] C I JC ] L]

Puec. 1. [lapkoBka maimnusl

Kpusble, KoTopble 51 pUCyl0 Ha JIOCKe, HA CaMOM Jle/leé YMEeCTHO paccmar-
pUBaTh He Ha MJIOCKOCTH, MOTOMY UTO COBEPLUEHHO SICHO, UTO 3HAUE€HHE UMEIOT
He TOJIbKO KOOPJMHATBI MalllMHbl (LIeHTPa WJKW TaMm 4ero), Ho W HarpabJieHHe.
Takum oGpasom, pakTHUeCKH MoOe JBHKEHHE MPOUCXOJUT B 3-MEpPHOM Mpo-
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CTPaHCTBE C TPeMsl KOOPJIMHATAMM; KOOPAMHATHI — 9TO KOOPAMHATHI TOUKH Ha
MJIOCKOCTH, KOTOpble, KCTaTH, s1 0003HaYal0 HETPAJMLMOHHBIM 00pa3oM uepes
X W 2, W elle 0OJlHA KOOPJAMHATA — Yy HeEJOCTalolllasi, KoTopasi eCThb HaKJOH,
YIJI0BOH KOS MULHMEHT KacaTeJbHOM, T. €. TaHreHC yria. Pagymeercs:, Koraa Mbl
JIBU2KEMCS1, KaK sl HApUCOBaJ, 10 9TOH KPUBOH, TO B MPOCTPAHCTBE X, Y, 2 Mbl
NpoJie/ibiBaeM MyTh, MeXK/y NPOUYUM, 110 KpUBOH Oe3 BCSKHX ocoOeHHoCTel, 6e3
BCAKHX KACMHMAAJIbHBIX TOYEK, 10 IVIAJAKOH KPUBOH, HO MOJAYHHEHHON CEepPbe3HO-
My ycqoBH10. Jles1o B TOM, UTO i — 3TO yryloBoH KO9(hULMEHT, U T03TOMY, €CJI1
3Ty KPUBYIO paccMaTpuBaThb KaK KPHUBYIO B MPOCTPAHCTBE, TO OHA MOAUMHEHA
ypaBHeHHI0 y X — 2 =0 — 3T0 KaK pa3 BbIpaXaeT, uTo 4 eCThb YrJI0BOH K03 hu-
LIMEeHT KacaTe/IbHOH. Elle pa3 xouy ckasaTb: X0Ts KpUBasi Ha MJIOCKOCTH UMeeT
BUMMble 0COOEHHOCTH, COOTBETCTBYIOLIASI KPHUBAsl B TPOCTPAHCTBE, €CU 3TO
Kacrbl o6L1ero nosoxKeHust, o.cobeHHOCTell He UMeeT — rvlajKas Kpupas. A To,
YTO Mbl BHJIMM 3JleCb — 3TO ee MPOoeKIHUs Ha MJI0CKOCTb X, 2. Keratu, Hasmuune
y 9TOH KpUBOH OCOOEHHOCTEH BHJHO y»K€ M3 3TOr0 ypaBHEHHS, ITOTOMY UTO
sicHo, uto ecain X =0, To u 2=0. 3aecb x(f) — 310 DYHKIHMS, U €CTECTBEHHO,
Korja ee MpoM3BojHas oOpallaercsl B Hysb, TO TaM M 2 =0; Kax1blil pas,
Korja Mpou3BojiHasi X oOpallaercsl B HyJb, Mbl M0JydaeM B MPOEKUHMH 0CO-
GEHHOCTb, XOTsl ee W HeT B mpocTpaHcTBe. KpuBble B MpocTpaHcTBe, KOTOpbIE
YJOBJIETBOPSIIOT TAKOMY YPABHEHHIO, 9TO JIeKAH/IPOBbI KPHUBbIE.

Mo2KHO 3TOT MPOCTOM NMpUMep 3aMyTHTb: CKa3aTb, UTO B IEHCTBUTENLHOCTH
umeetcst auddepenuuanbias Gopma « B MpocTpaHcTse X, y, 2. Popma sTa
Oyner ydx —dz, v Hala JiexkaHApoBa KpPUBasi — 3TO MPOCTO KpuBasi, Ha
KOTOPYIO OrpaHHUeHHe 3ToH (GOPMbI PaBHSIETCS HYJIIO, BOT M BCSl IPEMYIPOCTb.
B neficTBUTENIBHOCTH BCS 9TA TEOPUSI MOXKET ObITh 3aKJioueHa B GoJiee yueHble
CJI0Ba: MOXKHO CKasdaTb, UTO < — 3TO KOHTakTHas ¢opma. OHa, B NPHUHLH-
ne, Morsia Obl ObITb W APyroii. EAMHCTBEHHOE CyllleCTBEHHOE YCJOBHE — UTO
sTa (hopMa HHUrae He uHTerpupyema. Ecsn Gbl opma Oblia HHTErpupyema,
TO 3TO 03Hauasno Obl uT0o aw Adav=0 — 3T0 oHa U3 POpPM 3arMuCH yCJIOBHS
®pobenuyca. M ecan 6bl ObIO TaK, TO v paBHsJIACh Obl HEKOTOPOH (PYHKIIHUH
YMHOKEeHHOH Ha nuddepeHtnasn apyroil pyHkimu: o= f d g; pyHKIMs g BIOJb
KpPUBOH Oblyia Obl MOCTOSIHHA: BJIOJIL KPUBOH Cy:KeHHe «v paBHsieTcs 0, U TaKUM
00pa3oM 3Ta KpHMBasi MJAET MO MOBEPXHOCTH ypoBHS (yHKUMM g. Haiua xe
(hopma y10BJIETBOPSIET MPOTHBOIOJ0KHOMY YCJIOBHIO, KOTOPOE U €CTh YCJIOBHE,
Jlesiaiolilee ee KOHTaKTHOH opmoi. 31ech o« — KOHTaKTHast popma, T. e. a« A d «
Hurze He oOpaiaercss B Hysdb — opma oO6bema. Tosbko Gsaroaapst sTomy
CBOHCTBY Mbl, COOCTBEHHO, MOKEM MPHUIAPKOBATL MALIUHY B JIOOOM MecTe,
1 BooOllle, MOXKHO MalIMHY, KOTopasi Kak-HUOY/b pacroJioKeHa, nepeBecTu B
Jio0oe Jipyroe mnoJioxKeHue, uzberasi Npy 9TOM BepPTHKAJbHbIX KacaTeJbHbIX.
[Toromy uTo HenHTerpupyemocTb (GOpMbl, COOCTBEHHO, U MO3BOJISIET HAXOIUTD
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MHTerpasibHble KPHUBbI€ 3TOTO ypaBHEHMsl, KOTOpblE COEIUHSIOT JBe Jo0ble
Toukn. Bosee Toro, MoxkHO MoGylo rankyio Kpusylo CU-anmpokcHMupoBaTh
KPUBOI, YIOBJAETBOPSIIOLIEH STOMY YPaBHEHHUIO, TAK UTO MOXKHO MEPEBECTH OJIHY
TOUKY B Jpyryto GoJiee MJIM MeHee OJIM3KO OT JItoOOro MyTH.

Urak, g ckaszas, 4To Takoe JeKaHIpoBa KpHUBasl, U OJHOBPEMEHHO Mbl
MOJIyUUJIM TJIaBHbIH MHCTPYMEHT OOpallleHHs1 C JIeXKAHAPOBLIMH KPUBBIMH —
MPOEKLHIO Ha MJIOCKOCTh X, 2, KOTOpasi ellle Ha3blBaeTcsl (hpoHMmMaroHasl npo-
ekyus. JlaBaiite nepesesniaem onpejeneHue, KOTOpoe 1aHo, B ONpesiesieHne, Ue-
noJsibayiollee (hpoHTaNbHbIE TTPOEKLHH. JIexKaHapoBa KpUBasi MOJHOCTBIO OTH-
CbIBAeTCsl KPMBOM € KacmaMH Ha MJIOCKOCTH X, 2, KOTOpasl He HMeeT BepTHKaJIb-
HbIX KacaTesbHbIX (BEPTHKAJb HA MJIOCKOCTH — 3TO OCh Z). DTOT 3aMpPET sl MOTY
paccMaTpuBaTh MPOCTO KaK MPaBH/a YJIMUHOTO JIBUXKEHHUs, KOTOpble He MOoJI-
Bepratotcst coMmHenuio. Ho ecain st xouy, 4ToObl § — TaHreHe yrjia — Obl YHCJIOM
(uTOOBI BCE MPOUCXOJUJIO B 3-MEPHOM TMPOCTPAHCTRE), TO HYXKHO, UTOOBI yroJ
He paBusics 90 rpagycam. Mou KpuBble B 3-MEPHOM MPOCTPAHCTBE; €CJIH
51 paspelly BepTHKaJbHble KacaTesbHble, OyJleT He 3-MepHOe MPOCTPaHCTBO.
M npoexuusi KpUBO#, y1oBJIETBOPSIOLIEd TpeGyeMoMy YCJIOBHIO, HUKOTJA He
MMeeT BEePTHKaJbHbIX KacaTesbHbX. [loTomy uTo yrsioBoi Ko3(hHIMEHT Ka-
caTeJIbHOH — 3TO Y, @ Y — 3TO, €CTECTBEHHO, YHCJI0 He paBHOE OECKOHEUHOCTH.

JlexkaHapoBbl y3Jbl

Urak, JiekanapoBbl KpUBble MOXKHO MPOCTO OTOXKIAECTBUTH BOT C UeM: 3TO
KPHBasl Ha MJIOCKOCTH, KOTOPOH paspellaercs MMeTb Kacllbl 0OLLero MnoJoxe-
HUSl U He paspeliaeTcsi UMeTh BepTHKAJbHBIX KacaTeJbHbIX; BO-BTOPbIX, OHA
rJajKasi BHe KaclloB, B Kacllax ToxKe ecTb KacaTe/bHasl. BoT uto takoe — Jie-
»Kanjaposa Kpupasi. Ornpese/sieHue JeXaHapoBa y3J/a eCTeCTBEHHOe: y3es — 3T
3aMKHyTast KpuBasi 6e3 camoriepeceueHnil. Kak »Ke onucaTb JiexKaHApOB y3el
C MOMOLIbIO MPOEKIUH Ha TJIOCKOCTh X, 2?7 OueHb MPOCTO: 3TO — 3aMKHYyTas
KpHBast Ha MJOCKOCTH X, Z, U 3Ta KPUBAsl MO2KET, KOHEUHO, UMETh camoriepece-
ueHus (3TO camornepeceyeHusi B MJIOCKOCTH X, 2, UTPEKH Tam Oy/lyT pa3Hble), HO

He MOXKET HMMeTb CaMOKacaHUsi — BOT 3TO
3arpelleHo, He paspeluaercsl. Ecau kpupas
ceO51 KOCHYJIaCh, TO 3TO yxKe OyJeT sIBJIATb-
csl TOUKOH camoriepecedyeHusi B MPOCTpaH-
ctBe. Mrak, mpoekuusi Ha MJIOCKOCTb X, 2
MOJIHOCTBIO  OMpeesIsieT JIeKAHAPOBY KpH-
BYIO, OIpeesIsieT y3e/, eC/U 9TO — 3aMKHY-
Tasi KpUBasi, ¥ Mbl MOXKEM PHUCOBAThb Y3JIbl,
Puc. 2. Jlexanapos ysen  10Jb3YsIChb 9THM KOJOM (pHC. 2).
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Puc. 3. Tpunucrnuk Puc. 4. TpuaucTHUK B POCTPAHCTBE

Bor, ckaxkem, Takasi kaptuHka (puc. 3). Pekomenuyio: 370 — y3ses, Ko-
TOPbI B TOMOJIOTHM HA3bIBAeTCsl TPUJIMCTHUK. BOT BernomHuTe, moxkalgyicra,
yTo 06BIYHO Ha JHArpamMMax y3JoB MOKa3blBalOT, KaKoe nepekpectbe. A 31ech
He HY»KHO 3TOro Je/aTh, MOTOMY UTO KOOPAMHATA y (OTCYTCTBYIOLLAsl 3/1eCh
KOOPJIMHATA) — 9TO YIVIOBOH KO3((HULMEHT HAKJIOHA, T03TOMY B TOUKE CaMo-
nepeceueHus sl 3Hal0, KaK pacroJioyKeHbl J1Be 3TH BETBH.

37ech, npasja, BCTyNaeT B CHJy 0OCTOSITENbCTBO, KOTOPOE SIBJISIETCS MC-
TOUHHKOM Ji/1s1 GECKOHEUHOro KOJIHUeCcTBA HelopasdyMeHHH B 3TOH Hayke. DTO
06CTOSTENILCTBO 3AKJ/IOUAETCST B TOM, UTO €CJIH 3TO MPaBaa oCb X, 3TO OCh 2,
M Bbl ’KeJaeTe OPUEHTHPOBATH MPOCTPAHCTBO MPH MMOMOLIM MpPaBuJa MpaBoi
pyKH, TO ocb y OyleT HarpaBJjeHa He Ha Bac, a OT Bac. Bbl noBepbTe MHE, 3TO
tak. Tyna Hanpassnena. [Tostomy To, uTo GJMKe K BaM, UMeET MEHbLINH ¥, a He
6osb1nk y. [To 3TOM MpUuKHE BOT Takoe nepekpecTbe, Kak 3/1eCb HapUCOBAHO,
3/1eChb YrJ0BOH KO3 hULHEHT GoJIblile, YeM 3/1€Ch, TT03TOMY ¥ O0JIbllIe, TTO3TOMY
3Ta BeTBb Jajibllie OT Bac, ueM 3Ta, U PUCOBATh HANO0 TaK, Kak Ha puc. 4.
Ecsin 661 BBl MoxKesany nepepucoBaTh y3es Ha pUc. 3, KaK 00bIUHO pUCYeTCsl
JMarpaMma yasa, To 3TO JlelaeTcsl BOT Tak; Hy W JaJibllie MoxKaJayicTa.

Bbl MoxkeTe pacnosHaTh Ha Moel KapTHHKE TPHUJIMCTHUK — OOBIUHBIH TPH-
JIUCTHUK C TPeMsl MepeKpecTbsiMH.

Hannune xacrnoB Mbl cuutaeM HeoOXOAUMBIM 06-
cTosiTesibecTBOM. Ho Korja Mbl CMOTpHUM Ha auarpam-

My, KOTJIa Mbl CJIMYaeM 3Ty JMarpammy ¢ auarpammon
y3JI0B, TO Mbl KaK Obl HTHOPHPYEM KacIlbl — B KOHILLE
KOHIIOB KacIbl HUYEro He 3Hayart.

$lcHo, uTO 3aMKHYyTasl KpUBasi He MOYKET He HMETh
BepPTHKAJIbHOW KacaTesbHOH, ecju oHa raaaxas. Ho
Mbl KOMIEHCHPYEM OTCYTCTBHE BEPTHKAJbHbBIX Kaca-

TEJIbHBIX HAJMUHEM KacCroB.
Bor einie onxa kapTuHka (puc. 5). ITo TOXKe TpU-
JIUCTHUK, HO He coBceM. [oToMy UTO TPUJHCTHUK —
3TO y3eJ1, 00J1alaloILMi TAKUM CTPAHHBIM CBOKCTBOM, Puc. 5. 3epkasbHelii
UTO OH He H30TOMeH CBOeMy 3epKajibHoMy o0pasy. 06pas TPHIHCTHHKA
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JIBa 3T y3/a1a — eCTb TPUJIMCTHUK (HACTOSILIMH TPUJIMCTHUK, KOTOPBIH €CTh B
TabJn1ax), a eCTh 3epKaJjbHblil TpuancTHUK. M BooO11le, G0JBIIMHCTBO Y3J10B,
KOTOpble eCTb B TabJIMLAX — OHU He SIBJSIIOTCS 3epKaJlbHbIMH: [03TOMY B
Tabsnax oObIUHO TPEACTABJEHbl OJHOM JHArpaMMol JBa (paKTHUECKH pas-
HbIX y3J/a. HekoTopble ysiibl 3epKaJjibHbl, T. €. U30TONHbI CBOUM 3epKaJsibHbIM
obOpasam (Hanpumep. «BOCbMePKa»), HO UX OTHOCHTEIbHO HEMHOTO.

Tenepb caesytolliee 06CTOSITENLCTBO, KOTOPOE OUeHb BAXKHO B TEOPHH Y3-
JoB. 1151 y3/10B HMeeTCsl TOHATHE H30TOMNHHU: OJIMH W3 Y3JI0B MOXKHO KaK-TO
npoaeopMHPOBaTh B JIPYroH, 4ToObl OH HE YTPaTHJ CBOMX CBOHCTB. EcTb
TOYHOE ollpe/iesieHre, Kotopoe s He Oyay JaBaTb. JIeKaHIpPOBbI y3Jibl TOXKe
MOTYT ObITb M30TOTHBI. HO y HUX €CTh JiBé BO3MOXKHOCTH: OHH MOTYT ObITh
M30TOIHbl KaK TOIMNOJIOTHUECKHE Y3Jibl, & MOIYT ObITb M30TOINHbI KaK JiexKaH-
JIPOBBI Y3JIbl, T. €. B [IpolLiecce U30TOMUH y3eJ1 (MeHsIOUIUHCS y3es) BCE BpeMst
ocTaercsl JieKanapoBbiM. ONsATb-TaKW 3TO He OYeHb TOYHOE OnpejiesieHne, HO
OHO JIOCTATOYHO TOYHO JUIsl MOero pacckasa. Hanpumep, yanbl Ha puc. 4 u 5
He W30TOIHb! Jaxe TOMNOJIOTHUECKH, W Y»K HUKAK He H30TOIHBI JIeXKaHAPOBO.

Cefiuac 51 xouy Koe-uTo CKasaTb MPO JeKaAHAPOBY H3oTonui0. Jlonyctum,
YTO Mbl BOOOLIE HUUETO He KeJlaeM 3HaTh, TOJIbKO PUCOBATb TaKHe KAPTHHKH.
[lycTb ecTb /Be KapTHHKH; UTO O3HAUAET, UTO OHH JIEXKAHJIPOBO U30TONHLI? B
TOIMOJIOTHH UMEIOTCSI CrocOObl MEPECTPOHKH AHArPaMMbl, KOTOPbIE COXPaHSIOT
TOMOJIOTHUECKHH THI y3J1a (OHH Ha3biBalOTCs IBMKeHust Paiiiemaiictepa). Tou-
HO Tak ke U B 3TOH TEOPUH MMEIOTCS CBOM JIBUXKEHHSI, KOTOpble Ha3bIBAIOTCS
nBHKeHUsIMH CBSITKOBCKOTO. CBSTKOBCKHMI — 3TO MOJBbCKUI MaTeMaTHK, KO-
TOpbIH onyGJIMKOBaJ TO, UTO 51 cefiuac coOMpatoch ckasatb, okoso 90-ro roza.
Ho Hano ckasaTb, uTo Ha ceMHHape ApHoJibJla HUKOTO He BIyCKaJsli B ayJiu-
TOPHIO 32 JIECSTh JIET JIO 3TOH MyOJUKALMHU, KTO 3TOr0 He 3HaJs. [To-Buaumomy,
BIEpPBblE 51 yCJbllllag 06 3TOM OT ApHOJbA B OJHOM M3 €ro YCTaHOBOUHBIX

JIOKJIAJIOB JIET 3a 1eCAThb 10 MOSABJICHHS
pa6otbl CesitkoBCcKoro. Ho, B koHlle
> / - % KOH110B, CBATKOBCKHMI B 9TOM He BH-
HOBAaT — 3TO HUKOIJA He MyOJHKOBa-
JIOCh.
Ha puc. 6 uzo6paxennl npeobpa-
X - 30BaHUsI AHarpamMMbl, KOTOpble 0CTaB-
JIFIOT y3eJ JIeKAHAPOBO H30TOIHLIM
TOMY, UTO ObLIO; U JIIOObIE [BA y3J1a Jie-
/\ — JKaHJPOBO H30TOIMHBI TOTJA U TOJBLKO
TOrJa, KOIJIa MX MOXKHO IpeoOpaszo-
BaTh JIPYT B JIpyra rnocJejaoBaTesbHO-
Puc. 6. JIpwkenns Ceatkorckoro — CTbIO TaKUX NpeoOpasoBaHuil. [lepBoe
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npeoOpa3oBaHKue TaKoe: ecJiM HMeeTCs Kacll U ellle BeTBb, TO MOXKHO 3TOT Kacll
NpPoJeTb CKBO3b 3Ty BeTBb (M 06paTHO, KOHEUHO, ToxKe). Bropoe npeobpaso-
BaHUe, KOTOPOE MMeeTCsl W Cpejid JIBHKeHWil PaiinemaricTepa, TakoBO: ecJju
UMeeTcs MOUTH UTO TPOHHOE repeceueHne, TO MOKHO OJIHY BETBb MPOMYCTUTh
uepe3 nepekpectbe. TpeTbe npeobpaszoBaHue MeHee OUeBMIHOE, HO OHO TOXKe
cylecTByeT. DTo rnpeobpa3oBaHUe TAKOBO: €CJIM €CTh BETBb, B KOTOPOMH MPOCTO
HUUEro HeT, TO K TOH BETBM MOXKHO IMpHJeJaTh 1Ba Kacna, HO HMEHHO TaKUM
o6Gpasom, Kak Ha puc. 6. [Ipeo6pazoBanue, u3o6pakéHHoe Ha puc. 7, SBJsETCS
KATeropHuyeCKH 3allpelieHHON onepalue.

P uc. 7. 3anpemiénnas onepatust

Boo611ie-To 6bIBAIOT HEMPUATHOCTH, KOTJlAa €CTh JIBA y3Ja U Mbl MbITaeMCs
OJIUH B JIpyroii npeoGpasoBaTh TakuMu Liaramu. [lepBoe ynpaxkHeHnue, KoTopoe
51 XOuy MPeJIOKUTDb, BOT Kakoe. Bo3bMéM y3es, KOTopbiit H300paXKEH Ha puC. 3,
U TepepucyeM ero Tak, Kak Ha puc. 8. BoT ynpaxHeHue: 10kasaTb, 4To JiBa
9TH y3J1a JIEXKAHPOBO H30TOMHbI — OJIMH MOXKET ObITh MOJIyUeH U3 JIPyroro rnpu
nomou npeobpazopanuil CBSITKOBCKOTro, MPUUEM HYXKHbI BCe TpU Mpeodpa-
30BaHusl.

Puc. 8. Ipyras nuarpamma TpHJIHCTHHKA

Yucaa benneknna u Macaosa

Kak 1 B cTaHapTHOH T€OpUH Y3J10B, UMEIOTCSl HHBAPUAHTBI, KOTOPbIE 1103-
BOJISIIOT pasJ/iMuaTh Terepb yxKe JeXKaHIPOBbl y3Jibl. ECTh OrpOMHbBIN CHIEKTp
TOIMOJIOTHUECKUX HHBApPHAHTOB, U €CJHM Mbl XKeJlaeM 3HaThb, OYIyT JH JBa y3Ja
JIE2KAHJPOBO H30TOINHBI, Mbl, KOHEUHO, MpPeXKe J0JKHbl [TOCMOTPETb, OYayT
JIM OHH TOMOJIOTHYECKH H3O0TOINHBI, M ISl 3TOTO UMeeTcsl OOLIMpHas TeopHs,
KOTOPO# 51 KacaTbCsl MOUTH He Oyy.

Ho elle ecth /Ba KJaaccuyecKux MHBAapUaHTa — JBA 4MCJA, JBA LEJbIX
uucsia, KOTOpble acCOLMHUPYIOTCSl C JIeKAHAPOBBIM Y3JIOM M KOTOpble TOXKe
SIBJISIIOTCS JIEXKAHAPOBBIMU HHBAapUaHTaMu. [103BosIbTe MHe MPUBECTH UX OMpe-
JleJIeHHe.
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[TepBoe U3 3THX unces HazbiBaeTcs uncyao benHekuna unu 6osee noapoo-
Ho —uncyio TépcroHa—benHekunHa. BenHekH — 3T0 MaTeMaTHK, KOTOPbIH, BU-
JIUMO, He TIpUIyMaJl 3TOT HHBAPHAHT (3TOT MHBAPHAHT y2Ke Obll H3BECTEH); €ro
BblJaolIasicss paboTa 3HAMEHHTA HEPABEHCTBOM, KOTOPOEe MPHUBOJMUTCS HHXKE.
[Ipouie Bcero onucatb, 4To Takoe yucjo BeHHekHHa, MoJb3ysich MPOCTpaH-
CTBeHHOH KapTHHKOH. [lycThb y Hac ecThb JiexaHapoB y3es (3aMkHyThiH). Hawm
3a/laHa KOHTaKTHasl CTPyKTypa — hopma <, 3HaUUT, B KaxKJI0H TOUKe HMeeTCs
MJIOCKOCTb, UMEETCsl 2-MepHOoe HarpaBjieHHe — HYJd 3TOH (OopMbl; U Halla
KpHBasi KacaeTcst BCIOJY 3THX MJIOCKOCTel. A Ha camMoM Jiejie BCe 3TH MJ0C-
KOCTH MOKHO HEKOTOPbIM COBMECTHBIM 0Opa30M OPHEHTHPOBATb. Y3eJs TOxKe
MOXKHO OPUEHTHPOBATH (XOTSI OT OPUEHTALMH y3J1a 3TO YHUCJ]0 He OyNeT 3aBH-
ceTb). 3aTeM B Ka)J0H MJI0CKOCTH GepeM MOJI0KHUTENbHYI0 HOpMaJib K Halllel
KPUBOH M c/BuUraeM Hail y3des [' B HampaBjeHuu 3To# Hopmasu. OH, KCTaTH,
B pe3yJbraTte 00653aTesbHO repecTaeT ObITh JeKaHJIPOBbIM. Ho nosyuatcs nse
3aMKHYTble OpHeHTHpoBaHHble KpuBble I' 1 I, W Mbl MMeeM YHcJIo, KOTOpoe
Ha3blBaeTCsl HHJIEKC 3allelyIeHHs: CKOJIbKO pa3 OjlHa KpHUBasl epeceyeT Apyryto,
ec/ii Mbl Oy/leM MX pacTacKWBaTh M0 Pa3HbIM yrJlaM KOMHATbI, IPH 3TOM Mbl
CUMTaeM MX COyJapeHHusl CO 3HAaKOM. Takoe 4MCJ/I0 3allerJyeHHs ecTb y JiloOblX
JIByX OPMEHTHPOBAHHBIX 3aMKHYTbIX KPUBBIX B 3-MepHOM npocTpaHcTse. Huc-
o sauenienust Ik(I, T'") nasbiaercst uncsiom Téperona—bennekuna ysaa T
OHO MHOro OT 4ero He 3aBHUCHT: He 3aBUCHUT OT OpPMEHTALMH, HE 3aBUCHT OT
TOTO, B KaKyl0 CTOPOHY C/IBUraTh (€C/H CJIBUHEM B JPYTYIO CTOPOHY, TO OYyJeT
TO K€ camoe).

[Ipexxie yuem ckazaTb, KaK 3TO YHCJO COOTHOCHTCS C JMarpaMmMmol, s Xxouy
OIpeeJIUTh JPYroe YUcJ/0, KOTOPOe Ha3blBAETCSl YHCJ/0 BpallleHHs! HJIH YMCII0
Macsiosa. IlpaBuibhoe uncio MacisoBa, coGCTBEHHO TOBOpsi, OyIeT BIBOe
60J1bl11e (TYT TEPMUHOJIOTHS He BIOJIHE MPaBUIIbHAS). DTO UMCJIO0 OMpeiessieTcs
BOT KaK. MOXXHO BO BCeX MJIOCKOCTSIX KOHTAKTHOH CTPYKTYPbl OJIHOBPEMEHHO
BbIOpaTh BeKTOp. Hanpumep, MoxKHO ckasaTh Tak: BCe MJIOCKOCTH KOHTAKTHOM
CTPYKTYpPbI (T. €. MJOCKOCTH, KOTOPble KacaloTcsl JiexKaHpoBa yaJa) napal-
JieJibHbl OCH Y — TaK [0JIy4aeTcsl; U M03TOMY MOXKHO B3§IThb HarpabJieHHe
MOJIOXKUTEJIbHON OCH i B KaxK[0# MyockocTH. EcTb JiexKaHapoB y3eJ, MJ1oc-
KOCTb V' — 3TO MJOCKOCTb KOHTAKTHOH CTPYKTYpPbl, KOTOpasi ONpeJesisiercs
ypaBHenneM a=0. M Bo Bcex mJIOCKOCTSIX OJHOBPEMEHHO MOXKHO BHIOPATh
BEKTOp, BO BceM npoctpaHcTe. [locse 3Toro Bbl Gepete Kakyio-HUOYIb TOUKY,
M3MepsieTe yroJi MoBopoTa 10 YacoBOH CTpesike OT BbIOPAHHOIO HalpaBJeHHUs!
JIO HanpaBJieHHs1 y3Ja (3/lecCb Mbl y3eJ OPUEHTHPYEM — 3TO CYILIECTBEHHO B
3TOM onpejesneHnu). [losyunres uucsio, KOTopoe onpeeseHo ¢ TOUHOCTbIO J10
27 yMHOXKUTb Ha 1iesioe uncyio. Ecsiu Bbl 00X0/IMTe BeCh y3es U BO3BpalllaeTech
00paTHO, U BbIOHpaeTe HelpepbIBHYIO BETBb 3TOrO YIJla, TO, KOHEUHO, pe3yJbTaT
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nocJsie Bo3BpauleHdsi OyleT OTJAMYaTbCsl OT TOTO, C Uero Bbl HAauMHAJH, Ha
kpatHoe 2. M 3To umcsio, JeseHHoe Ha 27, HA3bIBAETCS] YHCJOM BpalleHHs
win uncsiom MacsioBa p(y). Takum oGpasom, ecTb yroJi (f); eciid Mbl 060i1eM
BOKpYT, TO ¢(1) Oynet paBusitbest ¢(0) mumoc 27w (7y).

DTH JIBa LeJIbIX YHCIa Mexy co6oil OoJliee WM MeHee He3aBUCHMBbI. EuH-
CTBEHHOE, UTO MOXKHO CKa3aTb, 3TO TO, UTO, €CJIM 3TO JEHCTBUTEJbHO Yy3ell
(CBSI3HBIN y3eJ1), TO UX CyMMa BCerja HeueTHa — TaK MoJydyaeTcsi, H 9TO JIerko
Jl0KazaTb. B ocTtasbHOM 3TO 1Ba He3aBMCHMbIX uucaa. M onu oba siBasitoTCSs
JIEXKaH/IPOBBIMU MHBapHAHTAMH: €CJIH JIBa y3J1a JIEKaHAPOBO H30TOIHBI, TO 3TH
yucaa oMHaKoBble. Takoe onucaHue 3THX 4yMces, KOHEYHO, XOPOLIO JaTh, HO
Ha CaMOM JieJie OHO He HYXKHO, MOTOMY UTO MO JUarpaMMe HUUero He CTOUT 06a
5TH uncsia HauTh. Celuac st cKaxy, Kak 3TO JIeJlaeTcsl.

IlaBaiiTe Bo3bMeM Kakylo-HHOYIb quarpammy. ¥ Hee eCThb Kacllbl U repe-
KpecTbsi. [laBaiiTe BbiGepeM opHeHTalMIO y3Ja (pe3y/bTar He GyleT 3aBUCETh
OT Hee) U cesaeM crenytollee. Kaxkaomy JieBoMy Kacry Mbl [IPHITHLIEM YHCJIO
—1. IlpaBble Kacmbl Mbl MTHOPHPYEM; MX KOJMUECTBO PABHO YHUCJY JEBBIX
KacroB, KakK JIerko ycMoTpeTb. UTo Kacaercst mepekpecTHii, To Mbl pa3jinyaem
JBa MX tTMna. /leso B ToM, uTO KacaTe/sbHas He BePTHKaJbHA, MOITOMY KaxK/1asi
BETBb HarpaBJjieHa HanpaBo WM HajeBo. Ecs OHM HarpaBJjieHbl B OJHY CTO-
pOHY, 51 muuly +1; a eciM OHM HampaBJieHbl B pasHble CTOPOHBI, 5 mumy —1.
[Tocsie uero cymmupyto Bcé 1o Bcell quarpamme.

JlaBaiiTe TpojiesiaeM BbIUMCJIEHHSI /IS JIBYX JMarpaMM Ha puc. 3 u .
Haunewm ¢ puc. 3. Buibepem kakyio-uuOyabL opueHTauudio. Kak Buaute, 3jech
ecTb 2 sieBbIX Kacna (—1, —1) u 3 nepekpecTbsi, KOTOPbIM BCEM COOTBETCTBYET
3HaueHue +1 (HampaBJ/ieHHBIX B 07IHY CTOPOHY). CymMMa 3THX unces paBHa +1 —
3TO uMcsio beHHeknHa sToro yana, Koropoe o6o3Hauaetes 703.

Kcrartu ckasatb, sicHO, UTO €CJii OPHEHTALIMI0 H3MEHUTh Ha POTHBOTOJOK -
HYI0, TO TO YMCJIO HE MU3MEHUTCS, MOTOMY UTO B KaXKJIOM MecTe 00e CTpesKH
OyyT HampaBJ/eHbl B IPYTYIO CTOPOHY.

Bosbmem Tenepnb Bropyto auarpammy (puc. 5). Jisi Hee uncyio bennekuna
paBHO —O6.

Yucso 4 ToxKe MOXKHO HAUTH MO auarpamme, NpuyeM Hy:KHO COBEpPLIEHHO
He CMOTPeTb Ha TepeKpecTbsi, a CMOTPETb TOJbKO Ha Kachbl. KM nenathb
cJefytolee: BbiOpaTh OpUEHTALMI0 — OT Hee OyJeT 3aBUCETb UMCJO (ecJu
Bbl TOMEHsIeTe OpHEHTAllMI0, YUCJIO M3MeHMT 3Hak). Kaxkaplii kacn Gyner
HaxoauThcsl JMOO B HarpaBjeHHM BBepX, JUOO B HarpaBjieHHM BHH3; MHe
BCE paBHO — JIEBbIH OH WJIM MPaBbld, § CMOTPIO TOJBLKO Ha TO, HampaBJjeH
OH BBepX Wi BHM3. M g Gepy d — umcso Kacros, HarpaBjeHHbIX BHH3, H
BBIUMTAI0 W3 HEro 1 — UYMCJO KAacroB, HarpaBjeHHbIX BBepX. [losyueHHoe
yucao OylIeT YeTHbIM, MOTOMY UYTO CyMMa HX UeTHa, MOCKOJbKY 3TO YHCJO
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BCEX KAacIOB — M OYeHb eCTeCTBEHHO 3TO UeTHOE UYHCJIO TMOJEJHTL Ha 2:
p=gld —u).

[TocmMoTpuM onsiTh HA 3TH KAPTHHKHU. 17151 BepxHe# quarpammbl p =0, a s
HIUXKHeH p =241, B 3aBUCUMOCTH OT OPHEHTALMH.

91 xouy ckasaTb, UTO TaKOH CMOCOO BLIUUCJEHHS MO JUarpaMMe YUces JaeT
TO, UTO HY»KHO. DTO OUeHb JIEMKO JoKa3aTh. ToxKe B KAKOH-TO MOMEHT KTO-TO
sto npuaymaJ. [leppasi nyGaukalus U3BeCTHAs MHE, B KOTOPOH cojiepKaTcs
o0a npasusa, Kotopble s chopMynpoBas, — 310 padora npumepHo 86 rojaa
Cepexu TabaunukoBa, KOTOpasi Ha CAMOM JieJie TTOCBSIIeHa JIPYroMy NPeJIMETY,
HO TaM 3TO HaMUCaHO; MOXKeT ObIThb, 3TO ObIIO H3BECTHO paHbllle, s 3TOTO
MPOCTO HE MOMHIO.

Mrak, umerorcs /Ba nHBapuaHTta. 1 elle xouy ckadaThb BoT uto. Ha puc. 7
Obl1 HapUCoBaH 3arnpelileHHbli war. Tenepb sicHo, mouemy oH 3arnpelier. Eciau
Mbl JIEACTBUTEJILHO Clle]laeM 3TO, TO y HAC MOSIBUTCS JIMIIHUHN JIeBbIA Kacr 6e3
Kakoro Obl TO HH ObLIO JPYroro M3MeHeHusi (MpaBblii Kacr, KOHEUHO, TOXKe
MOSIBUTCSI, HO TpaBble Kacrhbl s He cuutaio). Uucao bBenHekuHa ynajo Ha
€JIMHULLY, CTaJ0 JAPYrUM (KCTaT, p ToxKe). Takum o6pazom, 3TOT LIar MeHsieT
uhcao DeHHekMHa M y»K HHKAK He MOXKET COXPaHATb JEXKAHJIPOB THI y3Ja.

O pab6ore YekaHoBa u dauambdepra

EcTecTBeHHO BO3HHMKaeT BOINPOC: €CJIM eCTb JiBa JIeXKAHAPOBbLIX y3J1a, KO-
TOpble TOMOJIOTHUECKH U30TOMHBI U HMEIOT TH YHCJA OJMHAKOBBIE, TO MOYKHO
JIU B 3TOM CJlyuae OXKHJaTh, UTO OHH OYJyT JIEXKAHIPOBO H30TOMHBI? DTa
npo6JsemMa 10BOJbHO J0Jr0 Oblla OTKPLITOM, W Oblaa pelleHa B OTPULIATENbHYIO
CTOPOHY, cKaxeM, B 97 TI., Korja 3T0 OblJIO CJeNaHO JOCTOSIHMEM LIHPOKOH
nyGJIMKK, B JIByX paboTax JBYX pasHbix aBropoB — IOpbl UekanoBa u Sliuu
Aauawibepra, paboTaBlinx HezaBucuMo. K coxkajieHHto, 110 cell ieHb HU O/1HA
M3 3TUX paboT Mo-HaACTOsIIEMY He onyOJHKOBaHa, XOTs ecTb npenpuHT Opbl
YekaHoBa, KOTOPbIH, KaK Ternepb roBOPsIT, UMeeTCsl Ha CeTH. DTO BEJHKOJIENHO
HanucaHHas pabora, onyosukoBaHHas B 99 rony. Kpartkoe ussoxxeHue paboThl
Dumaibepra umeercss B Tpyaax bepsauHckoro kourpecca. Mexy Mmpouum,
Tam MPUBOJSITCS] HEKOTOPble HHTEPecHble 000011eHUsT OCHOBHOH KOHCTPYKIMH.
B o611iem, ero pabota ocrasach Kak Obl yCTHOH. $1 cam cJibliial ee H3Ja0KeHHe,
KOrja s ellle He 3HaJj, uTo YeKaHOB 3THM 3aHMMaeTcsl.

ITH 1Ba aBTOpa MPUIyMaJ/i HOBBIH HHBAPUAHT — Mbl €ro OyjieM 00CyK1aTh.
M xaxkaplil M3 HUX MpHUBEJ MPUMEp JBYX Y3JI0B, KOTOpble He pasJjiMyaloTcst
MPUBbIYHBIMU MHBAapUAHTAMHK, a pas3iuyaloTes UX MHBapuantom. Jlaseko He
cpasy CTaJo sICHO, UTO B 3THX JIByX pa0oTax npuMep TOT xKe caMbli, TOTOMY 4TO
OH HapucoBaH OblJ1 COBCceM Mo-pazHomy. M s Hapucyio ero 3sech elie TpeTbUM
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Puc. 9. JlBa yana

croco6om (puc. 9), KOTOPLIHA Mo-Jpy»Keckn coobuma MHe Sliia dauauidepr.
Tonosornuecku oHu 10BOJILHO NpocThle. Kak Bbl 3HaeTe, ecTb TabJ/HULA Y3J0B,
BCE y3J/ibl HyMepOBaHbl, U 3TO y3eJs, KOTOpbIi B TabJiMle Ha3blBaeTcs Dy —
UeTBEPTDLIH 110 CJIOKHOCTH y3edl.

KoHeuHo, 3T y3Jbl TOMOJIOTHUECKH OJMHAKOBbl. MTHOBEHHbIH MojacueT
NoKasblBaeT, uTo uucjao beHHeknHa n1a 000uX y3/0B paBHO +1, a uucio p
paBHo 0. Bel MokeTe nomnbITaThest npeoOpaszoBaTh OJMH y3es B APYroi, U ecJiu
BaM 3TO yJIaCTCsl, TO BCE, 0 UeM 51 COOMpatoCch FOBOPUTh, YTPATHT BCSKUI CMbICI.
Ho corsiacHo 3T0# Teopum 3T 11Ba y3J1a He MOTYT ObITb JISKAHAPOBO H30TOIHBI.
S nmocrapatoch 3nech 0ObSCHHUTb, KaK BbIUMCJAUTb 3TH MHBAPHAHTBI 10 JHa-
rpamme, HO 3TO 4yThb no3xe. [Ipexke uemM oOpaTUTbCS K 3TUM HMHBApUAHTAM,
51 X0Uy CKasaTb O Apyro# npobJeme, KoTopasi ToxKe OyJeT 3/1eChb CYLLIeCTBEHHA.

O mMHoXecTBe 3HaueHUH uncea beHHeKuHa
Ha KJacce U30TOIMNHbIX Y3J0B

Ectb npyras npoG/ema: mycTb MMeeTCsl TOMOJOTHUECKHH THIT Y3JI0B (Ha-
npuMep, TPUJAUCTHUK — UTO-HUOYIb Takoe). CripallnBaercsi, Kakue 3HaueHHsi
MOTYT MPHHUMATh B TIpeesax 3Toro kKjacca uvcnaa TépcroHa—beHHekuHa u
MacsoBa? OxasbiBaercsi, uTo uucjo DeHHeKHHa (MMEHHO UMCI0 DeHHeku-
Ha) BCerja OrpaHMuYeHO CBepXy — B Mpejiesax TOMOJOMHUECKOro THIA Y3J0B,
B CTaHJIapTHOM KOHTaKTHOM mpoctpaHctBe. M, coberBeHHo, DeHHeknH 31O
1 JoKasaj. Ero pa6ora (HacKoJIbKO §1 MOHHMalo, Booblile, Gosee-MeHee eIiH-
CTBeHHasi ero paboTa; MocJje 3TOro MaTeMaTHKy OH KaK-TO OCTaBMJI) COEPKUT
caenylonmit pesysnbrar. Kak Bbl 3HaeTe, JuUIsl KaXJIOro ys/ja eCcTb MOBEpX-
HocTh 3aridepra — TO BJIOKEHHAsi B IPOCTPAHCTBO OPHEHTHPYeMast MOBepX-
HOCTb, T'PaHUIIEHl KOTOPOH SIBJISIETCST 3TOT y3ea (0OBbIUHO paccMaTpHBaloTCS
CB$I3Hble TIOBEPXHOCTH; BO BCSKOM CJlyyae, HEOOXOJMUMO MPEANONOXKHUTb, UTO
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MOBEPXHOCTb He HMeeT chepuuecKux KoMNnoHeHT). JlonycTim, uto uMeercs Ta-
Kasi TOBepXHOCTh 3aiidepTa S; oHA HMeET 3IepPOBY XapaKTePUCTHKY X (1le/10e
uncs0). MoxKHO B3Th €e CO 3HAKOM MMHYC, TOTOMY UTO OHa OTpulaTesnbHa. K
uncsio Tépcrona—bennekuna 6yner menblie win pasuo —x. Hanpumep, s
TPUJIMCTHUKA 3Ta MOBEPXHOCTb Oy/EeT TOp C JBIPKOH, ee JIerko HapucoBarth,
1 sllsepoBa xapakrepuctika Oynaer paBHa —1. Torna sto uucsio paBHo +1,
MO3TOMY OTCIO/Ia BBITEKAET YTBep:KIeHHe, UTO JUIs TPUJIMCTHUKA (MpaBaa, s
3epKaJibHOrO TPUJIMCTHHKA TOKE — MPHU TAKOM MOJXOJ€E 3TO COBEPIIEHHO He
pasanuaercst) uncso bennekrHa He MozkeT npeBocxoauTh + 1. Jlast BenHekuna
CYLLIECTBEHHO ObIO TO, UTO €CJIM JIEXKAHPOB y3e/ TOMOJOTHUECKH TPUBHAJEH
(BooOLLLe y3JIOM He §IBJISIETCS) TO TO/la, €CTeCTBEHHO, OH OFPAHMUMBAET JIUCK,
U TMOBEPXHOCTb 3aidepra WMeeT 3iepoBy XapakrepucTuky -+1. M3 3Toro
BBITEKAET, UYTO JIEXKAHJPOB y3€eJl, TOTIOJOTMYECKH TPUBHAJbHbBIH, BCErJla UMeEeT
orpuliatesbHoe uncyao bennexkuna. [Togb3ysicb aTuM pesdysbratoM, benHekuH
CMOT JIoKa3aTb (COOCTBEHHO, rpuMep Obll U3BECTEH), UTO B 3-MePHOM TMPO-
CTPaHCTBE HMEIOTCS 9K30THUECKHE KOHTAKTHBIE CTPYKTYpbl. HIMeeTcst KOHTAKT-
Hasi CTPYKTypa, KOTOPYIO JIETKO OMHCATh, KOTOpasi He MOXKET ObITh jJUddeo-
MopdHa (KOHTAKTHOMOP(HA) CTaHAAPTHOH KOHTAKTHOH CTPYKTYpe, MOTOMY UTO
TaM 3TO CBOHCTBO He BBIMOJHSAETCS. TaM MOKHO MOCTPOUTH JIeXKAHIPOB y3eJ
(3TOT y3es Ha caMoM JieJie — IJI0CKAsi OKPY?KHOCTb), KOTOPbIH HMeeT UMCJI0
Bennekuna 0. Tak mnosyuaercsi, 4To XOTSI KOHTAKTHbIE CTPYKTYPbl JIOKAJIbHO
BCe OJIMHAKOBbI (ECTb TakKasi TeopeMa), HO rJI00aJbHO OHH MOTYT Pa3JHuaThCs
Jazke B 3-MepHoM npoctpaHcTBe. CyllecTBEHHO, 0IHAKO, UTO XOTsl 9Ta OLEHKa
O4eHb XOpol1o paboTaeT /i TPUJUCTHHUKA, JIIS 3€PKAJbHOTO TPUJIMCTHUKA OHA
karacTpouueckd He pabotaer. M, takum oGpasom, oHa JIOBOJLHO TpybOasi.
Ectb npyrue ouenku. MHe OyzieT cylleCTBeHHA B MOEM paccKase OJIHa U3 3THUX
OLIEHOK.

Bbl, HaBepHOe, Hac/bIlIaHBl O TOM, UTO €CTh TAKOe SIBJEHHE, KOTOPOe
Ha3bIBAeTCSl MHOTOUJIEHb! y3/10B. X 10BOJIbHO MHOTO. $1 COBeplleHHO He Xouy
yrayoJaThCs B ONpe/eaeHtsl, HO TOBepbTe, UTO C KaxKIbIM Y3JIOM CBSI3aHO
MHOTO MHOTOUJIEHOB, KOTOPbIE SIBJSIIOTCS HX TOMOJOTHUECKUMH HHBAPHAHTAMH.
N onun 13 HUX, KOTOPBIH MHe Oy/eT BaxeH, 3TO TakK Ha3blBA€Mblil MHOTOUJIEH
Kaycdmana — MHorousieH oT 2 mepeMeHHbIX. $I TOBOPIO «MHOTOUJIEH», XOTS
HHKAKOH OH He MHOrouieH, MOTOMY YTO TaMm o6e MepeMeHHbIX MOTyT ObITb
B OTPHLIATEJIbHBIX CTeMeHsIX. DTH TepeMeHHble TPaJMIMOHHO 0003HaYal0TCs
O6ykBaMH 2 M «. M 3TOT MHOrousieH MMeeT MaKCHMMaJbHYI0O U MHHUMAaJbHYIO
CTereHb MO0 « — JiBa 4ucja. Jl ellle pa3 MmoBTOPIO, YTO CTENEHH MOTYT ObITh
oTpulatesnbHble. M MUHUMa/bHAS cTeneHb Mo « nosuHoma Kaydwmana ysna
o0s13aTe/IbHO OyzeT ctporo Gosblle, ueM uucso TépcroHa—beHHeknHa y3aa.
CrpanHo, uTo 3Ta Teopema He Obljla U3BECTHA JAaBHO M3-3a HE3HAKOMCTBA
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KOHTAKTHBIX FT€OMETPOB C TeOpHel y3/10B. DTa Teopema Oblia, BUIMMO, BIIepBble
ony6JiMKoBaHa (B HeCKoJIbKO 6oJiee caaboi popme) B Moeil pabote ¢ Cepexedt
TabaunnkoBbM B 96 T.; U B Tako# hopme 3T0 MOTOM OblJI0 loKazaHo UMyTOBbIM
u [opioHoBbiM. U ellle ecTh 0UeHb KOPOTKOE H3silIIHOE JI0Ka3aTesnbeTBO Tabau-
HUKOBa. BOT 3TH Tpu paboThl OGoJiee WM MeHee CoJepKaT J0Ka3aTeJbCTBO
sToro (pakra. Pakr 3ameuaresbHbIi. [y 0OBIYHOrO TPUJIMCTHUKA Mbl OMSTH
noJiyuaem, 4to uucjao BenHekuHa He mpeBocXomuT +1, a mas 3epKajbHOrO
TPUJMCTHUKA TOJlydaeM OlleHKy —6, HMeHHO —6, T. e. 3Ta olleHka Kaydmana
0Ka3blBaeTCs TOYHOH.

51 paccmotpen y3es, KOTOpbI UMeeT TOMOJOrHUecKUil THi Sy. EcTb, KO-
HeuHo, apyrue yajbl. [Ipo HeKoTOpble y3/ibl YCTAHOBJEHO, UTO HMX JIeXKaH-
JIPOB THI MOJHOCTbIO OINpEAE/SeTcs UX TOMOJOrHeH M STUMH JIByMsl UHcCJa-
MH. HackosibKo MHe M3BECTHO, 3TO J0Ka3aHO JIJIsi BCEX TOPHUECKHX Y3JIOB,
KakK «asrebpauuecKux», TakK W «3epKasbHbIX», BKJOYasi U TPUIUCTHUK. Elie
paHblile 3T0 ObLIO JIOKA3aHO /IS TOMOJIOTHUECKH He 3ay3JIeHHBIX JIEKaHIpO-
BbIX y3/10B. M elle 3T0 oT/ne/bHO J0KA3aHO /s y3Ja, KOTOPbIH Ha3bIBAETCs
BOCbMepKa. ITOT MepeyeHb JeaaeT y3es Do TMEPBbIM Y3JI0M, JJIsi KOTOPOTo
3TO He JI0OKa3aHo, W JJIsl Hero 3To OKa3biBaeTcsi HeBepHbIM. Mue elle OyayT
HY>KHbI TOPHUECKHE Y3Jibl B MOeM pacckase. Jlyis HUX H3BECTHO BCE, U3BeCTHA
noJiHas JIeXKaHJIpoBa KJaccuukalus. A UMEeHHO, H3BECTHO, KaKhe 3HaueHHs
NPUHUMAIOT YHCJIA, U U3BECTHO, UTO OHH MOJHOCTHIO OMPEENsIOT JIeKaHAPOB
THI y3J1a.

Hackosbko Touna BbillenpuseneHHas oleHka? OkasbiBaercs, OHa He TOu-
Ha. M umMetoTest yaibl, 17151 KOTOPBIX I0Ka3aHo, 4To OHa He TouHa. [lepBbiit nmpu-
Mep Takoi. Topuueckuii y3es onucbiBaeTcst AByMsi B3AUMHO MPOCTBIMHU UM CJIaMH
p ¥ g (MycTb JUISl OTpelesIeHHOCTH p >¢q). Ecan g 4ueTHo, TO NpuBeleHHas!
OLIEHKa YISl 3€PKaJbHOTO TOPHUECKOTo y3Ja p, § TOUYHA; €CJU § HEUeTHO, TO
OHa He TOUHA.

Takum oGpazom, mepBbld y3esa, s
KoTtoporo otienka Kaydpwmana ne naer
NPaBUJILHBIN pe3yJbTaT — 3TO TOpHUe-
ckuil y3es 4, 3 (3epkasibhbiil). Ero aua-
rpaMma yCTpoeHa Tak, Kak MoKa3aHo Ha
puc. 10. MakcumasbHoe uncyio beHne-

KHHA 3TOro yasa pasHsieTes —12 (370,
co6cTBeHHO, 4 yMHOXKUTL Ha 3). A Ka-
yhman naet otleHky — 11 — 310 pacxox-
JIeHHe Ha eJIMHULLY, TepBO€e pacXoxKaeHne

otienku Kaydmana u paktuueckoro unc- Puc. 10. Juarpamma sepKasibioro
Jia BeHHeKl/lHa. TOPUYECKOTO Yy3Jia
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Adareopa YekaHoBa—daunawmbepra

Tenepnb 51 xouy ckazaTb HECKOJILKO CJIOB O TOM, B UeM 2Ke 3aKJII0UaeTCsl HH-
BapuaHT YekaHoBa—OJmauibepra. JTo J0BOJBLHO CJO0XKHAs ajreOpanyeckas
KOHCTpYKLMS. To, uTo 51 cefiuac ckaxy, He COJIEPXKUTCS HU B paboTe UekaHoBa,
HU B paboTe dumauidbepra. ITo MOAUPUKALNS UX KOHCTPYKLIMH, MPHHALIEKA-
uiasi MmoJogomy uesioBeky Lenny Ng ¢ Jierko MpoU3HOCUMBbIM HMeHeM JIeHHU U
TPYIHO Npou3HOCHMOl (amuaneil Hr, kotopass B AMeprke 0ObIUHO UMTaeTCS
kak MHb.

OTa KOHCTPYKLMs, B TOM BHJE, B KAKOM OHa M3J10:KeHa B paboTe JleHHH,
TakoBa. bepeM qnarpammy yasa, v Ha Hell paccMaTpUBAEM CJle/yloLIHe TOUKH:
nepeKkpecTbs U ellle NpaBble Kacrbl (MX B35ITh yao6Hee, ueM JeBble). MX MoxKHO
0603HaunTh OykBamu: a, b, c¢. PaccmatpuBaercsi cBoGo/Hasi accolUdaTHBHAS
asre6pa ¢ eIMHUIIEH, TopoKaeHHas 3TUMU o6pasyiotumu. [To-apyromy s mory
CKasaTbh TaK: HEKOMMYTATHBHbIE MOJUHOMBI OT 3THX OYKB ¢ KO3 dulHeHTaMu
B MoJie U3 2 3JIeMeHTOB (MoJie, KOTOpPOe TOMOJOrH 0003HaualT Zg). ITO
HaCTOSILLME MOJHHOMBI, C MOJIOKUTe/bHbIMU cTerneHsMu. [losyuaercst asnre6-
pa, U B 3TOl asrebpe omnpejensiercs auddepeHiman. ITo camasi CJIOXKHAs
Belllb: C MOMOLIbIO HEKOeH KOHCTPYKLHH (s COBeplIeHHO He Oy/ly ee KacaTbesi)
onpezessiercsl U depeHLran, KoTopblil yaoBjaeTBopsier npasuiy JleidOuuua.
daxTHuecku J0CTAaTOYHO OMpEeNeUTh ero Ha o6pasylolMX (MepeKkpecTbsix H
Kacnax). drta KOHCTPYKLMs cJjoxkHast. OHa HAacTOJILKO CJIOXKHAsl, 4TO KOorja
Bbl, M0JIb3ysICh €M, BbIUHCJSETE, TO Bbl 00513aTeNbHO TOJYUHTE C MEepPBOro
pasa HenpaBMJIbHBII OTBET, a CO BTOPOro — yxke HeudBecTHo. M UekaHos, u
Dumaibepr JiIsi CBOEro NMpUMepa HEUuTO BBIUMCJISIM; 00a BbIUMCJEHHST OblIH
HeBepHbl. [ToToM 06a OHM MCMPABUIIM CBOU BbIUHCJIEHHUS.

Cyl1ecTBeHHO, UTO ecTb C€noco0 MpUIHCATb BCEM 3THM BOT 00beKTaM
CTelNeHb — HeKoe Lies1oe UMCJ/10, KOTOpoe HasblBaeTces crerneHbto. [TocTpouts ero
npoule Bcero Aas Kacrnon. CreneHb Kacna (MpaBoro) 1o onpeaesaeHuio paBHa
+1. Crenenb ke nepekpecTbsi omnpesiensieTcsi BoT Kak. Kak Bbl rmomHure, y
Hac ecTb crnocob BblUMC/IeHHs uucsaa MacjioBa uepes 3TH camble BepXHHE H
HIKHUE Kacrbl. MOKHO BBIUMC/NTD 3Ty CTereHb Kak Obl HE MOJHOCTHIO: T. €.
Mbl HAUHHAEM C TIepEKPeCThsl, HJIEM B TPOU3BOJIbHOM HarpaBJ/eHUd (UTO BJIEBO,
YTO BIPABO — 3TO BCE PaBHO), U MAEM J0 TeX MOp, MOKa He BepHEMCs CHOBA
B HCXOJHYIO TOuKy. M mo jopore BbluMCJISIEM Te Ke camble MPOXOJibl BBEPX
u BHU3. To ecTb OGepem Ty XKe camyio gopmysy d — u. Ho 370 unciio yxe He
00513aTe/IbHO UETHO, U Mbl Telepb He Je/HUM €ro Ha 2. JTO UMCJIO M Ha3blBaeTCs
cTeneHblo nepekpecTbsi. CylleCTBEHHO BOT UTO: MOXKHO Obl10 Obl HAUaTh 00XO0]1
B Jipyryto ctopony. [Tpu sTom MozkeT nostyuntbest apyroe uueso. Ho pasHocTb
THX 4HCes paBHsieTcst yaBoeHHoMy uucay Macsosa. [lostomy, ecan uucio
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MacJsioBa He paBHsieTcst 0, To 3Ta cTeneHb orpeseneHa Kak BbIUET M0 MOJYJIO
yaBoeHHoro uncaa Macsosa. Ecaun ke oHo paBHsieTest 0, Kak B cjyuyae 3THX
Y3JI0B, TO 3TO OyJeT 1ieJ10e UUCJIO.

51 onucan crenenb o6pasytouter. Korna nepemuorkatorest o6pagyioiiue, To
cTenenu cknaaapiBaiotes. M BoT uto cyuiectBeHHo: muddepenimal, KoTopbii
s He omucaJs, umeer crenedb —1. Tak uTo moJsiyuaercsi, Kak roBopsT, mud-
dhepeHlmanbLHasi TpajyupoBaHHas ajnreOpa ¢ auddepenimasom crernedn —1.
W1 orciona Bo3HuKaer, co6cTBeHHO, MHBapHaHT. Hanpumep, MOXKHO BbIUMCJNTD
FOMOJIOTHH; TOMOJIOTHH TOKe OYIyT KOJIbLO, U OHO SIBJISIETCS] MHBAPHAHTOM
yana. Mmeercs Gosiee TouHasi Teopema YekaHoBa: uTO Ke, COOCTBEHHO, SIB-
JisieTcsl MHBapuaHToM. §1 ceiluac Toxke He Oyjy Mpo 3TO MOAPOOHO FOBOPHTH.
Cama no cebe 3Ta anrebpa MHBAPUAHTOM, KOHEUHO, He SIBJSIETCS: MPOCTO
Jlazke UucJio 00pasdyloliuX He sBJsSeTCs MHBAPHAHTOM, TOTOMY YTO MOXKHO
no6aBuTh oOpasytoune. Kak 51 ckasas, npu nosib30BaHUH STUMH HHBApHAHTAMU
rjaBHas nmpo6JemMa 3akjaouyaercss B TOM, UTO JIOBOJbHO TPYAHO BbIUMCJUTD 3TOT
nudepeHiMal, NOTOMY UTO BaM HY:KHO Ha JMarpamMe Koe-uTo HaxOJHTb, UTO
npsiMo, B 001IEM-TO, MOXKET ObITb M HE BHJIHO.

AyrmenTtauusi anre6pbol YekaHoBa—auawmbdepra

B pa6ote IOpbl UekaHoBa, ojHaKo, HMeeTCsl HEKOTOPOE YCOBEPILIEHCTBO-
BaHHe 3TOH KOHCTpyKUMH. OHO 3akJ/iouaercs B cieiylolleM. DTo ajiredpa c
e/IMHULIEH, W a/areOpaucTbl 3HAKOT, UTO MOXKHO TFOBOPHUTb O BELIM, KOTOpas
HasbiBaeTcsi ayrmentauus. JlaBaite uepe3 A o6Go3naunm asre6py Uekano-
Ba— dJmanibepra; 3To ajarebpa ¢ eIuHuLed. AyrMeHTalls — 3T0 0ToOpaXKeHHe
€ 3ToH anrebpbl B 1oJe (MycTb OyJleT Zg), KOTOPOe MYJbTHIIJIMKATHBHO H,
KOHEUHO, MepeBOJIUT eMHULLY B efnnuLly. Ho 310 tnddepenumnansuas anrebpa,
U 51 Haslararo JI0MOJIHUTeJNbHOE YCJI0BHe, UTO KOMNO3uLMs € U d pasHsietcs 0.
CoBepllIeHHO §ICHO, UTO, MOCKOJIbKY € MYJIbTHIIJIMKATUBHO, 3TO 0TOOpaXKeHue €
MOJIHOCTbIO OMpejiesisieTcsl CBOMMM 3HaUeHHsIMU Ha oOpagytoux. Tak uto dak-
THUYECKH MPOCTO Mbl KAXKJIOMY MEPEKPECThIO U KAXKJOMY KaCIy MPHUITUChIBAEM
sHauenue 0 unu 1 — BoT, coGCTBEHHO, BCE, uTo npoucxomut. Ho sto ycsnoBue
JIOBOJILHO Cepbe3HOe.

Ecau Takasi ayrMmeHTalusl CyllecTBYeT, TO Mbl IPOU3BOJMM TO, UTO Hasbl-
BaeTcs B ajreOpe JiMHeapuaallMeil, 6osiee MM MeHee CTaHAapTHbIM 00pasoM,
T. €. Mbl OepeM siIpo ayrmeHTauuu (310 upeas B A), U 3aTeM (hakropusyem
9TOT MJeas Mo ero kBajapaty. Tak ckazaTh, ec/M CUMTATb ayrMeHTalMIO TOu-
KoM, To 51 Oepy KacareJbHOe MPOCTPAHCTBO B 3Toi Touke. M nuddepenuman,
KOTOpPbIl UMeeTcsi B A, MepPeHOCUTCSl Ha JIMHeapU3aluio (€CTeCTBEHHO, eCJH
OH TpaBHJILHO orpeneseH). boJiee Toro, y A Bce 3TH a, b u ¢, U npouee —



202 . B. dyxke

MyJIbTHIIIMKaTHBHBIE 00paayolliie, CBOOOIHbIE; Y 9TOr0 (hakTopa OHHU XKe sIB-
Jsitorcst 6a3ucoM Haj nojieM Zg. To ecTb 3Ta JIMHeapU3alys J0BOJbHO-TaKH
MaJieHbKasi. B jonoJiHeHue Ko Bcemy 3TOMy mnoTpebyem crefyioilee. Eciu
a — 310 obpazywouiasi, u e(a) #0, 1. e. paBusiercst 1, To napaiite norpedyem,
ytoObl 3TO 03HAUaJo, uTo cTenenb a paHsercs 0. [Tyctb ayrmenTaums B sTom
OTHOLIEHUH OGYJIeT uuCTasi, T. €. OHa MOKET MPUHHUMATh HeHyJIeBble 3HAUeHHS
ToJIbKO Ha nepekpecTbsix crernienu 0. Torna rpaayupoBka, KOTOPYIO Mbl BBEJIH
B A, (cTerneHb) coxpaHsieTcst 3/1eCh, T. €. OyJIeT TakKe U auddepeHimal, ume-
ol crenedb — 1. EnuHCTBeHHAs pa3HHIla — UTO KOMIIEKC 3TOT JIOBOJILHO
MaJleHbKHH, T. €. ero aJIMTUBHLIMH 00Pa3yIOLUMHU SIBJISIOTCS MEePeKpecTbs
Kacrbl. M onsiTb-Takh roMOJIOTHH 3TOr0 KOMIJIEKCA SIBJISIIOTCS HHBAPUAHTOM.

31ech MOKHO CcKazaTb GoJiee TOuHO. Jles1o B TOM, UTO pas3HbIX ayrMeHTallui
Mo2keT ObITb MHOTO. M 3TH romosiorun MoryT GbiTh pasHbie. [ToJHOCTBIO HYXKHO
CKaszaTb TaK: ecJiM JIBa y3J/a JIeKaHAPOBO M30TOMHBI, U Y OJHOTO M3 HUX eCTb
ayrMeHTalusi, To y JIPyroro ToKe eCTh ayrMeHTallusl, TaK UTO COOTBETCTRYIOIIHE
JIMHEapu30BaHHbIe KOMIIEKChI HMEIOT OJIMHAKOBbIe roMoJiorni. MHe He oueHb
BaKHa Takasi TOUHOCTb, U 51 He 3HAI0 MPUMEPOB, Korja Obl IeHCTBUTENLHO /IS
pasHbIX ayrMeHTalui roMoJiorun OblIH Obl pasHble.

Heo6xoaumoe v 1ocTaTouyHOE yCjOBHE
CyleCTBOBAHUS ayrMeHTaLlUU

$lcHo, uTO UMesi Takoe YMpollleHue, HaM, BEPOSiITHO, MOXKHO OyJeT obpa-
1aThes ¢ Auarpammamu ropasjo npotue. M Bot, co6cTBeHHO, nepBas 3arajka.
Mwmeerest Jierko nposepsieMoe M0 AHarpamme HeoOXOJMMOe W JIOCTAaTOUYHOE
yCJIOBHE CYLIECTBOBAaHUSI ayrMeHTauuu. Ero ucropusi Takosa. JloctaTouHOCTh
YCJIOBHSI, KOTOPOE §1 ceduac OIMullly, A0Ka3aHa B MOed paboTe, KOTopasi 10 CUX
nop npeGbIBaeT B nevyatd B KypHaje «[eomerpusi u dusnka». A HeoOXoau-
MOCTb YCTaHOBJIEHA MHOH COBMECTHO ¢ MOWUM ydeHUKOM Turpanom MuixaHo-
BbIM, W Hallla paboTa rOTOBUTCS K [1eUaTH.

IT0 He0OXOUMOE M JIOCTATOUHOE YCJIOBHE YISl CYLLeCTBOBAHUSI ayrMeHTa-
LMK reoMeTpUUecKoe, OHO opMysUpyeTcs Asi TaKoro pojaa auarpamm. [1pu-
yeM ero MOXKHO C(OpPMYJIHPOBATh KaK C STHM YCJIOBHEM, CBS3aHHBIM C Ipajy-
UPOBKOH, Tak W 6e3 Hero. YcJjoBue 3akiiouaercs B caeyiouieM. [Ipeacrasbre
cebe, UTO MMeeTCsl HeKoTopasi ()poHTa/IbHAST MarpaMma yasaa. ¥ jauarpaMmmel
UMeeTCsl HEKOTOPOe KOJIMUECTBO KAacIoB, JIEBbIX W [PaBblX, OJAHHAKOBOE KO-
JIMUECTBO, K CJIOBY CKa3aTb (Mbl Be/lb MJEM I100UEpe/IHO: HaJsleBO, Harpaso,
HaJleBO, Harpaso, HaJleBO, HalpaBo — M0Jy4aeTcst OJAMHAKOBOE UUCJIO JIEBBIX U
npasbix KacnoB). [lepBoe, uTo HyKHO c/e/1aTh — 3TO MOCTABUTH Kacribl JPYT
JIPYTY B COOTBETCTBHE, UTOOBI KaxK/IblH JIEBbIH Kacn 3HaJ cBOMH npaBbiit. CKOpo
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OylyT Apyrue yCJOBHS, HO [OKA CTaBUM B COOTBETCTBHE Kak yrojaHo. IlocJe
9TOTO HY2KHO BHYTPH JIMarpaMmbl BbIOPATh JBa HermepeceKalolmxcs (He cunTast
KOHLIOB) TyTH, COEIMHSIIOLULMX 1BA 9TH Kacna. Kaxiblil U3 3TUX MyTel Kacnos He
COJIEPKHUT, KpOMe KOHIIOB. To ecTh MyTh KaK BbILIEJ, TAK U UJIET CJIeBa HAMpPaBo,
HUTZle He moBopauuBasi Haszal. OTciofa, KCTaTH CKasaTb, BbITEKAeT, UTO 3TH
MyTH BCE BMeCTe OJIHOKPATHO MOKPBLIBAIOT BCIO jJuarpammy. Besi auarpamma
OKa3blBaeTcsl pas3J/ioxKeHHOH TakuM 00pasoM.

K 3ToMy ecTb JOMOJHUTENbHbIE YCJOBHUSI, KOTOPble OKa3blBAIOTCS OUeHb
BayKHbIMU. §1 He BbILYMbIBAJ 3THX YCJOBUHA. ¥ MeHsl Oblia HeKasi KOHCTPYKLHS
ayrMEHTAlMH, 1 TPOCTO CMOTPEJ, NPH KAKHX YCJOBHSIX OHA TMPOXOJHT, U BCE
9TO TaK M MOJyuusiocb. MHe CTBIIHO cKa3aTh, HO TeopemMa O HeOoOXOIMMbIX
M JIOCTATOUHbIX YCJIOBHUSIX, KOTOPYIO 5 cefuac (popmyJsupyio, UMeeT J0BOJbHO
3aMbIC/I0BaTOE JI0KA3aTeJbCTBO. S, KAK M MHOTHe M3 Bac, He J06JI0 KpacH-
Bbl€ JI0KA3aTeJbCTBA, MOTOMY UTO KpacoTa cama Mo cebe 03HAuaeT, YTO Bbl
JI0Ka3aTe/bCTBO He IMOHMMaere. 1 He MOHMMAl 3TO JloKasartesabcTBo. Moe
JIOKA3aTeNbCTBO JIOBOJILHO 3aMbICJIOBATOE, 51 HE YMEIO J0Ka3blBaTb MPOCTO.

A ceituac s chopmysnpyio Teopemy. Mmeercs elie Hekoe ycsoBHe BOT Ha
yTo. $1 ckasaJ, UTO MOXKHO MepeiTH B TOUKe MepeKpecTbsl ¢ OJAHON JIMHHU Ha
npyryto. M Terepb 51 Xouy cKasaTb, UTO Ha caMOM JieJle 3TO MOXKHO CleJaThb
He Bcerjaa. A MMeHHO, ecTb ciefyiolee ycsaosue. [lycTb oaun U3 nyrei, co-
CJIMHAIOIINX JBA Kacra, ACHCTBUTEJNbHO COBEpLIAeT Mepexoj C OJHOH BETBH
Ha JIpyrylo. DTO 03HAUaeT, UTO OCTaBLIASCS MOJOBHHA TOXKE COCTaBJIsSIeT MyTh,
COCNIMHAIOIMHA KakMe-TO JBa Kacla; NMpUYeM He Te Ke CaMble, MOTOMY UTO
MyTH, COEMHSIOIIME Te »Ke Camble Kaclbl, He MOTyT nepecekatbesi. Tak urto
OJIMH MYyTh COEJMHSIeT JBA Kacmna, W JIpyrof nyTb coeiuHsieT apa kacna. M s
KaXk/10M napbl €CTb JAPYyro# MnyTb, KOTOPbIK HX CO-

e/IMHsIeT. 91 He CMOTPIO Ha 3TH MYTH MOJIHOCTBIO, HO -
51 XO4y IIOCMOTpPETb Ha HUX B Y3KOH BEPTHKAJbHOH —_— LT
utenu (puc. 11). TpeGoBanue 3akouaercsi B TOM, e
~~—
YTO 3alITPUXOBaHHbIE (DUTYypbl JUOO He repece- g
KaloTcsl (51 He CUMTAI0 YroJ rnepeceueHuem), Jubo -
— -
OJIHa coflepxKUT apyryto. Ha camom nese, ecan B =
if /
3TO BHUKHYTbL OoJiee M0JApoOHO, ecTb 6 BO3MOXK- : i
I
HbIX PACMOJIOKEHHH JBYX 3THX myTell. M3 sTux 6 / |
/
BO3MOXKHOCTeH 3 paspelleHbl, 3 3arpeLleHbl. =
Teopewma 1. a) Ayemenmayus (1 noka A —
_4\/  —
UCHOPUPYIO YCAOBUE HA CMeneHb) Cyu,ecmasy- S~ =
em 8 mom U MoAavKo 8 MOM CAYyHae, ecau 8CHo ]

duaepammy MONHO pazdume ¢ 8blNOAHEHUEM
aMmoeo Ycaosus. Puc. Il. Uleab
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6) Ecau s HenpemeHHO xouy, 4mobvl mos ayemenLmauyus ObiAQ NOA-
HOCMbIO CO2AACOBAHA C epadyuUpOBKOLl, CO CMENeHAMU MAKUM 80N 00-
pa3om, mo Imo 03Hauaem, 4mo s JOANCeH UMemb 8CE MO e camoe, Ho
deaamov makue nepeckoKu MoAbKO Auulb Ha nepexkpecmosx cmeneru 0.
Ecau donoanumenvHo 3anpemums makue nepeckoku Ha nepekpecmovix
Kakoti-aubo cmenenu, kpome 0, mo ama ayemenmayus 6ydem coeraco-
BAHA C CIMENEHIMIL.

B nmarpammax Ha puc. 9 Bce nepekpecTbsi, KpOMe JIBYX BEPXHUX, HMEIOT
crenenb 0; a 3TH TepekpecTbs — 3/eCh MMeloT cTeneHb 0, a 3mech — 2 W
—2. BooO6uiie, 370 BOT Kak: TyT y MeHsl 3 TepeKpecTbsl W OJIHO; €CJIH Bbl
310 0603HauUTe OYKBAaMM p W ¢, TO 3jiecb OyIeT cTositb p —q, ¢ — p. Hy
W ellle Bbl MOMHHUTE, UTO CTeleHb | MMeIOT MpaBble Kaclbl, 3TO JIOBOJLHO
MHOT0. AGCOJIIOTHO OUEBHJIHO, UTO J/IST ITHX JMarpaMM CTPYKTypa, oricaHHas
3jiech, cyulectryer. Mmeercs 2 y3na, umeercs: 2 Kommiekca. Kakue crenenu
3THX 0Opasylolmx? 37ech CTeleHb —2, MOTOM Macca HyJieid, TToToM Macca
€JIMHUIL U OJIHA JIBOMKA. A B JIPyroM KOMIIJIEKCE TOJIbKO HYJIH ¥ eiHuLbl. KakoB
6bl HU Obl1 MU depeHinan, y 9THX KOMIJIEKCOB He MOTYT ObITh OJIMHAKOBbIE
romoJsiorud. M3-3a 3Toil MUHYC JBOHKH: OHA HHMKyJa He JieHeTCs. DTa MHHYC
JIBOFIKA TPHUBEJIET K HETPUBHAJIbHBIM TOMOJIOTHSIM. A B JIPYroM KOMILJIEKCe
romoJioruit HeT. [ToaToMy cpady aBTOMaTHUECKH MoJIydaeM: TOMOJIOTHH pa3Hble
W Y3Jibl He COBMAJIAIOT.

Ecyin nu3BecTHbI pa3MepHOCTH MPOCTPAHCTB LIeMNeil, HO He H3BECTHBI T de-
peHLMa/bl, H Mbl XOTHM, YTOObI TOMOJIOTHH ObLJIM OJIMHAKOBDI, TO HA TOT CUET
MMeloTesi HepaBeHeTBa Mopca, KoTopble Beerjia MOryT ObiTh NpuMeHeHbl. J1is
JIByX KOMIJIEKCOB, MUMEIOLIMX OJIMHAKOBbIE TOMOJIOTHH, BBIMOJHSIOTCS HeKHe
HepaBeHCTBA MEXKIy Pa3MEPHOCTSIMH. A ecsii 3TH HepaBeHCTBAa HapyllaloT-
csl, TO TOMOJIOTHMH He MOTYT ObITh OJIMHAKOBbIE. 371eCh MOXKHO 060HTHCH 0e3
HepaBeHCTB Mopca, Bcé obGecrieunBaeT H30JMPOBaHHAsT MUHYC JIBOHKA.

O6cyxaeHue

Jlanbllle BO3HMKAIOT ellle HEKOTOpble 0OCTOSATEbCTBA, KOTOPbIE JeJaloT
BeCh 3TOT NpeAMeT BechbMa HernoHsiTHbIM. Korya st 3auumasicst 31oi paboToi,
S CcudTal, uToO s HAX0XKychb Kak Obl B Bakyyme. Ho motom okaszasnoch, uTo
BaKyyMa HUKAaKOro He CyLLEeCTBYeT, H UTO 3TO YCJIOBHe, KOTOpoe si (hopMyJIH-
poBaJl, Ha caMOM JieJie He HOBOe. YIMBHUTEJIbHbIM 00pa3oM, HOBOH SIBJsiETCS
MOsl Teopema, a caMo YCJIOBHE YxKe IOsIBJIS/IOCh B Apyrux paborax. PaHblue
Bcero (mpapjaa, 6e3 ycJoBusi, chOPMYJHPOBAHHOTO Tepes TeopeMol 1) oHo
NosIBUIOCH B nocJgenHell padote fmn Dauawmbepra, onyOJHKOBAHHOH MO-
pyccku B xKypHasie « DyHKUMOHAJbHBIA aHa u3». Tam Oblio copmynupoBaHo,
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YTO BOT Takasl WITyKa, npasna, 6e3 3TOro ycJOoBHsl, KOTOPOE €My He HYKHO,
cyllecTBYeT Jyist JitoOO0ro JiexKaH1poBa yaJjia, JIeXKaHApPOBO H30TOIHOIO Mpo-
CTelilleMy JIeKaHAPOBOMY y3Jly (C ABYyMSI Kacrnamu 1 6e3 nepekpecTui).

BoJiee i MeHee oHOBpeMeHHO O MHOH He KTO MHOH, Kak IOpa Yeka-
HOB, paboTbl KOTOPOro, COOCTBEHHO, §1 MbITAJCS HU3yuaThb, BbIBEJ TO 2Ke caMoe
yCJIoBHe, 3aHUMasich aOCOJIIOTHO Jpyroi 3anaveil. Tounee roeops, 370 Oblia
coBmectHasi pa6ora IOpnl Uekanosa u Iletu [lyuikaps. $1 ne cuwurato, uro
3/1eCh HY»KHO pacckasbiBaTb pa6oThl HekaHnosa u [lylikapsi, BaM OHU JOCTYTHbBI
6oJibllle, YeM MHe — M TOT, W Jpyroil. Pabota Uekanosa u Ilymkapsi — sto
COBEpLIEHHO 3ameuaresibHasl paboTa, B KOTOPOH Jl0KasaHa Tak Ha3blBaeMasi
ruroresa ApHoJsibia. Hy:kHo ckaszaTb, uto y ApHOJbJa €CThb MHOTO THIO-
Te3; U KOIjla FOBOPSIT «THnoTe3a ApHoJba», 0ObIUHO UMEETCs B BUIy HeEKoe
yTBEPKJIEHHE O HEMOJBHKHBIX TOUKAX CHMIIEKTOMOPGHHU3MOB. DTO JIpyrast rH-
notesa; u eé hopMyJIMpoBKa oueHb rnpoctasi. OHa 3aKJouaeTcst B CJELYIOLIEM.
PaccmoTpum 0Kpy:KHOCTb, CKaKeM, C CEMEHCTBOM HOpMaJiel, HampaBJeHHbIX
BHYTPb, U HauHeM ee 1eOpMHPOBATL BMECTe C STUMH HOPMaJsIMH, TPHUEM
paspewiatores GoJiee MM MeHee Te »Ke MepecTPOiKH, UTO MpPH MepecTpoiike
JIe2KaHIPOBbIX Y3JI0B, C MaJleHbKOH Bapualeil. B pesyJsibTaTe 3THX NepecTpoek
HY?>KHO BbIBEPHYTb OKPY?KHOCTb HaU3HAHKY (UTOOBI HOpMaJii OblIKW HANpaBJ/eHbl
Hapyxy). [unoresa ApHoJiba yTBep:KIaeT, uTO MPH 3TOM 06s3aTeNbHO 10
Jopore OyJeT KpuBasi, umelollas 1o kpattei mepe 4 kacna. Teopema, noxoxxasi
1o opMyJIMpPOBKe Ha TeopeMy 0 4 BepllIMHAX, HO 3TO Apyrast Teopema. [unoresa
Oblla OUeHb M3BECTHA, OHA CTOsI1a HECKOJIbKO JIeT (roja ueTbipe Mo KparHei
mepe). M Uekanos u Ilyuikaps nokazasnu 3to, noJibaysick OyKBajbHO TOH Ke
CaMON KOHCTPYKUHEH.

OKCIepUMeHT MOKa3blBaeT, UTO eC/IM JHarpaMmma JexKaHjaposa yaJja Jei-
CTBUTEJIBHO 00J1a/laeT pPasJiozKeHHEM C TeM YCJOBHEM HOPMaJbHOCTH, KOTOPOe
1 copMyJ/IHpOBaJl, TO B MpeJiesiax TOMOJOMMUECKOro Kjacca 3TOT JIeXKaHIPOoB
y3eJ MMeeT MakcHMaJsibHOoe BO3MOXKHOe 4uc/o beHHeknHa. Bo Bcex ciyuasix
3TO TakK. IDTOT (aKT MMeeT Takoe rnoJynoiarsepxkaeHne. Kak moxer ObiTb,
UTO UMCsI0 BeHHeknHa He siBJsieTCst MaKcHMaJsbHbIM? Bo3bMuTe Kakyio-HUOY b
JMarpaMMy U B KakoM-HUOY/b MecTe clieslailTe Takod 3uraar, Kak Ha puc. 7.
Uucso bBenneknna cpagy ynajger Ha eiuHHIly. DTO, KOHEUHO, HUKAK He M0-
BJIMSIET Ha TOIMOJOIMIO y3Ja. B npejiesax TONOJOTHUECKOro KJacca YHUC/I0
Bennekuna Oyzer He MmakcumasbHo. Ho yk Takas quarpamma HUKaK He MOXKeT
UMeTb Moell cTpyKTypbl. B camoM Jede, rjie »Ke Ha#fiTH JBa MyTH, UCXOAsLLME
M3 3TOTO Kacna, Wiylide B Jpyro# kacn? M3 3toro kacrna Mbl MOXKeM MepenTH
TOJIbKO B 3TOT KAaCIl; HO HET APYroro MyTH.

Hano ckazath, 4To MHOTHE BelllM B TEOPUH JIEXKAHJPOBBIX Y3JIOB He H3-
BeCTHbl. B yacTHOCTH, He M3BECTHO BOT UTO: MpaBja JH, UTO BCSIKMH y3eJ He
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C MaKcHMaJsibHbIM udcsioM DeHHekunHa mosiyuaercst M3 ysaa ¢ MakCHMaJbHbIM
uncsioM beHHeknHa npubaB/eHreM HEKOTOPBIX TAKMX 3Ur3aroB.

Bosuukaer runoresa, Kotopasi MOATBEPKAAETCS JPYTHMH 3€pKajbHbIMU
TOPUYECKUMU Y3JIaMM, UTO He MPOCTo uucjao DeHHeknHa H0/KHO ObITh Mak-
CUMaJIbHO, a OHO JIOJLKHO paBHSTbCs cTeneHu noguHoma Kaydmana munyc
€JIMHULIA, T. €. OHO He MPOCTO MAKCHMaJlbHO, a OlleHKa JIoJDKHA MOKa3blBaTh
ero MakcumaJsbHocThb. Ho s no/mken ckasarth, UTo MaTepual, MoATBEPKAAIOIIHHI
3Ty TMIIOTE3Y, A0BOJBHO CKPOMHBIN.

Heno B ToM, uTO HMeeTcsl BecbMa oOUIMpHAst TabJjuua y3noB. Ectb Tab-
JIMUBl B KHHUTax, HO 3TO jaajeko He BcE. ONsATh Ke HA TaK HAa3blBAaeMOH CeTH
MMeeTCs HeKasl MporpaMma, KoTopasi yMeeT pUCOBaTh JiMarpaMmbl BCEX Y3J10B,
no KpaiHeii Mepe, ¢ 16 nepekpectbsimu. POBHO Ha 3TOM 2Ke ypoBHE HAXOJUTCS
BbIYHCJIEHHE TMOJMHOMOB. 1 cJjibllliaj, 4To celuac Kakue-To JIoAH paboTaioT
HaJ quarpaMmaMu ¢ 17 mepekpecTbsMH; BCe BMeCTe MoxKesJaeM MM ycrexa.

Ho nasuuue WM OTCYTCTBHE TaKOH CTPYKTYpbl, KOHEUHO, HH B KaKHX
tabauuax HalTH Hesb3sl. Mosl 10ub Hanuca a Ha 3Ty TeMy KypcoBylo paboTy B
Bepkan. M3 ee paboThbl BbiTeKaET, UTO U151 AMArpamMm ¢ 9 nepekpecTbsiMu Takyio
CTPYKTYpY He yaercst NocTpouTh aist 2 nuarpamm. OiHa U3 HUX — Ta, KOTOPYIO
51 pucoBaJ; 370 8 nepekpectuit. Jlpyras anarpamma oTHOCHTCS K y3ay 949. ¥Y3ed
949 — 3TO pomMaHTHuecKasi Belllb. Ero qnarpamma He cummerpuuna. Tot dakr,
yTO y3eJ He sIBJISEeTCS 3epKaslbHbIM, KaK MPABHJIO, IEMOHCTPUPYIOT €ro MOJHHO-
Mbl, TOTOMY UTO MPH 3€pPKAJbHOM OTPa*KEHHH MHOTOUJIEH y3Ja npeobpasyercst
oueHb MpocTbiM o6pasoM. M mostomy MoxKHO MOHATH MO auarpamme, GyneT
JIM y3esl 3epKasibHbIM. BOT it 3TOro ysja Kjaccuueckde MOJMHOMbI, T. €.
Kaydpmana, HOMFLY, kak pa3 He mokasblBaloT, UTO OH He CUMMETPHUUHbIH.
A B JIeWiCTBUTEJILHOCTH OH HE CHMMETPHUHBIH, U 3TO BbITEKAET M3 JIPYTHX
NoJIMHOMOB. M BOT U3 THX ABYX AHarpaMm /st OJAHOH He yaaeTcs MOCTPOUTh HH
TOTO, HU JIPYroro: HU TakOH CTPYKTYphl, HH JHATPAMMBbI, ¥ KOTOPOH Obl UHCJIO
Tépcrona—benneknna paBHs/IOCH, YeMYy MOJOXKEHO PABHATHCS MO OLEHKE C
nosmnomom Kaydmana. To ecTb 3T0 ToKe Kak-TO sIBJISIETCS KOCBEHHBIM TOJI-
TBEPKJIEHUEM, UTO OJIHA U Ta XK€ TPYJIHOCTb MEIIAET TOMY H JPYromy.

Tak uto ecTbh Hekas CBsI3b BCEro 3TOro ¢ MpoOJeMoill 3HaueHHH uucsia
Bennekuna. Ecth onHako elle abcogioTHO apyrasi Belilb. MHe He Xoudercst
rOBOpUTL O Hel MoapoOHO, nmoTomy uto 310 padora [leru Ilyuikapsi. Ona,
MOXKHO CKa3aThb, He HalWcaHa, a To, YTO HAMMCAHO — 3TO JAJIeKO He TOoJIHAs
pa6ora. Tam coBepleHHO 3aMeuaTe/ibHble Pe3yJ/bTaThbl, HO B KOHLE KOHLOB, §
He MOTY 3a HMX pydaTbesl.

EcTb ellle 01H0 BaxkHOe CBOHCTBO JIE?KAHAPOBBIX y3J10B, KOTOPO€E M3BECT-
HO T0J Ha3BaHWeM IPOU3BOJIsIIIiee CeMeHCcTBO (yHKUMH. DTo BOT uto. [a-
BalTe BepHEMCS K MOMM X, Z-AMarpaMMam, W CKaxKeM, YTo camasi rpocras
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Puc. 12. CemelicTBo (yHKUMI

JIeXKaHJIPOBa KpHBasi, KOTOPYIO MOXKHO cebe BOOOPasuTh — 3TO MPOCTO rpaduk
dynkiyd. [lyctb ecth rpaduk dyHkimu z = f(x). TaMm HeT HHKAKHX KacrioB,
npocTo KpuBast — rpaduk GyHkinu. M 310 ToXKe ecThb JieKaHIpoBa KpUBasi B
npocTpaHcTBe X, y, 2. Ho 3T0 He JiexkaHpoB y3es1. A Tenepb npejactaBum cebe,
YTO Y HAC e€CTb He OjiHa (DYHKIIUS, a OJIHOMIapaMeTPHUUECKOe CeMEHCTBO (yHKIIHHI
(puc. 12). Bbl jierko moxkete Hanucatb Gopmyay (KyOMUeCKUi MOJMHOM). DTO
ceMelCcTBO KPHUBbIX MMeeT orubaroliyto. Eciu y Bac ecTb yHKIMs [ OT x W
elle mapameTpa oT f, TO MOXKHO B35iTh ypaBHenus f(f, x) =0 u (())_;(t’ x)=0,
UCKJIOUUTb ¢ W3 JIByX 3THX YpaBHEHWH, W MOJyuuTcsl (KaK 3HaeTe U3 aHaJsn3a)
ypaBHeHHe orubatouiedl. M kak MHorMe To)Ke 3HAIOT, 3TO OyleT KpuBas C
Kacrnom. DTo BBINJISIUT, KaK JHarpamMMma JieXKaHjaposa yaJa.

MOXXHO 3Ty KOHCTPYKIIMIO YCJIOXKHHUTb. A MMEHHO, B35iTb He OJIMH Mapa-
MeTp, HarnpuMep, B KauecTBe MHOXKECTBA MapaMeTpoB B3sITh KaKoe-HUOYJb
KOMMakTHoe MHoroo6pasue. HapucoaTb 310 yKe TpynHo. Tenepnb OGyner
[(x, t1, t9, ..., t), ¥ BCe HACTHbIE MPOU3BOJIHbIE 110 { HYXKHO NIPUPABHSAThL HYJIIO.
[Tostyuntcsi HekoTOpasi KpvBasi Ha MJOCKOCTH. DTa KpHUBasi, €CJH TOBE3ET,
OyJeT JIeXKAHAPOBbIM Y3JIOM. A ecsii MapaMeTpbl COCTaBJSIOT KOMIMAKTHOE
MHOrooGpasue, To OHa TOUHO OYJIET JieXKaHAPOBLIM y3J0M. Borpoc Takoil: eciu
€CTb JIEXKAHJPOB y3€eJl, TO MOXKHO JIM TaKMM 00pa3oM ero npejactaButb? OTBeT
(haHTaCTHUECKHH: MOYKHO B TOM M TOJILKO B TOM CJlydae, KOrJia CylIECTBYeT TO
JKe camoe, UTO HY»KHO JI/Is CYLIIECTBOBAaHHS ayrMeHTaluk. DTH JiBa akTa oKa-
3bIBAIOTCST PABHOCHJILHBIMH. Ho repBoe BneuatyieHne — uTO MeXjly HUMH HET
HHUKAKOMH CBSI3H. DTO MOXKHO MepedopMyIMpOBaTh TaK: J€XKaHJIPOB y3es Tor/a
U TOJIbKO TOrJa 00J1aJIaeT 3THM CBOHCTBOM, Korja ajrebpa duuaiidepra—e-
KaHoBa MMeeT ayrmeHTalio. bosiee Toro, Kak s ckasaj, B 3TOH KOHCTPYKIHH
3aMelllaHo HeKoe KOMITaKTHOe MHOroo6pasue — rnapamerpbl MPUHUMAIOT 3Ha-
UeHHUsT B HEKOTOPOM KOMIAaKTHOM MHOroo6pasduu. C MHOT00OpasusiMi CBsI3aHO
Takoe siBJeHHe, Kak Komrmiekc Mopca. B JedCTBUTENILHOCTH KOHCTPYKIHMS
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6oJiee cJI0XKHAasT (HY»KHO B3SITh He 3TO MHOrooOpa3ue, a ero IeKapToB KBajpar).
B o6uiem, ecth Heku#t kKommekec Mopca, KOTOpbIE BO3HUKAET MPH HAJUUHU
YIPaBJSIOLUIEr0 CeMeHCTBA, U ITOT KOMILIEKC TOXKe, KaK H €ro roMoOJIOrHH,
SIBJISIETCS] JIEXKAHJIPOBLIM HHBapHaHTOM yaJja. DoJjee Toro, 3ToT KomrmJekc
rpajaydpoBaH, W ero oOpasylollde ToxKe COOTBETCTBYIOT MpaBbiM Kacram
U TMepeKpecTbsiM, U MMEIOT Te )Ke camble cTerneHd. KoHeuHo, MOBEPUTH B TO,
YTO 3TO pa3Hble KOMIJIEKChI, HeBO3MOXKHO. [1o Bcell BUAMMOCTH, 11€70 0OCTOUT
Tak, U4TO BCSl 3Ta JIMHeapu3oBaHHasi KOHCTpykuMs HexkanoBa—dJunaiubepra
Kak Obl nasuiiHsst. CyllecTBYIOT y3Jibl, KOTOPbl€ 3aJIal0TCsl MPOU3BOJISILIAM
CeMeHCTBOM; TOr/Ia 3TO BCE pacrpoCTPaHsIeTCsl Ha BbICIIME Pa3MepHOCTH (Kak,
BIIpOUEM, U B KOHCTPYKUMH Dsuaiibepra—Yekanosa). CyllecTByIOT Hapsiy
C JIeKaHJPOBBIMHU Y3JaMH MHOTOMepHble JieKaHIpoBbl y3Jbl. KoHTakTHOe
NPOCTPAHCTBO He 0053aTeJIbHO MMeeT Pa3MepHOCTb 3, OHO MOXKeT HMeTb
JoOyl0 HeueTHylo pasMepHocTb. M ecin oHo uMeer pasmepHocTb 21+ 1, B
HEM MMeeTCsi MHOTO /1-MepHBIX JIEXKAHJPOBbIX MHOr000pas3uil — OHU TaK »Ke
onpenensioresi. M aist Hux ecthb Best Ta xKe camas Hayka. M B yactHocTH, npo-
u3BojisiMe cemeiicTBa Toxke. M ata konerpykuus [leru [yuikapst Toxe pao-
taer. Kak, BnpoueM, W KoHcTpykiusi UekaHoBa— damaiibepra. Mexay HUMH
€CTb KaKasi-To HeMbICJIMMas CBsI3b, O KOTOPOH 51 HE UMel0 HUKAKOTO MOHSITHSI.

B koncrpykimn Hekanoa— dynanibepra ectb Takoe 00CTOSATENbCTBO, UTO
OHa repecTaeT paboTarth, KakK TOJbKO Bbl K y3J1y NpHUJe/bIBaeTe suraar (puc. 7).
[IpocTo Bcé nenaercst HyJeMm. Ecsu Bbl Bo3bMeTe JIEKAHAPOB y3ed U MPHU-
JleJlaeTe OJIMH KPOLIEUHBIH 3Ur3ar, To KOHCTPyKLMs Diuauidepra—YekaHoBa
nepectaet padoratb. M mostomy Morsia bl BOSHUKHYTh HIIOTE3a, UTO HET HH-
BApPUAHTOB, PA3JHUAIOLIMX Y3JIbl C TAKUMH 3UT3araMu. DTH Y3Jibl OKa3bIBAIOTCS
Ba)KHLIMH B HEKOTOPOM KOHTEKCTE, O KOTOPOM sl ceiluac He Oyjly TOBOPHTb.
1 pacckaxy npo oy 1eHCTBUTENbHO 3aHATHYIO Belllb. PaccMoTpuM TH HHBaA-
puanTbl. OHH COBEPILIEHHO He paboTalOT MPU HAJMUYKUK TaKoro 3uraara. OaHaKo,
CrpallMBaeTcsl, MOXKHO JIH BOOOPA3UTh, UTO JEHCTBUTENbHO, €CJIM B3Th JBa
y3/1a ¢ OJIMHAKOBBIMH uMcaaMu Bennekuna u MacsioBa, U K KaxKJI0My H3 HHUX
npujesath 1Mo TaKOMY 3Ur3ary, TO OHHM YxKe OyIyT JIeXKaHJIPOBO H30TOIMHbI?
B uacTHOCTH, ec/i B34Th JIBa y3Jia, KOTOpble pasjuuaiorcs B pabore Hekanona
1 duuaibepra. M mbl MoxkeM JIByMsi crioco0amu npeoOpas3oBaTh ¢ MOMOIIbIO
nBukennit CsaTkoBcKoro. OKasbIBaeTcsi, YTo MocJje TAKOro NMPUCOeMHEHUS He
paboraer uHBapuaHT YekanoBa—IJualioepra, 1 y3J/bl 0Ka3blBalOTCS H30TOI-
Hbl. Ho ecsin B34Th 3TH 1Ba 3ursara v WX MoBepHYTb B APYryl0 CTOPOHY, TO He
MOJIYUUTCS] TOCTPOUTH H3OTOIMHUIO.

13 uronst 2003
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TEOPUS BEPOSITHOCTEM U AHAJIU3

BcerynureabHoe caoso HO. C. Uabsiienko

MHe xoTesioch cKasaTb, UTo, 0 MOeMy olitylieHuio, EBrennii Bopucosnu,
KOTOPOr0 MOCKOBCKAsi MaTeMaTHuecKasi [IKOJia MOMHHT BCerjia, y KOTOpPOro
yyaTcsi MOCKOBCKHME M POCCHEICKHE, M, B OOLIEM-TO, MaTeMaTHKH MHPOBOIO
MaTeMaTHuecKoro cooOllecTBa, Yy KOTOPOro Mbl YUMJIHUCh Bcerjna, — EBrenuit
BopucoBuu HUKOTJIa He Tepsii CBsI3W ¢ HaMH. BoT 31ech, B 3TOH aymiuTopuu
CHUJISAT €ro KOJbHUKH, KOTOPble HECKOJIbKO, MOKET ObITh, BBIPOCJIH C TeX 0P,
KaK Y Hero yuuJMCh, HO COXPaHWJ/IM, sl ymMalo, MpeXKHee OTHOIIEHHE K CBOEMY
YUHTEJI0; CUIAT yueHukn EBrenuss bopucosuua. M Mbl oueHb cuacT/MBbI TEM,
UTO Mbl MOYKEM TOCTABHUTb MaJIeHbKYIO BEIIKY B 3TOH MCTOPHM CBsi3W EBrenus
BopucoBuua ¢ Haieil MaTeMaTHueCKOH IIKOJIOH, ¢ HAlMM MaTeMaTHUECKUM
coobiiectBom. Crniacu6o.

YpaBHenue Jlannaca u 6poyHOBCKOe JABUKEHHE

Hauunnast ¢ 1976 roaa, s noutH He ynorpe0Jisil pyCCKOro sidblka B MOHX
Jekuusix 1 jokaanax. CerofHst s 6y1y rOBOPUTb MO-PYCCKH, MOJb3YsCh TeM,
YTO BCE MOM CJIyLIAaTeJM BJAJCIOT 3THM A3bIKOM. OHaKo 51 Oyldy MCIO0Jb30-
BaTb aHIVIMHCKHE CJIal/Ibl, TPUTOTOBJIEHHbIE C YUETOM TOTO, UTO Yepe3 HeJleslio
51 I0JZKEH BBICTYNaTh Ha 6siM3Kyto TeMy B AHrsinu. Tak Kak Bcerja Jyuiie He1o-
OLIEHUTb, YeM MepeoLeHUTb MOAr0TOBKY ayJAUTOPHH, s1 He Oyay MperoJsarathb
HHUEro 3a MpejeaMi YHUBEPCHTETCKOro Kypca aHa/usa (BKJ/ouasi MHTerpas
JleGera) 1 HEKOTOPOro NMpejaCcTaB/IeHUs O TOM, UTO TAKOE BEPOATHOCTb.

$1 HauHy ¢ Kjaccuueckoro rnpeameTa — CBsi3H Mexy npotsaemoit dupu-
XJ1e W cJyuadHbIM Osy:kaaHueM. Peub HIeT 0 rapMOHMUECKHX (DYHKLMSX, TO

d
0“u
ecThb pellenusx ypasHenus Jlamnaca ), — =0 B obnactu D d-mepHoro

i=1 0%

Cratbsl npeacTaBJsieT co60l paclIHpeHHOe U AOMONHEHHOE U3J0KeHHe I0KJaaaa, Mpoum-
TaHHOTO Ha 3acejanuu cemunapa «[mobyc» 18 uionst 2003 rona. B cratbe oTpaxkeno pasutne
NpejIMeTa 3a rojibl, MPOLIe/IINe T10C/Ie I0KIa/a.
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npoctpanHcTBa. YToObl MOXKHO ObIO pUCOBATh KapTHHKM, Mbl Oyl1eM TMpes-
noJiarath, 4ro d =2. Mpbl uilleM rapMoHuueckyto QyHkuuio u B obsactu D,
KOTOpasi paBHsieTCs 3aJlaHHON QyHKIMKM [ Ha TpaHulle dD.

BeposTHOCTHBIH TOAXOM K 3TOH 3ajaue CONEP:KUTCS y»KE B H3BECTHOMH
pa6ore Kypanra, ®punpuxca u JleBu, onyosaukoBanHoi B 1928 . ABTOpbI
HAUMHAIOT C IMCKPETHOro anaJjora npodJsembl. PyHKLMS 1 3a/1aeTCs HA peleT-
Ke Z, a ycnoBue Au =0 3ameHsieTcsl HA YCJAOBHe, UTO QYHKIHUS 4 B TOUKE X
paBHa cpeHeMy 3HAUEHHIO BO BCEX COCEIHHUX TOUKAX:

u) =7 Y ulx'), (1)

rie x' —uetbipe cocena x. Jlist petennsi npoGiembl JluprxJie aBTOPbI HCMOJb-
3YIOT cJiyuadHoe OJIyKIIaHue.

OrnpaBssisich OT KAKOH-TO TOUKH X € [, Mbl JIBU?KEMCS C PABHBIMH BEPOSIT-
HOCTSIMM B UeTbIpeX BO3MOXKHBIX HalpaBJ/eHHUsX W M0NajaeM B OJHY U3 COCell-
HHUX YeThIpex TOouek, KOTopylo Mbl oO6o3HauyaeM x|. [loBTopsist 3Ty npouenypy,
Mbl [10M1a/1a€M [10CJIEL0BATENbHO B TOUKH X9, X3, ... B MOMyJsipHbIX KHHAKKAX
9TO MHTEPNPETUPYETCS KaK MPOTyJKa 10 ropojy ¢ WaXMaTHOH MJaHHPOBKOH.
[IporyJ/ka npojoJiKaeTcs JIo TeX Mop Moka Mbl BriepBble He BblidaeM u3 D. I[1pu
TOM Mbl OKa3biBaeMcsl B Touke &, € D, rie T — 3T0 BpeMsi epBOro BbIXOJA.
Pemenue nuckperHoit npo6sembl Iupuxiie, oTBeuatoiiee GyHKIHMH [, MOXKHO
MOJIYUUTh, YMHOKAsl 3HaUeHUsl (DYHKLMH [ B KaXKI0H TOUKe rpaHHllbl HA BEpPO-
SITHOCTb Halllero NyTH & K 3Toi Touke U Oepsi 3aTeM CyMMY TaKUX POU3BeIeHHH
110 BCEM TOUKaM IpaHULbl. BeposiTHOCTb KarKJ0ro MyTH JUIMTEJIbHOCTH T paBHa

N7 o .
(—) , TaK UTO pelleHHe HallleH 3aaaun aaercss popmyJon

4
ut) = &) (3)

Pacnpenenenne BeposiTHOCTEH B MPOCTPAHCTBE MyTeH 3aBUCHUT OT MCXOJHOH
TOUKH X, U Mbl 0603Hauaem ero uepes Il,. 3nauenue f(&;) siBasiercs: hyHKIHEN
nytd £. O6osHauas uepe3 Il f(&;) unTerpan sto# dyHkuuu no mepe Il,, Mol
MPUXOJIMM K BbIPayKeHHIO

w(x) =1L (&) (2)

CJielytolIMi 11ar COCTOUT B repexojie K npejiesy, Korjia pelieTka CTaHOBUT-
cs1 Bce OoJiee ryctoil. TouHee, Mbl 3aMeHsieM pelleTKy Z Ha €Z W ycTpeMJisieM
€ K Hymo. B npezese auckperHoe ypaBHeHde (1) cTaHOBHUTCSI ypaBHeHHeM
Jlannaca, a dyHkuus u, 3anaHHas gopmysioil (2), cTpeMHuTCs K pelleHHIo
3agaun lupuxse st ypaBHenust Jlamsaca. drta npolenypa (M3BecTHasi Kak
METO/I CETOK) NMPUMEeHHMa K IIHPOKOMY Kjaccy auddepeHianbHbIX ypaBHeHHH
C YACTHBIMH TPOU3BO/HBIMH.
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OnHako »xejatesbHO MUMETh JUIsl pelleHust 3aaaun dupuxnae dopmyay, He
coiepzKalllylo MpeiesIbHOro Mepexoa. ITOro MOKHO J0CTHUb, HCIOJIb3Ys BMe-
CTO cJlyuaiiHoro OJ1y2kJ1aHusi GPOYHOBCKOE JIBH2KEHHE, KOTOPOe BO3HUKAeT Kak
npejes ciaydyaiHbiX OJy>KJAaHUH 110 pelleTke €7 NMpU CTPEMSLLEMCS K HYJIIO €.
[Ipu sTOM Hamo cuuTath, UTO Kaxk/Iblil Mepexoj 3aHMUMaeT Bpemst d U 4TO
oTHOLIeHHe 62 /d e cTpeMuTes K euHHLe (HaroMHHM, uTo d — 3T0 Pa3MepHOCTh
MPOCTPAHCTBA, IJle NPOUCXOAUT OJ1yKIaHHe).

Mepa II, B npocTpaHCTBe AMCKPETHbIX MyTel MNpeppallaercst B npejese
B BEPOSITHOCTHYIO Mepy B NPOCTPAHCTBE HENPEepbIBHbIX MyTel, HaUHHAOLLIMXCS
B Touke x. [las 310l Mepbl (BrepBble BBeleHHOH MHHEPOM) Mbl coXpaHsieM
o6o3nauenune II,. /15 Kax/10ro pUKCMPOBAHHOTO MOMEHTa f

e fE) = § —ame W2 ) dy.
RA

(2mt)d/?

[Tpu takoit unrepnperaunu Il dopmysa (2) npumeHnMa M K ypaBHEHHIO
Jlanyaca. U ¢ stoit popmysioit MoxkHO paGoTtaTh BecbMa 3(h(PeKTHBHO, TaK Kak
uHterpaJ Jlebera coBepiIeHHO HEUYBCTBUTENIEH K TOMY, B KAKOM MTPOCTPAHCTBE
3ajaHa mepa.

Ilnst Toro, uto6bl MHTErpas Obll ONpejeseH, A0CTaTOUHO MPEoJOKHUTh,
yto yHKUMS [ u3Mepuma u orpanuuena. Mbl 6ynem cuuTaTh, UTO OHA Herpe-
peiBHa. Hy»KHBI TakxKe HEKOTOpPbIE YCJOBHS OTHOCHTEJBHO TPaHULbl 00JACTH.
Mx HeoOXoauMOCTb BUJHA U3 cJjeytoliero npumepa. [lycth D — 3t0 Kpyr
C BBIKOJIOTBIM 1IEHTPOM. [paHulla COCTOUT U3 BHELIHEH OKPY:KHOCTH M LIEeHTpa.
Tak kak GpoyHOBCKasi TpaeKTopHsi, HauMHaioulasics BHyTpu D, ¢ BeposiTHO-
CTbiO | He MPOXOMUT Uepe3 LIEeHTP, TO pelleHre U, COOTBETCTRyollee [ mo dop-
myJie (2), paBHO elMHHUIIE BCioay, ecyiu f =1 Ha BHelHell okpy:xHoctH. Ciie-
JI0BaTeJbHO, Mbl He MOXKeM 3aJaTh MPOU3BOJbHO 3HaueHue [ B 1eHTpe. Yro-
6bl MCKJIOUMTb MOJOGHYIO CHTYallio, BBOJUTCS TOHSITHE PETyJsSPHOH TOUKH.
Cyl1ecTBYIOT BEpOSITHOCTHOE M aHAJUTHUECKOE OINpee/eHHsl 3TOr0 TMOHATHS.
BepositHocTHOE onpenenenne (KoTopoe TpeacTasisieTcsi Gojiee HarJisiiHbIM)
TAKOBO: TOUKA I'PAHHULIbl PEryJisipHa, ecjii TPAeKTOPHsl, HAUHHAIOILASICS U3 STOH
TOUKH, C BEPOSTHOCTBIO | BBIXOJAUT U3 06J1aCTH 3a CKOJIb YTOJHO MaJsloe BpeMmsl
(HauaJbHOE TOJI0’KEHHe MPH TOM He NpPUHHUMaercst Bo BHMMaHue). OTcioaa
HEMeJIIEHHO CJIe/lyeT MPOCTOe U yI00HOE J0CTaTOUHOE YCJIOBHE: TOUKA IPAHULLbI
peryJisipHa, ecyii ee MOXKHO KOCHYTbCSl CHApY:KH MaJieHbKUM MPSIMOJIMHEHHbBIM
orpeskoM. *) (Jlerko nokasbiBaercsi, uTo GPOYHOBCKAsI TPAEKTOPHS, BbIXOJIsI-
111as1 U3 KOHIIA OTPe3Ka, MepeceKaer STOT OTPE30K ¢ BEPOSITHOCThIO | 3a CKoJlb
YroJHO MaJsioe Bpewmsi). SIcHO, uTO B MpHMepe ¢ KPYroM LIEHTP He sIBJsieTcs

*) Kpurepuii ¢ orpe3kom npumennm K paameprocti d =2. Ecain d > 2, To BMecTo oTpe3ka
HaJlo paccMoTpeTh (d — 1)-MepHbIH CHMILIEKC.
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peryJsipHo# Touko#. Ec/in rpanuiia ryiajikas, To Bce ee TOUKH perysisipHbl. ITO
NepBbIi NPUMEp B3aUMOJACHCTBUA MeEXKIy TeOpPHEH BEPOATHOCTEH W TeopHer
JuddepeHiHanbHbIX YpaBHEHHH.

Cpsi3b Mexy middepeHIHaIbHbIMA yPABHEHHIMU U OPOYHOBCKUM JIBU -
KeHueM (M GoJjiee OOLIMMM TakK HasbiBaeMbIMM JIUPGhY3MOHHBIMH Mpollecca-
MH) H3BECTHA y»Ke JlaBHO. 3HaAuWTe/bHAsl POJIb B YCTAHOBJEHHH TaKOH CBSI3U
npuHayiexxut padore KosmoropoBa «O6 aHAIUTHUECKHX METONAX B TEOPHH
BEPOSITHOCTElN», HaneuaTanHod B 1931 r. B Te BpemeHna peub 1mia o npume-
HEHHH aHa/n3a K Teopuu BepositHocTed. C jasbHEHIINM Pa3BUTHEM TEOPHH
caydadinbix npoueccoB (Mro, Mannuasen, ...) ¥ Teopun Mepbl B (YHKIIHO-
HasibHBIX TIpocTpaHcTBax (Kosmoropos, [ly6, ...) cTaso BO3MOXKHBIM FOBOPHTH
M 0 BEPOSITHOCTHBIX METOJaX B aHa/ju3e. B KakoM-To cMbIciie TeopHst caydai-
HBIX MPOLIECCOB MOXKET pacCMaTpPUBAThCsl Kak 4acTb aHa/u3a. BepositHoCcTHBIE
WJIEU UrPAIOT BaXKHYIO POJIb U B coBpeMeHHOH husnke. O6 OTHOLIEHUH PU3UKOB
K 3THM WJ€5IM, TOBOPHT, HAlpUMep, CJjejylollee MOCBsleHHe B MOHOrpaduu
Bappu Caiimona «The P(¢9) Euclidean (Quantum) Field Theory»: «ITocBsi-
waetes Ay Hescony, Kotopomy s1 06513aH MOHMMaHUEM TOTO, CKOJIb HeecTe-
CTBEHHO BOCMPUHMMATh TEOPUIO BEPOSITHOCTEH KaK UTO-TO HEeCTeCTBEHHOEe».

HenuneitHoe ypaBHeHue Au =) (u)
M cynepGpoOyHOBCKOE JIBUXKEHUE

Ceropnst 51 6yty roBOpUTh 06 OIHOH 3a7a4e, KOTOPOH 1 3aHUMAtOCh MOCJe/1-
HHe rosibl. B HacTosiliiee BpeMsi HesMHelHble TU(QepeHaibible YpaBHEHHS
HaXoJsITCSl B LIEHTpPe BHUMaHWs aHajuTHKOB. Hair npenmer — mpocrefiiiee
HeJIMHEHHOe ypaBHEeHHe

Au=1p(u), (3)

re 1) — MoJOXKUTeNbHAs HeluHelinas (QyHKLus, Hanpumep, u’. YpasHeHus,
B KOTOPbIX HEJIMHEHHOCTb HE 3aTparuBaeT TMPOU3BOJHBIX BBICIIETO MOPSIIKA,
Ha3bIBAIOT MOJyAHHeRHbIMU. Hallle ypaBHeHMe TpHUHAJIEKUT ITOMY KJaccy.

OkasbiBaeTcs, UTo 3TO ypaBHeHHE (M CXOXKHE C HUM JIpyrue ypaBHEHHS)
MOKHO H3yuaThb C MOMOLIBIO CJyUalHOTO Mpollecca, KOTOPbIH s PeIIoKHUI Ha-
3bIBaTh CyrnepOpOYHOBCKUM JBH:KeHHeM. KoHeuHo, MpucTaBKOH «cymnep» ouYeHb
3J10yNnoTPeOISIIOT: CYNepeTPyHbl, CynepMapTHHTaJbl, CyriepMapKeThl, ... Ho Tem
He MeHee 3TO Ha3BaHHWe MPHUBHJIOCK. JleJlo B TOM, UTO aslbTepHATHBHOE HA3Ba-
HHe OueHb JUIMHHO, a TaK Ka)KJI0My MapKOBCKOMY TPOLIECCY MOXKHO COMOCTa-
BUTb Cynepripoliecc: GPOYHOBCKOMY JBHXKEHHIO — CyrnepOpOyHOBCKOE JIBHXKE-
Hue, 1uddysun — cynepanddyauio u T. 1.
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Uro ke Takoe cynepOpoyHOBCKoe JBHXKeHHe? B oTsinune ot 6poyHOBCKOrO
JIBU2KEHUsI, KOTOpPOE OINUCbIBAeT CJlydalHoe JBHXKEeHHe 4acTHlbl, cynepOpo-
YHOBCKOE€ JIBUKEHHE — TO MOJIe/Ib, KOTOPast OMUCHIBAET CJYyUaHHYIO0 IBOJIIOLMIO
00J1aKa, COCTOSILLIEr0 W3 MHOTMX MeJKHX vacTHll. [IpenenbHblil nepexon (rno-
JIOOHBII Mepexojly OT cjydyaiHoro OGJy»KIaHus K OPOYHOBCKOMY JIBUXKEHMIO)
MPUBOJIUT K MOJIEJIH, IJIe COCTOSIHUS 00J1aKa OMUChIBAIOTCS HEJIUCKPETHBIMU Me-
pamH, XapakTepusylolUMHI pacrpeaenenre Macce. CrienualbHylo poJib UrpaloT
BbIXOJIHble Mepbl Xp. Ha sBpuctuueckom ypoBHe Xp — 3TO Mepa Ha rpaHuile
o6s1acti D, KoTOpasi BOZHMKAET, €CJIM BCe YACTHLbl 3aMOPaKUBAIOTCS, KOr/a
OHM JIOCTHTAIOT rpaHulibl dD.

dopmyna mis pelenusi 3anauun Jdupuxge noxoxka Ha dopmydy (2). 3ua-
ueHue f(£;) B TOUKe BbIXOJA HAJNO 3aMeHUTb Ha uHTerpan (f, Xp) dynkuun f
1o BbIXOJHOH Mepe Xp. HenuHeilinasi 3aBUCUMOCTb pellleHusi ¢ OT TPaHHUHON
(yHKIMH [ oTpakaeTcs B TIOSIBJIEHHM TOKa3aTeJbHOH W JiorapuhMUUecKoH
¢ynkumnii. Mepa II, B mpocTpaHcTBe TpaeKTOpHil GPOYHOBCKOTO JIBUXKEHHS,
MCXOMSIIIMX U3 TOUKH X, 3aMeHsieTcsl Ha Mepy Py B MPOCTPaHCTBe TpaeKTOpHH
cynepOpOYHOBCKOTIO JIBH2KEHHS, HAUMHAIOLLIMXCS C €IMHUUHON Mephbl Jy, cocpe-
JI0TOUeHHOH B Touke x. ®opmysa, 3ajatolias pelieHne, BbIMISINT CJAeLyOLIUM
06pazom:

w(x) = — log Pe~IAn), (4)

Kak s1 y>ke roBopus1, cynepOpOoyHOBCKOE JBHXKEHHE MOJIyuaeTcsi Mpejieib-
HBIM TEePeX0JI0M M3 MOJIeJH, ONHUCHIBAIOLIEH 3BOJIOLMIO CUCTEMbl KOHEUHOTO
umcJsa yactuil. Kaxknas uactuua copepiiuaer 6pOyHOBCKOE JIBHXKEHHE, [TOKa OHa
He MOTMOHET WJIM He JIOCTHTHET TpaHulibl 06sacTi. B nepBom ciyuae oHa npo-
M3BOJUT B MOMEHT CMEPTH 11 MOTOM- " 91
KOB C BEPOSITHOCTbIO p.,. Bo BTOpoM v
cJlyuae oHa 3aMOpPaKMBAETCsl.

Pucynok | o6bsicHseT Ha puMepe,

KaK BO3HHKAET BbIXOJIHAsI Mepa *). Ys

B HauasbHbIIl MOMEHT HMeeTCs JIBe
YACTHLbI, PACIIOJNOMKEHHBIX B TOUKAX

X1, X9. B MomeHT cmepTH nepBasi ua- 1
CTHLIa OCTaBJIAECT JIBYyX IMOTOMKOB, KO-
TOpblE COBEPLIAIOT 6p0yHOBCKoe JBU- Puc. 1. Berpsieecss 6poyHoBcKoe

JIBU2KEHHE
JKeHHe He3aBUCHMO JIPYT OT Jpyra noka

He JIOCTHUraloT rpaHuilibl dD B Toukax yi, yo. VI3 Tpex HemocpeacTBEHHBIX
[OTOMKOB BTOPOH UYaCTHLbl OJMH I0MajlaeT Ha IpaHUlly B TOUKe Y3, JPYroM

*) Koneuno, 370 ToJ1bKO cxema. TpaeKTopuu 6POYHOBCKOrO IBHXKEHHS KpaiiHe HeperyJsip-
Hbl, UTO HE MOKA3aHO Ha HAlleM PUCYHKe.
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yMHUpaeT Oe3/leTHbIM, a TPETHH MPOU3BOJUT JIBE YACTHIIbI, H3 KOTOPbLIX TOJbLKO
OJIHA JIOCTHUTAET TPAHHULbI (B TOUKE 4y4).
B naiem npumepe BbixojHast Mepa

Xp =10y, + 0y, + 0y, + dy,.

Tpaexkropusi Ka)K10% YacTHIIbl 3aBUCUT OT MECTa €€ POXKJEHHS], HO B OCTAJbHOM
OHa He3aBUCHMA OT (PaMHUJbHONH UCTOPHH.

B ofuiem cjayuae BHauajie UMeeTCsl /711 UaCTHL, HAXOMASILIMXCA B TOUKaX
X1, ..., Xm. Ilpennonarasi, uto mMacca Ka<J0# yacTHllbl paBHa (3, Mbl HMeeM

HauaJbHYI0 Mepy
=2 By

Xp=Y_ B,

Takum oGpasom Mbl onpejessieM cemedcTBo caydainbix mep (Xp, Pp),
rie D — npousBoJibHast 00J1aCTb, a p — [POM3BOJIbLHAS Mepa CO 3HAUEHH-
avmu 0, 8, 20, ... Ilajee Mbl nepexojiiM K MpeJelly, Korja HauajbHasi Mepa
CTPEMUTCSI K 1, @ BPEMS »KM3HH KaxKJIOH 4acTHllbl U (3 CTPeMsITCsl K HYyJIO B
ornpejieJieHHON nponopuru. Mbl CHOBa MoJiyuaeM CeMEHCTBO CJIyuailHbIX Mep,
OJIHAKO ft U Xp yKe He JAUCKPeTHbl. DTO CeMeHCTBO U 3a1aeT cynepOpOyHOB-
CKOe JIBU2KeHHe, KOTOPOe HacJle/lyeT OT BETBsILLEerocst OPOyHOBCKOTO JABHKEHHUSI
JIBA BaxKHbIX CBOHCTBA. [IepBoe U3 HUX — BeTBsIlIleeCs: CBONCTBO — BbIpaXKaeTcst

dhopmy.Jion

U BBIXOJIHYIO Mepy

pﬂe*<f,XD> — e (um) (5)

rie u onpejeseHo dpopmysoi (4).

BTopoe — MapkoBcKoe CBOHCTBO IJIACHT, UTO «IIPOLLJIOE» M «Oymayllee»
He3aBUCHMbI MIPH YCJOBHH, UTO U3BECTHO «HacTosiiee». [1pu 3ToM poJib «mpo-
LIJIOr0» U «Oy/yllero» WrpatotT coObITHsI, OMpeje/ieHHble, COOTBETCTBEHHO,
NoBeJleHheM CHCTeMbl BHYTPU M BHe oGJacth D, a «HacTosilee» 3aiaeTcs
3HaueHueMm Xp *).

Oyukius (4) y1oBaAeTBOPSIET HHTETPAJILHOMY YPABHEHHIO

w(x) + 1L § olu(€)]ds =T f(&;), (6)
0

*) Texuuuecku 310 Bblpazkaercst GopmyJIoit
P {C: Fcpy=Pyx,(C) Py-as.

nist Beex C € F5p. Uepes Fep u Fop 0603HaueHbl o-ajareGpbl, NOPOKIEHHbIE, COOTBETCTBEH-
HO, XD’7 D’ CDu XD”7 D" oD.
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r1e T — 3TO MOMEHT MepBOro Bbixoga u3 oOjactd D, a (u) nosyua-
eTcsl OMNpeJieIeHHbIM TIPEeeJIbHbIM MEPEX00M W3 TPOU3BOJSAIIEH (YHKIHMH

o0
o(u)=>" pyu" pacripeesieHust BEPOSTHOCTEHN ISl UMCIa MOTOMKOB KaxKJ0H
0

yactuipl. Ecain D — orpanuueHHast 06/1acTh ¢ MJIAJKOH rpaHMilel, a (yHKIIHs
[ HerpepbiBHA, TO ypaBHeHHe (6) BJieueT 3a cOOOH, UTO U SIBJISIETCS] PEllIEHHEM
3anaun upuxse s ypaBHeHust (3), oTBeUalondM rpaHUUHON QYyHKIMH f.

[Tonesnoctb opmydibl (3) MOXKHO MPOJEMOHCTPUPOBATH HaA CJIEIYIOLIEM
NPOCTOM MpuUMepe. Dynem HckaTh pellieHusi ypaBHeHHsi (2), cTpeMsilifecst
K GECKOHEUHOCTH TIpU TIPUOJMKEHHH K TpaHulle (aHaJUTHKH Ha3blBalOT HX
«BOJIBIIMMY  PellleHUsIMH»). 3ameTuM, uTo mpejes e "™ npu n— oo paBeH
HyJo, ecin a >0, u paBen 1, eciin a=0. Oyukuus (3) npu f=n 3anaer
pellieHue u,, paBHOe n Ha rpaHule. [To TeopeMe 0 MOHOTOHHOM TIpe/leIbLHOM
nepexojie Moji 3HakoMm HHTerpasa JleGera

u=1lim u, =—log Py lim e="1"0) = _|og P, {X, =0}.

JIerko BUIETh, UTO U siBJIsIeTCS «OOJBIIMM pellleHHeM», Mo KpalHel mepe,
ecain obsiactb D orpanunuena. (M3 BeposTHOCTHBIX COOOpaKEHHUH CJle/lyeT, 4To
Juist Takux obgacreil Py {Xp =0}>0.)

[MTonoxurenbHbie pelmeHus

51 ocraHoB/IOCH TOJApPOGHEE HA OJHOM HAINpPaBJEHHH B TEOPHH TOJIYJIH-
HelHbIX M hepeHHaNbHbIX yPaBHEHUI — OTMUCAHUM BCEX MMOJIOKUTEJbHbIX
pellleHHH TaKUX ypaBHeHHH. B pesysbrate ycuiuil psiia BepOSTHOCTHHKOB
¥ aHaJMTHKOB 3a TOCJEIHHEe TOJbl B 9TOM HAaNpaB/JeHHH ObLIH JOCTHUTHYTHI
BeCbMa 3HAUMTEJbHble Pe3YJ/IbTaThl.

Ilns ypaBHenusi Jlansaca peuienve naBHO u3BecTHO. CyllecTByeT B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE MEXK]IY TOJIOMKHUTENbHBIME FapPMOHHUECKUMU
(YHKUMSIMH A B OrpaHHUUYeHHOM ryafkol o6sacti [ U KOHEUHbIMH MepaMH Ha
rpanuie dD. Ono 3anaercs unterpasom [lyaccona

hx)=§ kp(x, y)v(dy). (7)
oD
Mbl HasbiBaeM Mepy v IPaHHUUYHBIM CJIEIOM rapMoHMUecKoH (yHKumu f. Mbl
nuuieM tr(u) =v U Mbl 0603HAUAaeM TapMOHHMYECKYI0 (DYHKIIMIO CO CJIEIOM v
uepes f,,.
®yukumus kp(x, y) HaswiBaercs sapom [lyaccona. [las wmapa paamyca |
C LIEHTPOM B HayaJsie KOOpauHat
(=[x
le—ylt’

kp(x, y) =cq
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rjle g — KOHCTaHTa, 3aBHCslIas TOJbKO OT d. BeposTHOCTHBINH CMbIC/ sipa
[lyaccona BuaeH u3 opmy.bl

IL4¢, € By = kp(x, y),
B
rjie B — npousBosibHOe GOpeNeBCKOe TOJIMHOXKECTBO TPAHMIbl M MHTErpaJ
OepeTcsi OTHOCUTENILHO TJIOLIAM NOBEPXHOCTH o (dy).

O6patumest Tenepb K M3ydeHHIO MHOXKECTBA U4 BCeX MOJIOKUTEIbHBIX pe-
nieHuit ypaBHenusi (3). CrietMasibHasi poJib PUHAJJIEKHUT PELIEHUsIM U, OTpa-
HHUEHHbIM CBEpXy TapMOHHUECKMMH (PYHKIMsMH. Mbl Ha3biBaeM HX yMepeH-
HbIMM U Mbl 0603HaUaeM MHOKECTBO BCEX yMepeHHbIX pellieHuil uepes U. s
Ka)KJ0ro u € U| cylllecTByeT MHUHUMAaJbHAs rapMoHHUueckass QyHKuus h =h,,
maxkopupytoiasi u. [lo onpenenenuio tr(u) =tr(h,) =v. YMepeHHoe pellieHue
co caiesloM v o603Hauaercst 4, Mepbl v, COOTBETCTBYIOLIME YMEPEHHBIM pellie-
HHSIM, 06pasyroT nojkaacce N Kiacca KOHEUHbIX Mep Ha IpaHHlE, a v — i, —
3TO MOHOTOHHOE B3aUMHO OJIHO3HAUYHOE OoTOOpaXkenue N Ha Uj.

Jpyroe BaxHOEe MOJAMHOXKECTBO KJjacca U — 3TO MHOXKeCTBO Uy o-
YMepeHHbIX pellleHduid. Mbl TOBOPUM, UTO ¢ O-yMEPEHHO, €CJIM CYyLIeCTByeT
HeyObIBaIOLLAsl M0CJ/€10BATENbHOCTh YMEPEHHBIX PeLleHHH i, CXOJIIAsncs
noroueuno K u. Jlas Beskoro B v (B) <wvy(B) <... W M03TOMY vy, CXOAATCS K
o-KOHeuHOH Mepe v. Mbl muieM u =i, u Mbl 0003HauaeM uepe3 Ny kiaacc
Mep, KOTOPbIM COOTBETCTBYIOT MO 3TOMY PeLeNTy o-yMepeHHble pelleHusl i,,.
Oto6parkenune u — u, NPOAOJIKAETCS OJJHO3HAUHO B MOHOTOHHOE OTOOpaxKe-
HHEe HEKOTOpOro Kjaacca Ny o-KoHeuHbix Mep Ha Uy. (Mepa v npunamiexur
Ny, eciii oHa SIBJISIETCS] MPEIEJIOM HEYOBIBAIOLIEH MOC/EI0BATENbHOCTH Yy,
W i, onpeneasiercs Kak rnpenes v,.) CienyeT OTMETHTb, UTO M3 PaBEHCTBA
Uy, = U, He CJIelyeT, UTO V = .

Canen npousBosibHOrO petenust u — sto napa (I', v), rae GopesneBckoe
MHOoKecTBO I' C D — 310 MHOKecTBO S(i(14) CHHTYJSIPHBIX TOUEK i, a vV —
o-KoHeuHasi Mepa Ha dD, He 3apspkatouiasi . Mbl HauHeM C ornpejesieHus
CHHTYJISIPHBIX TOYEK.

Mbel roBopuM, 4to TOuKa Yy € 0D CHHryJsipHA JJIs peLeHUs U, ecJH
Y’ (u)(x) — oo jmocTaTtouHo ObICTPO, Koraa x — y. [loueMy BO3HHMKaeT Mpo-
uzBoHast ¢'? Jlesio B ToM, uto U — 3T0 GECKOHEUHOMEPHOE MHOrooOpasue
B ()yHKLMOHAJIBHOM TPOCTPAHCTBE, U €ro KacaTe/bHasl MHIepraocKoCTb B TOU-
Ke i 3ajaercsl JHHeHHbIM ypaBHenueM Av ='(u)v. *) Jlast npousBoJIbHOM
HenpepbIBHOK MOJIOKUTENBHON (PYHKIMH a(X) Mbl ONpeiesisieM TOUKH ObICTPOro

*) JIpyrumu cjioBamu, ypaBHenue Av =1’ (u)v siBjisieTcst JuHeapusauueil ypasHenust (3)
B TOUKE U.
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pocrta Kak Touku y € dD, Takue 4to
T

S a(&)dt =oo II{-noutn HaBepHoe 1151 Beex x € D. (8)
0

3nech I 03HauaeT ycJoBHOE pacrpesieieHte BeposiTHOCTeH Jls TPaeKTo-
pu GPOYHOBCKOTO JIBMXKEHHUS, HAUMHAIOLIEroCsl B TOuKe X € D, MpH yCJIOBHH,
YTO OHA BBIXOJMT Ha IPaHUIly B TOUKe Y. (DTO BazKHOE MOHSATHE ObLIO BBEIEHO
Jly6om.) Takum oGpasom, cunryisipuoe muoxkectso SG(u) onpenensiercs Kak
MHOKECTBO TOUEK Y/, TOJUHHSIOUIMXCS (IPH JIIOOOM X) YCJIOBHIO

§ o' [u))dt = oo 9)
0

JUISl BCeX TPAeKTOPHH yCJOBHOro OGPOYHOBCKOIO JBMXKEHHsI, 32 MCKJIIOUEHHEM
mHoxkecTBa 114 mepbi 0.

Ocraercsi onpesieiiTh BTOPYIO YacThb cjieja — Mepy v. O603HaunM uepes
N1(T') mHO)kKecTBO Bcex Mmep Kaacca N, cocpenortoueHHbix Ha I'. Mepa v
3ajiaetrcst popmyJion

v(B) =sup{peN(T): u, <u}. (10)

Jlst Toro uToObl KAAaCCUMUIMPOBATh MOJIOKUTEIbHbIE pellleHUs] ypaBHe-
Hust (3), HeOOXOAMMO BbISICHUTb, KaKue Tapbl SIBJASIOTCS CJeIaMH, W OMUCaTh
BCe pellleHHsl ¢ JaHHbIM caenoM. Jlyis 3Toro BBOASTCS CJeylolide MOHSTHS.

(1) Yactuunbii nopsinok u <v B U. JlokasbiBaeTcsi CyllleCTBOBAaHUE JIsi
M060r0 Muoxkectsa U CU cynpemyma Sup U €U OTHOCHTEJILHO 3TOTO T10-
psijika.

(2) Onepauyu

udv=Sup{lweld: w<u+uo},
uV v =Sup{u, v}.

JlokasbiBaeTcst, uTo ecan U 3aMKHYTO OTHOCHTEJIbHO onepauyiu V, TO
CylllecTBYeT HeyObIBaiolllasl MOCJe10BaTeIbHOCTD i, €U, CXOasIIasIcs MoTo-
UEUHO K U.

(3) Knacce nosisipHbix MHOXKeCTB: MHOXKeCTBO B C dDD HasbiBaeTcst noJisip-
HbiM, ecan v(B) =0 st Bcex v € Nj. Mbl TOBOpUM, 4TO GOpEJIEBCKHE MHO-
»KecTBa By, By 3KBUBAJIEHTHBI, U Mbl NulIeM B| ~ By, ecju cuMMeTpUUecKast
pagHocTb B u By noJsipHa.

(4) CemeiicTBO peliieHui

up = Sup{u,: v€N(D)},
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oTBeyatollee OopeseBCKUM MHoKecTBaM B. OueBuaHo, up =up,, €Ciu
By ~ Bs.

(5) Knacc 6openeBckUX MHOXKECTB BB, TaKUX UTO BCE CHUHTYJSIPHbIE TOUKH
up npuHamiexar B. Mbl Has3biBaeM HX f-3aMKHYTbIMH MHOXKeCTBaMH. (DTOT
KJacc orpesensier [-tonosoruto B U.)

Ecnu By u By [-3aMKHYTbI, TO PaBeHCTBO Up, = Up, BJeUeT 3a COOOM, 4To
B = Bs.

JlokasbiBaeTcs, 4To:

A. Cnen (I, v) mo6oro pelieHust ¢ yIOBJETBOPSIET YCJAOBHSIIM:

A.1. T' — f-3amKHyTOE GOpEJIeBCKOE MHOYKECTBO.

A.2. v—wmepa kiacca Ny Takast, uto v(0D \T)=0u SG(u,) CT.

b. Ecin napa (T, v) ynossaerBopsier ycqaoBusiv A.1—A.2, To cyiecTByer
pewenne u co caeaom (I, v), roe TV ~T.

CnenuaJsibHy0 poJib UIPAIOT PELIeHHs UT , = UT B Uy,.

B. Ecau tr(u) = (T, v), T0O ur, — 370 MakcHMaJ/lbHOE 0-yMepeHHoe peLle-
HHe, He MpeBOCXosillee U.

[ Ecan (T, v) ynonerBopsiet yeqousiv A.1—A.2, 1o tr(up,) = (I, v), e
IV ~T, v up, sIB/JsETCS MHHUMAJIbLHBIM PelleHHeM ¢ 3THM CBOHCTBOM. DoJee
TOrO, Ur, €IMHCTBEHHOE o-yMepeHHOe pelleHHe B 9TOM KJjacce.

Beenem knacc U CHHTYNSPHBIX pellieHHil, onpeieseMblil yCA0BHEM

Udbu=u.

JlokasbiBaeTcsi, UTO 3TOT KJIacC COBMAJAET ¢ COBOKYMHOCTbIO PellleHui ur,
COOTBETCTBYIOUINX f-3aMKHYTbIM MHO)KecTBaM I'. OmnpeesiiM CHHTYJISIPHYIO
yacTh 4'8) pelenys 1 Kak cynpemMyM BCex CHHIYJSIPHBIX pelleHHuil, He NpeBoc-
XOJSIIMX &. Yeranasausaercs, uto 4 = up, e I = SG(u) u, cnenoBaTesbHO,
u') = up s Beex Muoxkects IV skpuBasienTHoIX I'. TaKHM 06pa3oM, KaxaoMy
PEIIEHHIO ¢ COOTBETCTBYET KJacC IKBUBAJIEHTHBIX 0 -3aMKHYTbIX MHOXKECTB H
Mepa v, He 3apsiKaiolllas HU OJHOrO M3 3THX MHOXKecTB. Kaxnas ua 3Thx
nap ynosserBopsiet ycaoBusaM A.1—A.2. Tem cambiM ycTaHaB/JHBaeTcs B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIy 0-yMEpPEHHbIMH PelleHUsIMH U KJac-
camu KBHBaJIEHTHBIX Tap, yaoBaeTBopsitoux yeaosusam A.1—A.2. (JIBe napbi
(T, v) u (I, v) cunratorcsi 3KBUBaAJIEHTHBIMH, ecid ' ~T".)

ITUM pellaeTcs 3ajaua KjaacCH(pUKALMKA o-yMepeHHbIX pelieHuit. J{oka-
3aHO, UTO BCE pelleHHs] ypaBHEHHS

Au=u® r1rel<a<?2, (1)

o-ymepennbl. CJieoBaTe/ibHO, JIJIsT 9TOTO YpaBHEHHsI Mbl YMEEM OMMCHhIBAThH
BCE TOJIOXKHUTeJIbHbIE pellleHust ypaBHeHusi (3). B ofuiem ciyuae ocraercs
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OTKPBITBIM KapAHHaJbHbIF BONPOC: CYLIECTBYIOT JIH HE O-yMEpeHHbIe 0JI0-
JKUTEJIbHbIE PelleHus ?

Ucropuueckuin ouepk

Cucremarnyeckasi Teopusi cyneprpolieccoB Oblna 3anoxkena Cunnsio Ba-
tanabe [10], KOTOpPbIH MOCTPOUJ TaKHe MPOLECCHI TTOCPEACTBOM MPeIeSbHO-
ro rnepexoja OT CHCTEM YACTHLL, ABHXKYLIMXCS 10 TPAEKTOPHSIM MapKOBCKOTO
npouecca U pagMHoxkKatoimxcs. OH »Ke YCTaHOBUJ CBSI3b MEXKJy STHMH TMpo-
eccaMu M HeJIMHEHHbIMU AU depeHualbHbIMU ypaBHEHHSIMH.

[nyGokue cBoiicTBa TpaeKTOpui CynepObpOYHOBCKOTO JIBUMKEHHUS, OTBEUAI0-
1ero ypaBHeHuio Au = u?, 6pn oTKpbIThl JlaycoHom u Ilepkuncom. O630p
TUX Pe3yJbTaToB cojepxkutest B [1] u [9].

B [2] JIbIHKHH BBeJsl BBIXOJHbIE Mepbl, UTO MO3BOJIMJIO MPUMEHSTL CyNep-
npolecchl K MCCJEN0BAHUIO TPAHUUHBIX 3ajau st HeJIMHeHHbIX TuddepeH-
LHaJbHBIX YpaBHeHuil. OTIHCAHHBIN B MPeJIbLyllel CEKIMU CJIeJl— 3TO TOHKHH
cJie]l, onpe/ieJieHHbIH U u3yueHHbId B paboTte J{biHkuHa u Kysnerosa [5]. B cay-
uae ypasHenust (11) ¢ a<(d +1)/(d — 1) on coBnagaer ¢ rpyGbiM CJIEIOM,
paccMaTpUBaBIIMMCS 10 3TOro B JuTeparype. CucreMaTHueckoe M3J0KeHHe
TEOPHUH TOHKOTO cJiefla MOXKHO HailTh B ryiaBe 11 monorpaduu [3]. B snunore
K 3Toil MoHorpaduu opmyJaupyeTcst KpuTHuecKast npobJsema: J10Ka3aTb HJH
OIMPOBEPrHYTh, UTO BCe pellleHHst ypaBHeHUs (3) o-ymepenHbl. [l ypaBHeHus
Au=u? NONOXKUTEbHBI OTBET HA 3TOT BOMPOC ObL1 JaH B JMCCepTaLHH
b. Mcenaru [7], nanucanuoil noa pykooactsom JK.-®. Jle lanas. drtor
peayabraT Obl1 pacrnpocTpaHeH Ha ypaBHenue (11) B [4]. B o6uiem cayuae
npo6JjieMa 0CTaeTcst OTKPHITOH.

B [8] Mapkyc u Bepon BBesid NOHSITHE TOUHOTO cJiefia. DTO OJiHA U3 Bhlllle
OIMUCaHHBIX 9KBHUBaJeHTHbIX nap (I, v), 1 oHa XapaKkTepusyeTcst 10TMONHUTEb-
HbIM cBoicTBOM: I' paBHO oObenuHennio SG(ur) U MHOXKECTBA TOUEK B3pbiBa
Mephbl v. ¥) DTa CBsI3b MEXJly TOHKHM H TOUHBIM CJeJlaMH ycTaHoBJieHa B [6].
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